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BBEJIEHUE B TEOPUIO BEPOATHOCTEM U EE TPUJIOXKEHUSA
Tom 1

[TepeBon BTOpOro, nepepaboTaHHOTO aBTOPOM M3/1aHUs (IIEPEBOJI IEPBOTO U3IaHUS
BbIyIIeH M3natenbcTBOM UMHOCTpaHHOW Jsateparypel B 1952 1.) comepxut
CUCTEMATUUYECKOE U3JI0’KEHUE TOM 4acTU TEOPUU BEPOSTHOCTEH, KOTOpasi UMEET JIENO0 C
JUCKPETHBIMH MHOXKECTBAMM DJIEMEHTAPHBIX COOBITUH (KOHEUHBIMU M CYETHBIMH).
Takoli BBHIOOpP MarTepuanga TIO3BOJIMJ aBTOPY 0€3 HCIOJB30BAaHHS  CIIOKHOTO
AQHAINTUYECKOrO ammapara BBECTHM 4YHMTATelsl B KpPyr OCHOBHBIX MHJEH TEOpHUH
BEPOSITHOCTEU U €€ NPUIIOKEHUM.

KHura ciyxuT nmomyssipHbIM BBEACHHMEM B COBPEMEHHYIO TEOPHUIO BEPOSITHOCTEM,
JOCTYNIHBIM ~HauuHaromuM. Ee cMoryr uurtaTh CTyZAEHThl MIIaJUIMX KypcoB
YHHUBEPCUTETOB, a TAaKKe€ MHXKCHEPHl M Hay4yHble PaOOTHUKU BCEX CIEIHAIBLHOCTEH,
JKEJAoINe 03HAKOMUTBCSI C OCHOBAMHU TEOPUU BEPOSTHOCTEH.

Oco0blil MHTEpEC KHUTA MPEACTABUT IJIsi OMOJIOTOB, JUISI KOTOPBIX METO/bI TEOPUHU
BEPOATHOCTEN SABIISAIOTCA IVIABHBIMU MaTEMaTUYECKUMHU METOAAMH.
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— BBIYUCJICHUE N0 MPOU3BOIALLECH
bynkuum 272

— HOPMaJILHOTO pacupeneneHus 184

— CyMMBI 235

Juddepennmanbabie ypaBHEHUs

Konmoroposa 455
— — — €IWHCTBEHHOCTH 463



— — — obparnsle 459

— — — mpsimblie 458

— — — yacTHbIN ciyyail 431

Huddyzus 348

— ko3 dumment 350

— Mozens Dperdecto 127, 370, 386,
407

— TIOTJIOIIEHHUE U TIEPBOE JOCTHKEHHUE
351, 362

J{Hu poxxaeHus

— — Kak 3aj7a4a o pazmenienuu 20, 72

— — KOMOHMHATOpHBIE 3a1a4u 69

— — onauHakoBkIe 44, 59, 71

— — oxxupmaemoe uucio 230, 244

— — IYacCOHOBCKOE pacIpeaesiecHue
w112, 161,176

JlomuHaHTHBIN TeH 122

JomuHo 68

JlomoJHUTEIbHBIC COOBITHS 25

JlocToBepHbIe peKYpPPEHTHBIE COOBITUS
307

3aBUCHMOCTh, cM. HezaBucUMOCTh

3amaya banaxa o cnmue4HOM KOpoOKe
173,231

————— BapuaHt 177

— 0 Gayotuposke 81, 85

— — ximouax 60, 68, 147, 244

— — KOHKypeHuuu 191

— —mudre 21, 44, 71

— — 00yBu 69, 117

— — pa3menienuu 20, 49

— — — BpeMeHa oxuaanus 59, 69, 70,
229,288

— — — OTpHIIATEIIbHOE
OMHOMUABHOE pacIpe/ie]ICHHE KaK
npenenbHas popma pactpeneeHus
B 74

3amava 0 pa3MeneHUN MPUMEHEHUE
MapkoBcKkux nenen 371, 417

— — — IyacCOHOBCKOE
pacnpezenenue kak npeaen 58, 110

— — — mycThle sumku 73, 119, 246,

371,417

— — —Tabmuuel 51, 109, 111, 114

— — — nJIeMeHTapHbIe 3a1a4u 39, 67,
117,219, 245

— — — DMIUpHYECKas
uHTepnpetanus 20

— — — SIIIUKY, 3aHATHIC
HECKOJIbKUMU Iapamu 43, 47, 72

— — pazopenuu 360, cMm BepostHocTH
TTOTJIOIICHUS

— — ceHatopax 46, 56

— — CHa0XXEeHUHU DIIEKTPOIHEPTUEH
155

— — teneoHHbIX TUHUAX 194, 144,
468, cm Tenedon

— — yIu4HOM ABMxeHuu 176, 400

3akoH apkcunyca 92, 95, 101

— OOJIBIIIMX YHCEIT

— — — JUISI 3aBUCUMBIX CITy4aitHBIX
BCIHYUH 268

— — — — ucnsltanuil bepaymnu 158,

199
— — — — MapkoBckux 1enei 403
— — — — MOJCTaHOBOK 262
— — — — PEKYPPEHTHBIX COOBITHIA
321

— — — 00001eHHas HopMyITHpPOBKa
(most cimygast 6@CKOHEYHBIX
MOMEHTOB) 256

— — — ycuseHHbId 264, 269

— — — — JUId UCIIBITaHWM bepHyum
208, 215

————— ueneit Mapkosa 403

— noBTOpHOTO Jorapudma 209, 215

— — — i1 MapKoOBCKux 1eneit 404

— — — 0000meHHBIH 216

— cinexpoBanus Jlamnaca 130

3amena, cm Boccranosienue, Beibop,

3aMKHYTbI€ MHOXKECTBA, 3aMbIKAaHUE
377

W3romuHOK pacnpenenenue 163, 166,
176



WuBepcun 262

Nuepuuu MmomeHT 234

Nuunmane: 67

Wcneitanus bepHymin, cm  3akoH
apkcunyca, Ilapu, buwmumapp,
Bpemsa  mepBoro - JOCTHIKEHWS.
Crnyuaiinele Omyxnanusi, Cepun B
UCTIBITaHUAX bepHymmu

— — OeckoHevHast
nocyeaoBareabHocTh 202

— — HHTEepHpeTanus Ha s3bIKE TEOPUH
qucen 214

— — omnpenenenue 135

— — cnoxHsle 175, 177, 242

— — C Pa3IMYHBIMU BEPOSITHOCTSIMY,
nucniepcus 236

————— onpeneneHue 224

————— IIyaCCOHOBCKOE
npubnmxenue 286

— noBTOpHEIE 134

— — IIPEACTaBICHUE UePE3 ClaydaiiHbIe
BENMYUHBI 223

Kanonnueckuit Bug matpuil 410

Kaptsl, cm bpumxk, Beibop kapt, ITokep,
TacoBanue

Knaccugukanus cnoxxuas 39

KoBapuanus 235, 242

Konnexkuust kynonos 21, 60, 117

— — MoMmeHTHI 230, 245, 288

Konmoroposa auddepenipanbHbe
ypaBHeHus 455

— KpuTtepuii 265 (oOpamienue 269)

— HepaBeHCTBO 240

KonmoropoBa — YenMsHa ypaBHEHHE
JUISL CITy9aifHBIX TIPOLieccoB 455,
468

— — — — ueneit Mapkosa 399, 402

KombOuHaropHsie 3a1a9u

— — HCIOJIB3YIOLUE LEHTPAIBHYIO
npezaenbHyto Teopemy 197, 262

— — CBSI3aHHBIC CO CIIy4aliHBIM

BbIOOpOM 300

Kommno3unus (cBeptka) 272

KoHnTposns 3a kauecTBoM 54, cM
Bb100pOYHBIM KOHTPOJIb

Koopaunataoe npoctpanctso 136

Kocmuueckue myuu 21, 435

Koctn

— maHHBIe YoigoHa 155

— ¥ 3a7a4a o pa3menieHuu 21

— npousBoasue GpyHkuuu 287

— paBHOBECHE eIMHMUIL, 1BoeK 304,
314

— pacnpenenenue cymmsl 220, 233,
249

— cepuu enunun 200, 215, 325

— nayieMeHTapHble 3anaun 49, 60, 69,
117, 146, 175, 176, 196, 243 406

Koadduument xoppemnsiuuu 241

— oOcyxuBanus 448

Koaddumment npocrost 450

Kpaiinue pacupenenenus 219

Kpurepuu cratucruueckue

— — IpynnupoBkH 54

— — ojHOpoaHOCTH 53, 197

— — nopsAkoBbIe 84, 156

— — caenoBanus 177

— — ciy4aitHoctu 53, 68, 69, 73, 84,
114

Kpossnblie Tenbua 170

— — IIpOBepKa KpoBH 245

JlunepctBa pacnpenenenue 82, 87, 92,
159

— — omnbITHbIE AaHHbIe 100

Jlorapugmsl, HEpaBEHCTBA U CTETICHHBIE
psael 62

JloxHoe 3apaxenue 127

Maxkpockonnyeckoe paBHoBecue 384

MakcBenina — bojpliMaHa cTaTUCTUKA
16,32,52,72,119

— — — Kak npejenbHas popma
cratuctuku @epmu — Jupakxa 70

MaxkcuMaabHOTO MpaBAONo00US
OLIeHKa 57



MakcuMyMBI IIpU CIIyd4allHOM
omyxaaanu (cM. HauGomnbimnee
HaO0JII0ICHNC)

— — — —nonoxenue 101

— — — — pacnpeaenenue 361

Mapxosckue npoueccsl 397, 409

— — C HENPEPBIBHBIM BpeMeHeM 427,
455

MapkoBckue uenu

— — BBICOKHUX MopsiakoB 405

— — ompenenenue 367

— — CBSI3aHHBIC CO CITYYaliHBIMU
npoueccamu 395, 407, 440, 459

— — cMmech 409

— — cynepno3unus 401

Mapxosckoe cBoiicTBo 331, 398

Maremaruueckoe oxujganue 225

— — oTHomeHus 244, 247

— — npousBeneHus 227, 235, 241

— — CyMMbI 227

— — ycnoBHoe 228

Marpurs

— KaHOHHMYecKoe npeacrasieHue 410

— Hecroxactudeckue 404, 422

— obOo3nauenus 151, 367, 375, 414

— obmero Buga 378, 383, 422

— croxactudeckue 367

— — nBaxbI 387

Merton ciyuaitHoro Bei6opa 221, 300

— yceuenus 2.52, 258, 260, 266, 269

MHoromepHoe pacupeaeneHue
ITyaccona 179

MHorosipycHble 1amnsl 39

MHoxecTBa

— 3aMKHYTbIE (B MAPKOBCKHUX LIETISAX)
377

— numuaapudeckue 137, cm. CoObiTus

Monekyn anunanble nenu 21, 246

MowmeHnt unepuuu 234

MowmenTsi 233

— OeckoHeunsle 271

Mop3e a30yka 68

Myranuu 297, 434

H—o6o3nauenus neympauu 152

Haubonpiee HaObIr0AeHNE, OIIEHKA 110
231, 343

Hacnencrteennocts 138, 261

Heso3zspatnslie coctostaust 380, 390

HenocroBepHble peKyppeHTHbIE
coObiTus 307

Hezasucumocts 131, 222, 247

Hemapxkosckue npoueccs 399, 409

Henepecekaromuecs: coObITUs 26

HenpaBuibHo HaOpaHHbBIE TeneQOHHbIE
HoMepa 169

HenpepriBHOCTH Teopema 284

Henpusoaumeie nenu 377

Hepaznuuumocts 22, 31, 52

— JIBa THMA 3JIeMEHTOB 47

Hecmemennas ouenka 247

HecymectBennsie coctostHust 381

Huubn

— B Ouumape 288

— — MOJIETU CITy4yaifHOTO OJTyKIaHus
83

— 1pu OpPOCaHUU HECKOJIBKHX MOHET
313,333

— —urpe B koctu 304, 314

HopwmaibHast INIOTHOCTB U
pacnpenenenue 181

— — ——omuenku 183, 196

HopMmanpsHoe mpubnmkenue 1is
OMHOMMAIBHOTO pacIpeIeiICHUs
185, 199

————— OoJbIIIMe YKIOHEHUS
195

— — — TUNEPreoOMETPHUYECKOTO
pacnpenenenus 197

— — — KOMOMHATOpHBIX cepuit 197

— — — MapkoBckux nenei 403

— — — IIepecTaHoBOK 263, 264

Hopwmainbnoe npuOIMKEeHHE IS
IIyaCCOHOBCKOTO  pacIpeaesieHus
193, 197, 250



— — — PEeKyppeHTHbIX coObITHiI 321

— — — cepuii ycniexoB 325

— — — cay4aitHbIX Omyxaanuit 351

HyneBoe nokonenue 295 (1), 40

Ob6nacts n3meHenus 218

OO6uyuenus apdextor 21, 68, 118, 168,
177,292

O060011eHHbIE CTydaiiHbIe BETUYHUHBI
306

OO6paineHHbIE BEPOSATHOCTHU B
MapKoOBCKuX Lemnsax 402

Ob6cnyxuBanue MaH 447

— — 3ama4m 00 oOciyxuBanuu 444

— — (cHaOXeHHe 3JIEKTPOIHEPrUei
155)

Ob6cnyxuBanus kodpdunuent 448

— (opmyna Dpnanra 449

OO0benuHeHue coobITUi 26

O6Bem pojia, reOMETpUIECKOe
pacnpenenenue nus 147, 296

OpHOpOHBIE IO BPEMEHU MPOLIECCHI
455

Oneuatku 22

— IIyaCCOHOBCKOE pacrlpeieeHue s
162,176

— ®epmu—/lupaka pacrpeeseHue
s 53, 70

Onpenenurenu, qHCII0
coJepKaIux
aneMeHTsl 117

OntumanbsHasg octaHoBka 190, 246, 254

Ocy1ecTBiieHNE COOBITHIA
oaHOBpeMeHHoe 26, 104, 112, 115,
148

OToB xuBOTHEIX 177, 244, 292, 300

Ortpaxarouue skpanbl 337, 361, 369,
406

— — B tiockoctu 407

— — TOuHOe penieHue 418

Otpakenus npuHuun 84, 361

Ortpunanue 25

Ouenka HecMmenieHHas 247

YJICHOB,
JHaroHajabHbIe

OneHkKH CTaTUCTUYECKHE

— — 10 He3aBUCUMBIM HAOJIOACHUSAM
177

— — — MOBTOPHOI1 BEIOOPKE 57

— — — mpocToii Beroopke 193, 230,
244

Ouepenu

— BETBsIILIKECS Ipoueccsl A 297

— B CJIy4ae HECKOJIbKUX KaHaJIOB 446,
450, 468

— — — ogHOTO KaHaia 442. 448

— MapKoBckue uenu ais 407

Ouepenu, MPUILIEALIHHA TOCTEIHUM
oOciryxuBaeTcst iepBbiM 467

OuepenHoCThb

— B Omumape 288

— TPU UTPOKA, UTPAIOILIHUE 110 OUEPen
28, 35, 124, 148, 406

ITapanoxc Bo3BpameHus 323

ITapsr 38

ITackans pacupenenenue 173

Ileppoe  nmoctmxkenue, cMm. Bpewms
MEPBOTO TOCTUKECHUS

— OCYILECTBIICHUE, CM. Bpems
OKUIaHUS

[Tepemennas cuna npu nudpdysun 371

[lepeceuyenre coObITHI 26

[lepectanoBku 41, 137, 262, 395

[lepexon uepe3 ynuily, nemexoast 176

Ilepexoa BEpOSTHOCTH

— — B MapKoOBCKux 1ensx 367, 374,
397

— — — CTOXAaCTHYECKHX Ipoleccax
453

ITepexonsl

— Kak HemapkoBckuil nporecc 400

— 3JIeMeHTapHas 3a1a4a 176

[Tepuonuueckne pekyppeHTHBIE
coObiTus 307

— cocrtostums 381, 387

[TerepOyprckas urpa 256

ITeTpu yamka 170



ITnotHoCTH pacnpenenenus 184

[ToBTopHOE ocpennenue 317, 333, 407

IToBTOpHBIE UcTBITaHUs 134

— — CJIy4JaiiHbIe BETMYHHBI,
npeacrasisitonue 223

[Tornomaromue TPaHULBI B
CTOXAaCTUUYECKUX Mporieccax 465

— cocrtosumsa 377, 391

— sKpansbl 336, 355, 368

[Toncuer yncna 6akrepuii 170

IToxapsl, cm. I[IpoucmecTBus

[TokazarenpbHOE BpeMsl 0OCITyKUBaHUS
329, 442

— pacnpenenenue 429, 442, 461

— — (yHKIIMOHAIEHOE YpaBHEHUE IS
444

ITokep 18, 46,71, 118, 175

ITonnHOMManbHOE pacnpenencHue 174
220, 221, 244

— — MaKCUMAaIIbHEIN uiieH 178, 197

— — npowusBoasmas pyHkuus 284

[TonuHoMuansHble K03 PunreHTs 48

ITonmumeps! 21, 246

[TonoxurenbHbie cocTosiHUA 381

[Tomynsiiyu KUBOTHBIX

— —otnoB 177, 244, 292, 300

— OIleHKa o0BbeMa 1Mo BeIOOpKe 43

[TopsinkoBblil kputepuii 84

[TocneneiicTBus 3 heKT 17151 BpEMEHU
oxumanus 330, 442

ITocnenoBarenbHbIN anamm3 356, 360,
373

[Toromku

— B BeTBsIIUXCA mpoiieccax 295, 300

— — MOMYJISIIHUAX U TEOPUU
BoccTraHoBieHud 320, 334

— — mpotueccax Tuoenu u
pa3MHoxeHus 434, 440

— reneTuueckue moaenu 138, 261, 374

— ckpemuBanue 149, 374, 406, 424

— creneHsb poacTaa 150

ITpaBuiio Baiteca 130

IIpenenbHas Tteopema MyaBpa —
Jlammaca 188, 199

ITpuBenenHoe uucno ycnexos 189

[Ipusnaku, cuernieHHsie ¢ mojom 142

ITpoBepka BakuuH 156

— KpoBu 245

ITponOMAKUTENTBHOCTD UI'PHI, CM.
Breipoxnenue, Bpemsa  nepBoro
JIOCTHKEeHUS, Bpems oxunanus

— — B 3aza4e o pasopeHuu 341, 360

— — — MapkoBckux mensix 408

— — — IIOCJIEJIOBATEIbHOM aHAJIN3€E
356, 360

IIpousBeneHne Mep U IPOCTPAHCTBA
136

— npsimoe 136

[IpousBoaHbIE; YHCJIIO
pou3BOIHBIX 50

[TpousBonsuue ¢pynkuuu 270

— — nBowmnble 283, 300, 335

— — st U pepeHImaIbHBIX
YPaBHEHUH CTOXaCTUYECKUX
npoiieccoB 468

— — — MapKOBCKHX LIENIEN U MATPHI]
410

— — HCIIOJIb30BAHME IS PEILICHUS
pPa3HOCTHBIX ypaBHeHUN 344

— — moMeHTOB 290, 300

[IpoucmecrBus

— mojienu pazmenieHus 20

— — CBS3aHHBIE C HCIBITAHUSMU
bepuynnu ¢ pa3nuuHbIMU
BEPOATHOCTSIMU 236

— MyacCOHOBCKOE pactnpeenenue 164

— pacmpeneneHue yosITKoB 293, 428

— CTaTUCTHKA Pa3pbIBOB CAMOJIETOB-
cHapsizioB 167

— ypHOBBIE Mozienu 125, 127

[TpocTpaHCTBO 2IIEMEHTAPHBIX COOBITHIA
17,24

— — — B TEPMHUHAaX CIIy4alHbIX
BENUYUH 223

YaCTHBIX



— — — AucKpeTHoe 28

— — — U1 IOBTOPHBIX MCTIBITAHUIN

U DKCIEpUMEHTOB 134

[Tpocteie qpodu 280, 290

— — JJI1 MapKOBCKUX 1eneit 380

— — — cepuii 324

— — — ciy4JaiiHbIX OnyxnaHuii 346,
359,362,419

— — yKCIJIeHHbIe TpuMepsl 283, 320,
326

[Tponeccel rudenu 466

— pa3mHoxenus 432, 453, 466

— — pacxopsuuecs 435, 460

ITyacconoBckuiil moTok 443

— npouecc 428, 430, 454, 459

[TyaccoHOBCKOE NPUOIMKEHUE WITH
npenensHas Gpopma st
OMHOMMATIBHOTO pacIpeIeICHUs
159, 178, 193

— — TUNEPreOMEeTPUUECKOT0
pacnpenenenus 178

— —3anaun obcmyxuBaHus 444, 468

— — ucnbITaHuil bepHysum ¢
IIEPEMEHHBIMH BEPOSITHOCTAMU 286

— — HOPMaJIbHOTO paclpeieieHus
193, 250

— — OTPULATENFHOI0 OMHOMHAIHLHOTO
pacnpenenenus 179, 296

— — paHJO0MHU3UPOBaHHbIN BHIOOD 221,
300

— — cepuu 335

— — cay4aiiHoro Beibopa 117

— — 4KCIIOBBIE TpUMepHI 114

— pacnpeznenenue 163

— — B KOMOMHAUU ¢ OMHOMUAJILHBIM
pacnpenenenuem 177, 243, 292,
300

— — MHTETrpaJIbHOE TPEACTABICHUE
180

— — KpatHoe 294

— — MHoromepHoe 179

— — MOMEHTEHI 229, 233

— — HOpMaJIbHOE MPUOIKEHUE IS
193, 197, 250

— — TIpUMEPHI CXeM, IPUBOAIINX K
166

— — npowusBosmas pyHkuus 274

— — IIPOCTpaHCTBEHHOE 166

— — cBepTku 179, 274

— — cnoxHoe 293, 428. 459

[Tyt npu ciaydaitHoM OmyxnaHuu 82

PaBHOBECHE  MaKpOCKONHUYECKOE WU
cratucTHueckoe 384, 440

PaBHOMepHOE pacnpenenenue 243, 289

PanuoaktuBHoe wusnyuenue 166, 330,
433

Pazmuuunmocts 22, 31, 52

— JIBa THIA 3JIeMEHTOB 47

Pasmuoxkenue 149, 374, 406, 424

Pa3znocTtHble ypaBHEeHUS 339

— — B MHOTOMEpPHOM cityuae 355, 363

— — 11t pacnpenenenus [oia 148

— — 3a/1a4M 0 pa3meleHuu 73, 288

— — MeToJ1 oTpaxkeHus 361

— — — YacTHbIX pemienuit 339, 345,
358,361

— — Moxenu Opendecton 336

— — oTpaxarouiue 3kpansl 406, 418

— — MOTJIOLIAKoIIKE 3KpaHbl 393

— — mpenenbHbId nepexon 348, 362,
467

— — ypaBHEHHUE BOCCTaHOBJIEHUA 314

— — ¢uykTyauuu wiotHoctu 407

Pa3znoctb coObiTHil 27

Pacmomoxxenus, cm. 3agaua o
OammoTupoBke 3agada o
pa3MelleHny, Y IIOPSJOUYECHHE

— B 3az1aue o pa3melenuu 50, 70

Pacnipenenenue

— Bo3pactos 319, 334

— — TpuMep, Kacaroliics BO3pacToB
cymnpyros 23, 27

— JieTeil mo npusHaky nosa 123, 124,
132, 147, 175



— Kpaiinee 219

— "HopManbHoe 181

— coBMecTHOE 219

— ycioBHoe 222, 243

Pacnpenenenus ¢pynkuus 184, 218

— IIApOB 110 ALUKaM, CM. 3aj1aya o
pa3MelIeHUH

Pacnipoctpanenue ciyxoB 69

Pexopner 303, 333

Pexyppenthsie cobbrtus 301, 305

— — pacCMOTPEHHUE C TOUKHU 3PEHUS
MapKoOBCKuXx nenen 372, 387

— — c 3anaszapiBaHuem 317

PeHTreHoBckue J1ydu, JEMCTBUE Ha
kietku 21, 68, 118, 168, 177, 292

PeneccuBHbie renst 139

CamMoBOCCTaHaBIUBAIOLIUECS
coBokynHoctu 308, 319, 334

Cseptku 273

Cenexums reHetuueckas 145, 149, 297

CemeHa

Cemena, BoDKUBaHue 297

— pacnpenenenue [lyaccona s yucia
166

Cembu

— 3aJ1a4a 0 MBIThE MOCYy bl 69

— — — pacrpeeIeHUH 110 IPU3HAKY
nona 123, 124, 132, 147, 175, 292

Cepuu B Onsutnape 288

— — 3a1a4e 00 yJIMYHOM JABHKEHUH
176

— — ucnpiTanusx bepHymm

— — — — onpenenenue 302

IIyacCCOHOBCKOE
pacnpezeneHue s JJIMHHBIX 335

— — — — paccMOTpPEHHE C TOYKH
3peHus ueneit Mapkosa 371, 376

— — — —Teopus 324, 335

— — — — ycnexos J10 Heynad 200,
215, 328

— — KOMOMHATOPHBIX 331a4ax 53, 74

— — — — MOMEHTHI 245

HOpMAaJbHOE
pacnupeznenenue aus 197

Cucremsl urpsi 203, 340

Cxonb3samue cpeanne 400, 408

CkpemuBaHue NpsIMbIX NOTOMKOB 149,
374, 406, 424

CnenoBanus 3akoH 130

CrnoxHas knaccudukanus 39

CnoxHoe pacrnpeznenenue Ilyaccona u
COOTBETCTBYIOIIHME Mpouecchl 293,
428, 459

— OTpHIIaTeIbHOE OMHOMHAIBLHOE
pacnpeeeHue Kak CI0XKHOe
pacnpenenenue Ilyaccona 293

Cnyx6a 6e3onacaoctu 127

CrnydaiiHoe OmyXJ1aHHE, CM.
[Tornomarone sKpaHsbl.
Otpakarolye 3KpaHbl, YIpyrue
9KpaHsbl, Bpems nepBoro
JOCTUXKEHUS, MaKCUMYyMBlI,
Bo3sspaiuenue B Hauaio,
Huddysns

— — METO0Jl MapKOBCKUX Lieniel 368

— — — TEOpUHU BOCCTAHOBJIEHUS 362

— — MHOTOMepHoe 352

— — 000061enHoe 356, 360, 373

— — onHoMepHoe 88, 336

— — C IEPEMEHHBIMU BEPOSTHOCTAMU
395

— — IUKJINYeckoe 269, 417

CrnyyaitHocTh nocnenoBaTenbHocTH 209

— — kputepuu 53, 73, 84, 115

Cwmech

— MapKoBcKkux 1eneut 409

— pacnpeznenenue 300

— COBOKYyIHocTel 127

CHoc 325, 336

CoOcTBeHHbIE 3HaUEHHs U BeKTOpHI 414

CoObiTus 18, 24

— B [IPSIMOM TNIPOU3BEICHUU
BEPOATHOCTHBIX MPOCTpaHCTB 134

— komOuHaruu 104



— He3aBucuMBbIe 133

— OJTHOBPEMEHHOE OCYIlleCTBIIeHUE 27,
105,112, 115

COBOKYIHOCTb, pa3/ieJIeHHas Ha KIJIacChl
123,127

CoBnagenus 106, 113, 118

CoenuHeHus ¢ HENPaBUIIbHBIMU
HoMepamu 169

CocTtaBHbIE MapPKOBCKHE IPOLIECCHI
(tacoBanme) 401

Cocrosinue paBHoBecus 384, 440

CocTosiHMsI MapKOBCKOH 11enu 367

— knaccupukanus 379

CpenHee 3HaUCHHE paCIpeeNICHUs, CM.

MaremaTtnueckoe oxunanue CtaBka,
s dexT n3menenus 340

CrangapTHoe OTKIIOHEHHE 233

— — J17151 HOPMAJIBHOTO
pacupenenenus 184

— — — yucina ycnexos 189

Crapenue 330

Crarucruka bo3ze—DiiHiTeiina, cm.
boze—DitHmreiina cratucTrka

Crarucruka bonsnmana — MakcBeina,
cM. bosibiiMana — Makcseiia
CTaTUCTHKA

Craructuka ®epmu—/lupaka, cMm.
®epmu — Jlupaka CTaTUCTUKA

CramnoHapHble BEpOSTHOCTH MEepexoia
367,399

— — B MapkoBckux nensx 384, 390,
405

— — i Bo3pacra 334

— ——reHoB 141, 150

Crupnunra gopmyna 64, 185

— — yTouHeHus 79

Croxactuyeckas (cratuctuueckas)
HE3aBUCUMOCTb, CM.
HeszaBucumoctb

CroxacTHyeCcKHe JBAXKIbl  MaTPHUIIBI
367
— Marpuisl 386

— npoueccel 397, 427

CrosiHKa MaIuH 68, 69, 466

Crpenbba o mutnenn 21, 175

CyMMBI CiTy4alfHOTO YncIIa CIy4alHbIX
cnaraembix 291

Cynepno3unusi MApKOBCKUX LETEeN U
tacoBanue 401

CXO0IMMOCTH TIOYTH BCIOAY H 110 Mepe
214, 265

Cueruuku 72

Cueryuk tima I 302, 319, 333, 407

— tuma Il 334

TayOepoBa Teopema 331

Tenedon

— Bpems oOcimyxkuBanus 329, 442

—- BBI30OBHI 169, 287, 430

— 3a/1a4a o TeneOoHHBIX JIUHUIX 194,
444, 468

TemoBoit 0OMeH, Mosienh DpeHdecToB
127, 370, 386, 407

TpuHomuanbHoOE pacnpenenenue 221,
244

— — npowusBoasmas pyHkuus 284

Y—o06o03Hauenue ycnexa 152

YobITKH, cM. [IpoucmecTust, DpdexTsr
o0my4deHwmst

VYraneiBanue 114, 237

VY nBoenue craBku 341

Ynopsgouenue 28

— JIBYX THIIOB 3JIEMEHTOB 47

VYupyruii skpan 337, 369, cMm.
[Tornomaronye 3KpaHsl,
OTtpakarouiye d3KpaHsbl

YpaBHeHus oopatHeie 454, 459, 462,
468

— npsimbie 454, 458, 462

Ypuosbie mogenu 124, 365

— — st knaccupukaryuu 127

— — Jlannaca 129

— — [loiia 126, 148, 245, 268, 399,
467

— — Dpendecros 127, 370, 386, 407



VYposens 3HaunmMoctu 96, 168

VYcnoBHas BepoATHOCTH 121

VYcnoBHoe pactipenenenue 222, 243

— MaTeMaTHYecKoe OXxumaHume 228

Ycenexu 152

— npuBeAeHHOoE uncio 189

YcTronunBoe paclpeeiieHue ¢
napametpoM 1/2 102, 251

®da30B0o€ MPOCTPAHCTBO 24

®axkropuans! 41

— ramMMma-QyHkus 78

— ¢opmyna Ctupaunra 64, 79, 185

®epmn—/lupaka cratuctuka 16, 52, 70

@nykryanus mwiotHoctu 407, cM.
OpeHdpecToB MOIETh

®okkepa — [Inanka ypaBHenue 351

®opmyna 6uHOMa 63

®pobenuyca Teopust MaTpul 404

Oyukuus ommodox 184

®ropra Gopmyna 352

XapakTepuCcTUIECKUE KOPHU MaTPULL
413

XapakTepucTuyeckoe ypaBHeHHE 358

Xemm Teopema 286

XpOMOCOMBI

— oOBsicHeHue TepMuHa 138

— pacuierieHue 1 n3mMenenue 68, 118.
168, 177,292

LlenTpanpHas npenenbHas TeopeMa

— — — Ju11 OMHOMHAJILHOT'O
pacnpenenenus 189

— — — — MapkoBckux 1eneit 403

— — — — CYMM HE3aBUCUMBIX
CIy4ailHbIX BenuuuH 249, 259, 267

— — — IPWIOKEHHUA K
KOMOHMHATOPHBIM 3a7auam 197, 262

————— yacroram nuugp 214

————— TUIEPreOMETPUUECKOMY
pacnpeznenenuto 197

————— pacnpeesIeHUI0
Ilyaccona 193, 197

————— PEKYPPEHTHBIM
coObITHsIM 321

————— cepusm 197, 325

————— CIIy4aiiHBIM

onyxxnanusm 351

Lenu ciyuyaiinoi 1iuHbI 246

Hennsle peakuuu 296, 300

Llens nucem 69

Huknnueckue ciaydaifHble Oy KIaHHs
369,417

Hukner 263

Hunuaapuyeckue MHOkecTBa 137

Hudper

— pacnpezenenue 214

— e u 143, 73, cM. Ciiyuaiiable nugpbl

«Yactuna» B CcIoy4ailHOM ONyXIaHUH
89, 336

Yactabix pemeHuid Meron 339, 344,
358, 360

Yacs! niuk 430

YeOblmeBa HepaBeHCTBO 239, 247

[Hapsl B smumkax, cM. 3azada o
pa3MelIcHUH

[IIBapua HepaBeHCTBA 247

Opomronus 434

OnHmTeliHa — bo3e craTucTnka, cM.
boze — DiiHmTeiiHa cTaTUCTHKA

OlHmreitna — Bunepa nuddysus 349

OkpaHnsl, kiaccuduxanus 337, 369

DKCIEPUMEHTHI

— MbICTUMEIE 14, 17

— noBTOpHBIE 134

OnemeHTapHble coObITH 19, 24

Oproauueckue coctosiHus 381

Oproanueckoe CBOWCTBO

— — MapkoBckux neneut 384, 407, 425

— — cToXacrmueckux mnpoueccos 440,
469

OpeHdecToB MOIETh TEIIOBOTO 0OMEHa
u nudpdy3uu 127, 370, 386, 407

Opnanra ¢popmyna 449

DddexT nocnenencTBrs, ypHOBBIE
mozenu 125

IOna nponecc 434, 466

SnepHsble nenHele peakuu 296

SAmuku, pacnpelneneHue 1apoB IO
ALUKAM, CM. 3anaga 0
pa3MelIeHUH



NPEAUCTOBHE
KO BTOPOMY PYCCKOMY HU3AAHHUIO

ITepBoe uananue kuuru Pennepa ywe noayuuwno B CCCP mupokoe
npuananue. Cefluac BHUMAHHIO uuTaTe]el mpeldaaraeTcsd  IepeBol
BTOPOr0 aHrJUHCKOro HaldaHHd, BO MHOTMX IeTa/JfgX YCOBepLIEHCTBOBAH-
HOrO M JIOMOJIHEHHOrO0 aBTOpPOM. BO BTODOM aHTAMHCKOM H3JIaHHH KHHUTa
NO-TIPEKHEMY Ha3biBAeTCR «DBBeAenne B TeOpHIO BepOATHOCTER W ee mpu-
J0KEHHA», NepBHil TOM JABYXTOMHOro Kkypca. Tak kax nybauxauus
BTOPOro TOMa BHOBb OTKJAAJBbIBAeTCd, TO B PYCCKOM H3JaHHH COXpaHeH
NOA3arOJOBOK, YKa3bBAOIWMA HA NpHHUMN OTOOpa MaTepuana, MPUHATHIHA
aBTOPOM A/ [epBOro TOMa CBOEro Kypca.

HiMenno 3TOT npHHuun otopa MaTepuana nospoJsfeT kuure dPesnepa
3aHATb CaMOCTOATE/NbHOE MECTO B JHTepaType IO TeOPHH BEPOATHOCTEH.
OrpaHuuuBascb IHCKDETHHIMH pacrpelesieHHSIMH, aBTOP HMeeT BO3MOX-
HOCTH ITOCTHIHYTb BIIOJIHE COBPEMEHHOH CTPOrOCTH M OTHETIHBOCTHU H3J/0-
KEHHA, He BLIXOAA 3a IpefieJbl 3/JIEMEHTAPHBIX YHUCTO apUPMeTHUYeCKHX
CpencCTB, H Ha TBEpAOH TeOpETHYECKOW OCHOBe JOBECTH 4yuTaTedad A0
pAia BaXKHBHIX TIPUHHUMHAALHEIX BOMPOCOB M OOJBILIOTO uuCiIa MPaKTH-
YeCKH HHTEpeCHBIX 3anau.

HecoMuenno, 4To npu cepbe3HOM CUCTEMATHYECKOM HU3YYeHHH TEOpHHU
BEPOATHOCTeH HeJb3s OCTaBHTH B CTOPOHE HENpephHIBHBIE pacnpeac/ieHus.
Ho xopowo wussectHO, yTO TOYHOe OmpeleneHHe TAKHX NOHATHH, Kak
YCa0BHAsA (YHKUUA pacnpeneneHus

Fx|n=PEL|x|. n=1y)

CAYy4YaHHOH BeaMUMHB § NpH 3aJAHHOM 3HAYeHUH 7 ==y CayuyalHOH Be.H-
UMHBEl 7], B CAydYae HeNpepLIBHHIX pacnpelenednft TpebyeT TpyAHO BOCIPH-
HUMaeMbIX ¢OpMAaMbHBIX KOHCTPYKLHH, 4TO CTPOTOE M B TO Ke BpeMd
o0uiee u3J10}KeHHe BOMPOCA O CYMMHMPOBAHMM IPOM3BOJbLHBIX HE3aBUCH-
MBIX Cay4afHbIX BeJuudH TpeOyeT XOpowero BialeHus TeopueH uHTe-
rpana CruapTbeca u T. A. BBUALY npakTu4ecKol BaXHOCTH HeNpepbIBHBIX
pacnpeneneHu#t yacro obxoasTcs OGoJjee 3JeMEHTAPHBIMH M He BCErla
cTporumMu cpeactsaMu. Ho uMenHo TeM, KTO Aaf cAydYas HENPepHLIBHHIX
pacnpenenenu#t OrpaHUUMTCA HECKOJIBKO KYCTADHBLIM WM HEe BIOJHE CTpPO-
FUM u3noxeHueM, OyAeT OCOOGEHHO MOJE3HO NPOCAeIUTh Yxe ¢ MOAHOH
OTUYETJIHMBOCTHIO Mapajej]bHOE PasBUTHE OCHOBHBIX BEPOATHOCTHHIX HAeH
Ans  muckperHoro ciyyas. IloapoGHoe u3yueHue TeOpUH M TpPHMEHEHUH
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Npou3BOAAINX GYHKILUA LUeAOYUCICHHBIX Cayuafibix BegHunH (cM. ra. XI
KHUTH) ABJSETCA XOpolnM BBeAeHHeM B 06osee TPYLHYIO 1 OOILYIO TeO-
PUI0 XapaKTePUCTHUECKHX (YHKUNH TPOH3BOIBHMX CJAYYaHHBLIX BeAWHHH.
Mouorpauueckoe n3yueHde MapKOBCKMX MpPOLECCOB € KOHEYHBIM HJH
CUETHBIM UUC/JAOM COCTOsiHUM, AaHHoe B ra. XV—XVII, 6yiter moaeswo
MHOTHM UUTATENSM, NPEANOJaraloluM BIOCJICACTBUH HM3YYaTh OOULYIO
TEOPHIO CIYYafiHbiX NPOIFCCOB.

Boaee kBaIMPUUUPOBAHHLI 4YHTaTeIb, AJS KOTOPOTO VyKa3aHHblE
TipeuMyuIecTBa NMEpPBOOYEPENHONO H3Y4eHU NMCKPETHHX pacrnpeieseHuft
He CyluecTBeHHBl, 3adHTepecyeTcss KkHuroft deasepa no npenMyulecTny
npocre B KayecTBe cOOpaHus GOABWIOTO 4YMCJa YacTHBIX 3371a4 W TPO-
CYUHTaHHBIX [0 MO/NYYEeHUs BIOJIHE KOHKPETHBIX pe3y/abTaTOB NPUMEpOB.
Tpu pasbope 3amay densep BuABMraeT HA MEPBHH NJAH pelIeHHe HX
KIPAMBIMAY, CTENUUUEeCKH BEPOSITHOCTHBIMU CPEACTBAMU. IJTA TeHACHUHA
BUAETH 38 AHANUTHICCKUMY NpeoOpa30BaHKAMHI UX «BEPOATHOCTHHIHY» CMBICA
NPUHALIEKUT K UHCAY Hanbojee UEHHLIX CTOPOH kuurn Peanepa. 3a-
CAYXUBaeT BHUMAHMSA TaKXKe CTpeMJeHue aBTOpa KHUTM Ha TLUATebHO
noso6paHHbLIX MpUMEPaX HArJsIHO TOKa3aTh Xapakrep ACHCTBUA BEpOAT-
HOCTHBIX 3dKOHOMepHOCTe#l. Bo MHOrux cayuasx aBropy Y.AaeTcs BBECTH
upTaTe]d B IeHCTBUTENLHO HHTEPeCHbIe BONPOCH COMOCTABJIEHMS CTaTHC-
THYECKMX INAHHBIX C BEDOATHOCTHOH Teopuel siBNeHUs.

B ochoBy 3TOro M3aanusl 110710KeH fepeBOi NHePBOrO H3AZHUA KHHTH
(AJT1, 1952), sumosnenumit P. JI. Hob6pywunsiv 1 A. A. OmxesuueM.
[MepeBoa ponoanuTeabHOro Tekcra ocyuectsieH C. A. MoI4aHOBBIM.

A. H. Koanozopos



OPEOINCJOBHE
KO BTOPOMY M3AAHHUIO

Teproe usnanue BeTpetnio A0OpoxenaTeNbHBIE NpHeM, MpeB3oluel-
wMi caMble cBeTahle OwuiaHusi. Kpome HeoxuAaHHO GOablIOro 4ucaa
yuTaTeneH, NOAb3OBABIUMXCA KHUIOH BCepbe3, HALIHCh, MO-BUIUMOMY,
H Takue, KOTOpPHIE uuTaqM ee 1POCTO paAud YAOBOJALCTBUA. DO.blie
Bcero obodpaer TO, dYTO KHUra HAw/Ia JApy3e#t B CAMBIX Pa3THYHBIX
KPYrax: OT YHMCTBIX MaTeMaTHKOB 10 4YUCTHIX Jdwobuteselt. Her Huxaxoft
BO3MOXHOCTH NO6/aro2apuTh 3[eCh KAXIOI0 H3 uuTaTeled, KOTOPHIM
7 0043aH MOJE3HHIMM KPHTHYECKUMH 3aMeyaHHsIMu. ITU 3aMeyaHusa Mno-
OyxAaad MeHs B TeueHue lUeCTH JeT AYMATL 00 YCOBEPIIEHCTBOBAHHAX
U noaGupath Jyulude MNpuUMepbl M yHpaxHeHus. § Halech, 4TO 3TO
00.€rYuT yTeHHE KUUTH U ee HCHOJb30BaHHe [s NpernoiaBaHus.

OO6wuit naaH, HAMEUEHHBIW B NPELUC]IOBUM K TEepPBOMY H3AAHUIO,
He wuaMmennsca. UrtoOwl corsiacoBaTb MHOrooGpasuble NOTPeOHOCTH  uil-
TaTese C pPasAMUHBIME  HaKJIOHHOCTAMH, WHTEDeCaMM M CTEMeHbl0 Ma-
TEMATHYECKOH NOArOTOBKM, NMPUXOLHJIOCh YACTO OTKJ/OHATHCA OT rJaBHOH
Junnu. Tl03TOMY H3jOMeHHe He BcerAa pasBUBaeTCs OT NPOCTOro K
CIOXHOMY, CpPaBHWTE/NLHO TPYyJAHbie pasiefsl BCTPeyaloTca B CaMOM Ha-
Yaje, a npocteie — B ra. XV u XVIII. ManonoaroTosaeHHb#t quTarteb
He [1O/DKEH MBITaTbCH CJIEAHTL 33 MHOTMMM TNOOOUHBIMH JIHHMAMH, HHaue
€My TFpO3HT ONACHOCTL 34 JAepeBbsIMM He pasraafets Jjeca. Has obaer-
YeHHs OpHMeHTAaLHH W BHIOOpAa BO3MOXHBIX IpONyckoB 0ojee cHCTeMaTH-
Y4eCKM, HeM B JIePBOM W3NaHNM, MCNOJL3YIOTCA 3Be3ldOukH. [ JaaBbl, He
NOMeueHHble 3Be30YKaMH, 00pa3yloT HepaspbiBHOe lel0e, B KOTODOM
BbloesieHHble TJaBbl He HCMOJ/b3YIOTCS.

[leppoHauanbHOe BBeleHUE B OCHOBHBIC TMOHATHS TEOPHH BepPOATHOCTeH
cogepxutcs B ra. I, V, VII u IX. Hauunawowu#t IomkeH H3YyYUTb HX
€ BO3MOXHO MEHbIIHMHM OTCTym/eHusmu. ['saBa 1l npenHasHayeHa aus
pasBuTHSl Y CTYAEHTOB BepOSATIIOCTHOM WMHTYHUHM W TeXHUKM, HEKOTOpOE
BHAKOMCTBO C ee COAep:KAHHEM KeaaTeqbHO, HO COBCeM He 0063aTe/bHO
U3yyaTh [/aBy CHCTEMaTH¥eCKH: MOKET OKalaThCs Oo/ee nojaesHbHIM BO3-
BpamaTbCsd K 3/JeMEHTapHHIM HAMIOCTPAalMaM [0 Mepe HaLoOHOCTH B
ldanbHedmeM. To 06CTOATENbCTBO, UTO IS Uesell MepBOro O3HaKOMJeHHUs
MBI OrpaHHYMBAeMCAd [UCKPETHRIMHM pacrpele/eHUsIMU, He AOMKHO Ountb
CepbesHoit MOMexOoi, Tak Kak 3/7eMeHTapHas TeOpHs HellpEPHBHHX pacnpe-
Aenenu#t TpeGyeT JMlIb HeCKOAbKHX CJOB NONOJHUTENbHOTO OObACHEHHS.

Bo BBoanwoMm kypce nocie ra. IX moxHo cpasy nepefiti K ra. XI,
Tle paccMaTpuBalOTCA NMpousBoiduide GYHKUMK Kak npuMep Gojee OOIIMX
IpeoGpasosanuit. Peayabratst ra. X[ Haxoasr npuaomenwe B ra. Xl
(Pexyppentubie cobpitha) u X1 (uemHble peakiuu, GesrpaHUuHO AeqHMblE
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pactipeneserns). bes npousponswnx GyHKUUA MOKHO ABUTATHLCA B OMHOM U3
CAeAYIOIHX HATPaBAeHHA: NpefesbHble TEOPEMB U TEOPHSH CAYUARHBIX KO 18-
Gauutt (ra. VI, X, IIl), sepogrnocTHeie npouecchl (ra. XVII), cayuatinsie
6aywnauus (rnasa 1l u ocHoBHas wacts ra. XIV). 3tu nanpasaenus noutu
He3aBUCUMBI 0AHO OT Apyroro. Lenu Mapkosa (ra. XV) ufeltdo 3apucat oT
PEKYpPpPeHTHHX COOBITHH, HO M UX MOXHO H3y4YaThb HE3aBUCHMO, €CJH 4U-
TaTeNb FOTOB NPHHATHL Oe3 10Ka3aTe/ bCTBA OOULYI0 3PrOAHUYECKYI0 TEODeMY.

Hexotopas pauHOHaAd3aUHs TeKCTa TO3BOJKAA BKJIOYWTH HOBLIlt
MaTepuan u obneluuuth crapyw raasy lI ¢ raasost 1II. Hosoe yaape-
HHe CllelaHO HA BPEMEHAX OXMAaHWUS. 3Ta TeMa MPOXOIMT TeMepb 06be-
DuHSIOWE! HUTHIO Yepe3 BCIO KHUTY. YIapeHue Ha BpeMeHaX OXHIAHHA
HallJIO CBOe OTPaXKeHWe M B PaHHeM BBeJeHUM 3TOro noHsrtus (8 ri. II)
H B HECKO/JbKHX He32BUCHUMBIX NMOAXO0IaX K BpeMeHaM MepBOTO HOCTHME-
HUA NpH cayuafiHoM OayxAaHuH.

Fnasa 1l — coBepmwenno noas. OHA HAMOCTPUPYET CUAY KOMOH-
HATOPHBIX METOAOB; € HX TOMOLIBIO TOJYYAeTCs PAL BAXKHBIX De3yiabTa-
TOB, KOTOpble OOBIYHO BHIBOIAT, ONUPAsNCh HA DPAa3BUTHIH aHAXUTHUYECKHH
anmapat. PesyabTaThl, CBfi3aHHbIe €O CAYUANHBIMU KOJeOAHAAMU (IpU
6pocanui MOHETH, IIOKA3LIBAIOT, YTO ILIMPOKO DACMNPOCTPAHEHHOE Mpel-
CTaBJeHde O 3aKOHe DoabMIMX unces OWHOOYHO. DTU Pe3yabTATH CTOMb
HEOXHIAHHE W B TAKOH CTeNeHW He COTJIACYIOTCA ¢ OOBIYHOH MHTYHLHEH,
YTO Jake MCKYIUIeHHbe JI0AM COMHEBAa/JHCh, YTO MOHeTa EexeT cebs B
caMoM Ileje TaK NAOXO0, KaK TNpeicKasniBaeT Teopus. KIMeHHO moatoMy
B § 7 BKJIOYeHbI IaHHble SKCHEPHMEHTHI.

Bonee nocrefoBaTenbHOE NOAYEPKUBAHHE €IAHHCTBA MEXIY pexyp-
peHTHEMH coObiTHAMH M uenaMu Mapxosa NpHBEAO K paly yTounenui
¥ ynpouieHu#, npasia eHOH HEKOTOPHIX OTCTYIIEHHH OT TepMUHOJOIrUH
nepsoro usiauusa. S| npuHowy rayOokue M3BMHEHMS 3a Te HeloDasy-
MEHHS, KOTOpPHlE MOTYT H3-3a TOro NPOH3OHTH.

Bonbiuoe BHuManue OBIIO YiaesneHo TOMY, u4TOOb cllenaTh YKasaTedb
nonesoiM. ONHAKO OH He MOMET CAYXKUTH CIPABOYHHKOM, 4TO H KeM
clesaHo B TeOPHM BePOSITHOCTeH; JNOMKHOE paBHOBeCHE HaPYIIEHO
CCHI/IKAMM HA BCe HCTOUYHHKM, KOTOppe OblAM UCNOJB3OBAHLI, HACTO
KOCBEeHHEIM 00pasoM, NpH COCTaBJAEHWH NPUMEPOB M 3alay. $1 coxaneio,
YTO MOpOH OueHb BawHble PabOTH MPUXOAUIOCH UHUTHPOBATL B KOHTEKCTE,
He OTPaXKalolleM CYIeCTBa Jesia U He OTBEeYaloWeM X HCTUHHOMY 3HAUEHHUIO.

D10 uamaHe TOTOBMJIOCH B HAeaJbHHIX PabOuux ycJOBUAX, KOTOPHIX
He Hapylaiu MOBCelHEBHbE OOA3aHHOCTH. 3a STOT NOKOH f LOMKEH
Gnaronaputs Hayuno-nccnenoBatenbckuft orded  BoerHO-BO3AYMIHbIX
cun, TIpUHCTOHCKUR yHMBEpCUTET M rocrenpuuMcTBo Bosabdosuua. Mie,
KaK # npexJe, ObliM BECHbMA NOME3HD! KpHTudeckde 3ameuanns k. JI, dyGa.
Pykonucs KHurn 1 AOKA3aTeNbCTBA ObIIM BHUMATe/bHO NPOCMOTPEHDBl Moell
MeHOf, YTO MOMOINIO YCTPAHHTL MHOro OMuGOK 1 CAYHaHHBIX MTOT PELIHOCTeR,

Asrycr 1957 B. ®eanrep



[TPEXWUCJ/IOBHUE
K ITEPBOMY HM3OAHHIO

[TepponayanbHasg legb aBTOPA COCTOAJA B TOM, UTOGL! HAMUCATL KHHUTY
06 aHaJANTHYeCKUX METOAAX B TEOPDUH BEPOATHOCTeH, MPH STOM MOCAeldHsA
IOKHA OblJa PACCMATPHBATLCA KaK YHCTAs MaTeMaTuyeckas IMCIMIIHHA.
Tako#t moaAXO0J MpPeACTaB/AAETCH CaMbIM eCTeCTBEHHBIM, a MOTOMY M CaMLIM
YIOBJETBOPUTEBHEIM C 3CTeTHYECKOH TOYKH B3peHMs; NpH STOM KHHra
6nina Obl ofpalleHa raaBHBIM 00pa3oM K uyHCTHIM MaTtematukaM. QnHako
mupokas nonlepwka paGoT Mo Teopuu BeposiTHOCTed B KOpHEAILCKOM
yHuBepcHTeTe, OkaspiBaeMas HayuHo-uccrenoBarenbckuM oTienom BoenHo-
Mopckoro ¢unota, npuBesa aBTopa kK OoJjee uecToMOOUBOH, HO MeHee
6/1arofapHO# TOMBITKE VAOBJETBOPHTH 00Jee LIMPOKHE MOTPeOGHOCTH.

[lenbio 3TO#l KHUrH SIBIAETCS CTPOrOe M3J0WeHHe TeOpPHH BepOsT-
HocTeft Kak CaMOCTOATeNbHOrO pasiena MateMaTuku. B To ke Bpems
B KHUCE H3/araloTcid H OMNbITHBIE OCHOBaHHA TEOPUH BeposTHOCTel. Kuura
paccuuTaHa Ha TO, 4TOOB TO3HAKOMHUTbL 4YHTaTeJld C pPa3HOOOPA3HBIMH
MpaKTHYeCKUMH NPHJIOXKEHHSMU TEOPDHH BeposTHOCTeld. DToH uenn caymar
MHOrOYYC/AEHHblE 3aJa4d, DAacyeThl H NPUMepH, COMPOBOKIAIOLIUE H3JO0-
eHue OcHOBHBIX noustuft. [Tpu BLIGOpe 3a1ay ¥ npuMepoB aBTop obpaluad
ocofoe BHHMAHME Ha HArJsIHOCTb. UToOH moOKa3aTh cuay oOLWHX Teope-
THYECKNX METOAOB M CHeJaTb KHUrY OoJiee MOME3HOH AJf CHeLMasdCTOB
B pasHbX 00/1aCTAX, B KHUTY BKJIOYeHbl MHOTHe CretHa/bHbleé BOMPOCH
(naparpagsl, oT™MeuyeHHble 3Be3404KOH). [Ipun nmepBOM uTeHuu 3T naparpags
MOryT OBITb onylleHbl Oe3 yilepOa A1A MOHUMAHUA OCHOBHOTO MaTepuala.

IMTpn nanucanun kuurud OblIa MNpoJesnaHa Cepbe3Hasds MeTOLHUECKad
pabora. CpeuMajJncTel HaHAYT MHOTO YNpoOleHMH B CyLeCTBOBABUINX
paHee J0K43aTeJbCTBAX pAla TeopeM, a Takke OOHapyXaT H HOBHE
peayabTaTH. B uyacTHOCTH, A1 HYxJA 9TOH Kuuru Obina pasBuTa Teopus
peKyppeHTHBIX COObTHH, NO3BOJAIOWAA YIPOCTHTh H3JO0KEHHe ueneft
MapkoBa naxe B clyuae KOHEYHOrO 4HC/Ja COCTOSHHUR,

KpoMe paso6paHHBIX B TeKCTe NMPUMEPOB, B KHUTe COIEPIKHTCA PAL
3amay, OoJbllelt YaCTbIO C NOJHBIMH pelleHuaMd. HexoTopele u3 3TUX
3ajay — NpOCTble YNpaXKHeHHs, HO OOJBIIMHCTBO U3 HUX cayxaT npoba-
BOUHBLIM HJIJIOCTPUPYIOLUMM MaTePHAJOM UM COAEPIKAT pas/HyHble AONOJ-
Henud. [Ipumephl ¥ 3ajaul NpelHasHaueHbl, B YaCTHOCTH, L] TOTO, YTOOHI
PasBuTL y uHTaTENd HHTYHIHMIO U HABLIKH B OCTAHOBKE BEPOSTHOCTHBIX 3a1a4.
Kak nokaseipaeT onwit, TpyAHble Ha MePBHH B3M/A4 3ajayd MOCYT CTaTh
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MOYTH TPUBHAABHBIMH, eCaH uX CHOPMYUIPOBAThL eCTeCTBeHHIbLIM 0DPA3OM
H BKJ/OUYUTbL B MOAXOAAWMNH KOHTEKCT.

[IpH npenojaBaHMK TEODHHM BEPOATHOCTEH CYIMECTBYEr TeHIeuuus
BO3BMOXHO ObICTPEE CBOIWTL BEPOSTHOCTHbIE 3alayi K 341a4aM UHCTOTO
ana.uza, wuaberas cneuuduyeckuX OCOOEHHOCTeH caMOK TeopHH BepoAT-
HocTel, Takoe M3JI0KeHHE OCHOBBIBACTCH HA I10XO ONpPEeAeIsIeMOM NMOHATHH
cnydauoyl BenUUMHE, BBOAUMOM OGHIYHO Bilaua.ie. B NMPOTHBOMO.10KHOCTL
9TOMY HACTOSILLAA KHUra CTPOUTCH HA MOHATHH TPOCTPAHCTBA 3/1€MEeH-
TapHBIX COGLITHH, 03 KOTOPOro cayuyaliHbie BEeNUUMHBL OCTAIOTCA UCKYC-
CTBEHHON BBHIAYMKOH.

Yrobul uMeTh CTpOrde TeopeThdeckue OCHOBL, #He ofbpeMesenHsie
BONPOCAMH TEOPUX MePbl M ADYTUMM UMCTO aHAJAHTHIECKUMU TPYAHOCTAMH,
MBl OTPZHHYHBAEMCS B 3TOH KHUTe OQUCKPEMHUIME NPOCMPAHCMBAMY
JaeMeHmaprux coGbuimuli. DTO MECTKOe OrpaHuyeHUe OKAa3bIBAETCS,
OJIHAKO, BecbMa MOJIE3HbIM JUIA duTaTesel-HeMaTeMatukos. OHO Mo3Bo.fer
U3/JI0KHTh Psf CelHaJbHLIX BONPOCOB, KOTOPbIE HEJerko HaTH B jurtepa-
Type, 1 B TO jXe BDeMs H3JX0XKUTb 9TH BOINPOCH BIOJHE 3JeMEHTAPHBIM
o6pa3oM. BMecte ¢ TeM yZAaeTcs H3JO0KUTH COBEPLIEHHD HCYEPIBIBAIDLIUM
06pa3oM Takue padpabarTbiBaeMbie IVIaBbl TEOPHH BEPOSTHOCTEH, KaK TeopHus
cayuafiueix Oaywianu#t u uenet Mapxosa. OO0wasn Teopusd caydaHdbix
BeJMYMH W HUX pacnpefefeHuft, MpelejbHHX TeopeM, nubdysuu u 1. 1.
OTJNI0MKEHA A0 CJeayoledt KHUMM.

Jra kuura He Moraa Oul ObiTh Hamucaua Ges nonnepxku Hayuwo-
MCCAE0BATENLCKOTO OTAea BoeHno-Mopckoro duiota. OnHuMm u3 cief-
cTBUlt 3TOH noazepmxu Oblnu yacTele JuyHbie BeTpeunt ¢ k. JI. Ily6ow,
NOCTOSHNAS KPHTHKA KOTOpOro Oblia N MeHs HeollenuMa. KiMenuo ero
MHe Xouercd mo6AaronapuTh B NepBYIO ovepelb. 3aTeM s XOuy nob.aro-
Xapute JI. Puopaana, xoOTOpsif BHUMATE/bHO NpOYes ABAa BapHaHTa
pykonucH. MHorue ucnpapjleHus W YCOBepLIEHCTBOBAHWA ObIMM TpPeIIo-
JKeHB Moel jKeHOH, KOTOopas uuTajta U PYKOMUCh U KOPPEKTYPH.

ABrop 06d3an rarie Uwyn Katt-nao, M. Houckepy u C. Toababepry,
KOTOpPHE UHMTAAH PYKOMHCh M HCHPaBW/IH Psil oluOOK; peuleHua 00ab-
wuHCeTBa 3aday Owan noarorosiensl C. Toaviafeprom. Hakonen, s 6iaro-
napio K. Xoanenbax 3a TeprneauByl0 u KpaidduuupoBaHHyio paboty no
nepenevathsanuio pyxonucu u E. Omnaca, B. Xodpmana, II. Kunnu 3a
NOMOWb NIDH YTEHUH KOPPEKTVP.



BBEOAEHWE

NMPUPOJA TEOPUU BEPOSTHOCTEH

§ 1. Hcxonnble npeactaBasuis

Teopust BepOATHCCTEN — MaTemMaTHYeCKas IMCLHIIINHA, POACTBEHHAR
TAKUM LICUUILIHAM, Kak, HanpuMep, TeOMeTpUa WM TeopeTuvecKasi
MexaHuka. B kawcioft mucumniune Ml A0KHB 3a00TUTLCA O pasiHueHHH
Tpex CTOPOH TeOpHU: a) GOPMAJLHOr O JOTHUECKOr O coAepwanus, 6) HHTYHU-
THBHBIX NpeACTaBjeHHit, B) APUAOKEHHH.

Xapakrep AUCUMIJIFHBL B LEJOM H €€ IPeJaeCTb Heab3s I0-HacTos-
HIeMY OILLeH{Tb, He paccMaTpuBasg 3TH TPU aCleKra B HX B3aUMOCBS3H.

a) dopManpHce Jgoruuecxoe copepxanue, XapakrepHo#t ocoben-
HOCTBIO MaTeMaTHKH ABJAAETCA TO, YTO OHAa SaHHMAETCHd MUCKJIOYHTEIBHO
COOTHOIUEHUSIMU MeX 1y HeorpeiessieMbIMH BelaMH. JTO XOpOLIO H/MI0-
cTpupyerca urpod B maxuaThl. HeBO3MOXHO «OnnefeanTb» LIAXMAThl
HHave, KaK C(OPMYMUPOBAB CHCTEMY NMpPaBuUa Urpbl. MoxKHO 10 HexOoTOpOH
CTeNeHH ONUCaTh VCJIOBHYIO GopMmy ¢uryp, HO OHZ HE UMEET CYLLISCTBEH-
HOro 3HaueH!us.

laxmaTHas Kocka W GUryphl MOJesHbl, HO MOMHO 0OOHTUCHL Be3 HUX.
BaxHo 3HaTh, Kak xo1at M LefictByOT urypsl. HeccMbicieHHO IOBOPHTD
00 «onpeneseHdU» WM «IeHCTBHTeJbHOH INpPHPOLe» TMeLIKH HAd KODPOJS.
AHaJTOrHYHO 3TOMY TreoMeTpHus He GeCHOKOHMTCS O TOM, YeM «HAa CaAMOM
dede» ABJAIOTCA TOYKH M npamble. OHU OCTAIOTCA HeOHpeje/isieMbIMH
TOHSTHUAMM, H AKCHOMBl reOMETPHMM JHIUb YCTAHABJAUBAKOT CBA3H MEWAY
HUMU: JBe TOUKH ONpeledsdioT NpsaMylo ¥ T. M. ITO NpaBuia WrpH, U
B HUX HeT HUYEro TAUHCTBEHHOTO. MBI HM3MeHseM aKCHOMBI, 4TOOBl M3Y-
YATL Apyrue ¢GOpPMbl TeOMEeTPUHM H JOTHYecKas CTPYKTypa KaxIOH u3
HEeBK/JIUAOBLIX TFeOMeTpUH He 3aBUCHT OT €€ OTHOLIeHHs K IeHCTBUTENb-
HOCTH. Pu3MKN HCCAelOBanM ABUMKEHME Tell NPH AeACTBHH 3aKOHA HPUTH-
MEHHA, OTJIMYHOIO OT 3akoHa HblOTOHA, M TaKOe U3YUeHHE HMeeT CMBICT,
Jaxke ecau CYHTAThb, YTO 3aKOH HblOTOHA BLINOJHAETCS B MpPUpOIe.

6) UnryuruBusle npeacrapienus. CYLIECTBEHHAd pasHHLlA MEXIY
mjaxmaraMu M reoMmeTpueil cOCTOMUT B TOM, 4YTO UIAXMATHHIE [TpaBu.ia
NPOU3BOJbHL, B TO BPEeM# KdK aKCHOMBHI T€OMETPHUH ONUPAIOTCA HA UHTYH-
TUBHble mnpeicTaBaeHus. B camom jese, reoMerpuueckas MHTYMUHS TaK
CHJIbHA, YTO KAaXeTCcs onepexamlleli JOrHyeckoe paccyxieHue. Bonpoc
O TOM, 1O KaKOH CTemeHM HE3aBUCHMBI JOrMKa, HHTYUIHA U (U3NUECKHH
ONHT, gBJseTcs TpyAHOR mpobiemoft ¢uiocoduu, B KOTOPYIO HAM He3ayeM
BX0auTb. OueBWIHO, YTO MHTYHIIMIO MOXHO TPEHUPOBATH ¥ pa3BuBaTh. Ha-
QUHAOIMA [1aXMATHCT XOAUT OCTOPOMHO, BCMOMUHAA OTAE/]bHbIE NPABUJIA,
TOrna Kak ONBITHHIH 1AXMATUCT C OJHOIO B3rJJa CXBaThiBaeT CJOXHOE
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MOI0KeHHe U 4acTO He B COCTOSIHHM PAUMOHRILHO OGBSCHHUTL CBOIO HHTYH-
UHI0. AHAJOTHUHO MOXKHO PasBUTb MUHTYHTHBHOE BOCNPHATHE COOTHOLIEHHH,
CKaXeM, B YeTHpPEeXMepHOM npocrpancTse. Kpome Toro, obwas uRTyRLs
yesioBeyecTBa ObICTPO mnporpeccupyeT. HbOTOHOBCKOE TOHATHE moJs CHJ
¥ IeRCTBMA Ha DACCTOSHHM HJANM nled Maxceenna o0 3JeKTPOMarHUTHEIX
BOJHAX, PACNPOCTPAHAICIINXCA B MPOCTPAHCTBE, CUYMTANMCH BHAuaje
«HeBOOOPA3UMBIMUD H TNPOTUBOPEYALIUMH HHTYULLHH,

CoBpeMeHHad TeXHHKa H Paiuo B KBAPTUPAX CIEJAMH STH [OHATHA
CTOJIb MNORYJADHHMH, YTO OHH CT&JM YaCTbi0 NOBCEAHEBHOTO CJ/OBApS.
AHanory4Ho STOMY COBPEMEHHBIH CTYAEHT He B COCTOSHHM OLEHHTDH
cniocobbl paccymieHut, APeApACCYIKH M NPOYHe TPYAHOCTH, € KOTOPHMH
NPUXOANNOCH OOPOTLCA TeOPUM BePOSATHOCTEH upH ee cosnanuu. B Hawe
BpeMs raseThl CO001NAT O BHIGOPOUHBIX OO0C/el0BaHHAX OGLIECTBEHHOTO
MHeHHS, ¥ Marus CTaTHCTHKM OXBATbIBAeT BCe CTOPOHBl KUBHU B TaKoH
CTGIIEHH, YTO MOJOABIE JEBYLIKH CJCAAT 32 CTATUCTHKOH CBOMX IUAHCOB
BHIHTH 3aMy. [109TOMY KamAblfi npuoGperaeT UHTYHTUBHOE IPENCTABAEHHE
O CMbICAE TaKMX YTBepkIeHUH, KaK «3a 970 cobbiTHe — TPU LIAHCE U3
naTd». ITA MHTYRUKA ABJSETCS AOCTATOYHONK MPEANOCHAKOM 1Jd NepBHIX
$hopMaJbHbLIX NMpaBHA Teopuu BepoaTHocTeH, OHa OyneT pasBUBaTLCA MO
Mepe U3YUeHHA TEOPUM W O3HAKOMJEHHUS C pa3auYHBIME 0oJee TOHKHMMH
NPHJIOKEHHAMH.

B) Ilpunosxenns. B npuiokennsx reOMeTpHH M MeXaHWKU TeOpeTH-
yeckHe NMOHATHS OTOKACCTBIAIOTCH C HEKOTODBIMH (PU3NURCKUMU OOBEKTAMH,
HO cmocol 3TOr0 OTOMAECTBJAEHHA I'MOOK W MeHseTCAd OT CJayuas K Cay-
4al, TAK YTO HeJL3R JaTb oOwMXx mnpasun. [loHsiTue TBepAOro Teaa
HOJIE3HO M CYIEeCTBeHHO B MeXaHHKe, M BCe XKe HHM ONuH ¢uandeckui
00DBbEKT HE YAOBJAETBOPACT TOYHOMY ONpeleJeHHio TBepAOro Teia. TO/AbKO
OMBIT YY4UT HAC TOMY, KaKde Tejla MOMKHO € YAOBJETBODPUTEJbHBIM NpH-
OaMKeHHeM CunuTaTth TBePABIMH. Pe3nHy NpHBOAAT OOBIYHO KaK THIHYHBIHR
npyuMep HeTBEPIOrO Teja, HO NpPU PAacCMOTPEHHH IBWKEHHS aBTOMOOUAs
60/bWHHCTBO Y4eOHUKOR o0paujaeTcss ¢ KOJeCaMH, BKJIOYAIOUIUMH pe3u-
HOBBle LIMHBEI, KaK C TBEpPABIMH TeJaMu. JTO npuMep TOro, Kak B COOT-
BETCTBUM C YAOOCTBAMH U TNOTPeOHOCTAMH BHIGUPAIOTCS H H3MEHSIOTCH
TeopeTHYeckHe CXeMbl, B 3aBMCHUMOCTM OT HAWMX Leded MBI  MOXKeM
npenebpeds aroMHOH Teopuell W paccMaTpHBATL COJHIE KAaK THMAHTCKRH
Wap M3 HENpPephBHOIO BewecTBa, & B APYFOM CJyyae PACCMATPUBATL €ro
KaK MaTepHaibHY TOuKy. HykHO Bceria mMOMHHTb, YTO MaTeMaTHKa
uMeeT Aes0 ¢ aGCTPAKTHBLIMH MOLEJIAMM U YTO pa3Hble MOAEAH MOTYT OmH-
ChIBATL OJHO H TO Ke JHelCTBUTE/LbHOE fB/eHHE C pAa3JUYHOH CTemneHbio
npubanxenus 1 npoctoThl. Cnocob NpuMeHeBns MareMaTHdeckux Teopult He
3aBHCUT OT NIPelB3AThIX HAeH# M He ABAAETCA NpPEAMETOM JIOTHMKM; 3TO Leje-
yCTpeM/eHHas TeXHHMKA, MeHSIlNascid ¢ Hakomaenuem onnita. Kowneuno,
Mo00H BHA IeATeNbHOCTH HeJ0BEKa MPEACTaBAfeT uHTepeC AAA Quaocoda,
1 ¢Quiaocopckuit anaaua NpUIOKeHUH MaTeMaTHKH BrIOJHe 3akoneH. Ho
TAKOH aHAMM3 HAXOAUTCA BHe 0OAACTH MATEeMaTHKM, (U3UKM MM CTATH-
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criikd. PHAOCOPCKOE PAacCMOTPeHHe OCHOBHBIX HOHATHH TeOPUH BEpOAT-
HOCTeH# NO/DKHO OHITL OTHEeNeHO OT MaTEMaTHYeCKOH Teopud H ee NMPHJIO-
KeHHH B Taxko# ke Mepe, Kak pACCMOTDEHHME HANIUX WHTYHTHBHBIX
MpeNcTaBAeHHH O MPOCTPAHCTBE OTAe/seTCd TelePb OT reOMeTpHH (XOTA
9TO M He Bceraa GblIO Tak).

§ 2. Cnoco6 u3noxkeHus

Hctopus Teopun BeposTHOCTe# (M MaTeMaTHK# BOOOINE) CBHAETE/b-
CTBYeT O CTHMYJHMDYIOLIEM B3aHMOAEHCTBHM TEODHH M €€ NPHACKEHHH:
fiporpecc B TEOPHUHM OTKPHIBAET HOBOE MOJe NPUJIOKEHUH, a Kaxaoe HOBOe
NpUIOKEHUE CO3LaeT HOBble TeOpeTHYeCKUe NMPOG/IeMbl # OKa3blBAET BJHA-
HHe Ha HampasJeHHe wucciefobaun#l., B HacTosilee BpeMs mnpuaoKeHus
TeOPUH BepOATHOCTEH pPACMPOCTPAHAIOTCS HA MHoOrue ob6JacTi pasauyHOH
NPUPOALI, M YUCIO NPUIOKEHHH HEYKJIOHHO Bo3pacTaeT. TOJbKO 0O6Imas
MaTeMaTHuecKas TeOpHs ABAAETCS NOCTAaTOYHO TUOKOH Aast TOro, utoObhi
aaTtb pabouufl MHCTPYMEHT AJd TakKHX PpasHooOpasHbX NpOOaeM, ¥ Mb
LO/DKHBEI TPOTUBOCTOATE COOMA3HY COXPAHHMTL HAIUM TMOHATUS, ONUCAHUS U
TEPMUHBl CJOUIIKOM O/MM3KHMH K OJHOH uacTHOH ofaacTi npumeHeHui.
Ham HyxHa cTporas MaTeMaTHueckKas TeOpUd, Pa3BUBAIOLIAACH TIO TOMY e
AyTH, KOTODHIM NPHHAT B reOMeTPUH U MeXaHHKe,

Mul HauHeM C npocreRiMX ONBITOB, TaKUX, Kak OpocaHue MOHeThl
MJIM KOCTH, TA€ BCE YTBEPKIEHUS MMEIOT OUEBHAHBIM HHTYUTHBHBEIA CMBICI.
dra uHTyuius OyleT NepeBeleHa Ha s3biK aOCTPaKTHOH MOJeH, KOTOpas
O6yner 3arem ob6o0lena Ha Oosee CaOxHBIe ciayuau. Mamoctpupymoutie
npuMepn OyAyT OOBACHITL SMIHPHUECKHE NMPENNOCHIIKH TEOPHH U pa3Bi-
BaTh MHTYHLHUIO 4UTaTejs, HO caMma Teopus OyIeT MMeTh MaTeMaTHYecKuft
xapaktep. Mbt OyleM nblTaThcsl OOBACHUTD KUCTHHHLIH CMBICA» BepOSIT-
HocTH He Ooublite, 4eM coBpeMeHHb# (u3nK ocraHaB.vuBaercs Ha JHeft-
CTBHTE/NLHOM CMBIC/IE MaCChl W DHEPrHH UJH TeoMeTD OObsCHSET TIPHPOLY
tTouxku. Bmecro atoro Mb OyleM AOKa3bIBATb TOYHHIE TeOpPeMbl M MOKa3bl-
BaThb, KaK OHM NPHMEHSIOTCS HAa NpPaKTHKe.

[TepsoHayanbHO TeOpHA BeposTHOCTEH pasBuBajiach A ONMUCAHUS
OYeHb OrpaHMYEHHOTO0 KJAacca ONBITOB, CBA3AHHBIX C a3apTHHIMU HIpaMU.
B ¢Ba3u ¢ 3TUM OCHOBHOH 1eablo TeOpuu OblIO BHHYMC/JEHHE HEKOTOPBIX
onpene/eHHBIX BeposTHOCTe. Mbl OyIeM c/eA0BaTb MCTOPHUYECKOMY NYTH
M HayHeM C a3apTHBIX Urp. MEl NOCTYNHM TaK HE H3-33 UX BAKHOCTH
way ux obliero uHTepeca, a NMOTOMY, YTO asapTHEIE MTpH UMET Oouee
HaragaHble NPEeANOCHUIKH, H, KpOME TOro, A4 MOJb3bl yuTaresad-HeMare-
MaTHKa Mbl XOTHM KaK MOXHO Jajiblie OTVIOXKUTb UCHOJb30BaHUE Chie-
1Ma/IbHOTO AHAJMTHYECKOro amnnapara. B coOTBeTCTBHM C 9THM B HECKO/b-
KX TepBLX TIJaBaX Mbl BHIYHCANM HEKOTODHIE THIHYHBIE BEPOATHOCTH,
X0Td 00llad Teopus He 3aBUCHT OT 3THX YACTHBIX YHC/ICHHBIX 3HAuUeHHH.
Ee of6bexrom siBaserca packphiTHe OOLIMX 3aKOHOB M 3aBHCHMOCTeH o
KOHCTpyupoBaHHe abCTPAKTHBIX Mojenedl, KOTOpble MOTYT B HEKOTOPOH
CTeMeHu ONMCHIBATL (usudeckue akTel, BepoaTnoctu urpaior nas uac
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Ty e pOlb, UYTO H MAcChl B MeXaHHKe: MOXHO 00Cyx1aTh ABHIKEHHME
NJaaHeTHOM CHCTeMBI, He 3Has WHAMBMIYaJbHBIX MacC IIAHET M He pac-
CMaTpHBas METONOB AAA WX AeHCTBHTE/bHOTO H3MEPEHHS; MOXHO TaKike
M3y4aTh IHOOTETHYECKOE IBMXKEHUE HECYLIeCTBYOLeH NIaHeTHOR CHCTeMbl,
Mpi GyleM OOBIYHO MHTEPeCOBATbCSl OOLIMMH 3AKOHAMH M, PEXe, TOUYHbIMH
YiCJAeHHBIMU pacueTaMu. Ilo.e3Hble BepOSTHOCTHbIE MOJEIH 4acTO OTHO-
cArcsi K HeCYWIeCTBYIOLUMM MupaMm. Tak, CHCTEMBI, HCIOJb3yeMble Ha
ABTOMAaTUYECKUX TeJe(OHHBIX CTAHUUAK, OCHOBBIBAOTCS HA TNPOCTHIX
BEPOSTHOCTHEIX COOOPaXeHUsIX, 4 HA STOM OCHOBAHHM BKJI3ALIBAIOTCA
6onblive cpelaciBa. FICHO, 4TO COOTBETCTBYIOLIAN TEOPHA JOAKHA CPaBHHU-
BATh pa3JUiHble BO3MOXHbBIE Ci CTeMbl TeJedOHHHX CTaHUUMH, GOMBIIHHCTBO
U3 KOTOPHBIX HHKOrJa He OYAYyT OCYWECTBIEHH, TAK KAK TEOPHA TOKAKET
VX HEBHMOAHOCTb. AHA/IOTHUHO B CTPAXOBOM Je/e TeOPUd BEPOATHOCTEH
UCTO/b3yeTcsd AAd TOoro, 4roGbl K30exaTh HEKOTOPHIX HeXeaaTe/bHbIX
CUTYaUHH, KOTOpHE B pe3yabTaTe HUKOria He OyayT HaGa0AATHCS.
Ecau xe denaTenbubl AeHCTBUTeAbHBIC HAOMIOLCHUA M YUCACHHBE OUEHKH,
TO OOBIYHO OKAa3BIBACTCH HeOOXOAHMBIM HCNOJAb30OBATL YCOBEPUIEHCTBO-
BaHHBIE METOAbl, KOTOpble OOpasyiOT TAaBY MaTeMaTH4yeCKOH CTATHCTUKH
A JIeXaT BHE TeODUU BeposATHOCTeHd B COOCTBEHHOM CMblc/e CJOBa.

§ 3. «CraTucruueckas» BepOATHOCTD

Ycnex coBpeMeHHOH MaTeMaTHYeCKOR TeOpuM BeposTHOCTEH npHobGpe-
TeH CJAeAyiollledl LeHOH: TeopHS OrpaHMYHBAETCA JHIUL HEKOTODLIMH CTO-
ponamu obwero npeaMera. VIHTYHTHBHOE MNOHSATHE BEPOSTHOCTH CBH3aHO
C NpeANOJNOKEHUAMH H CYXAEHUsMU, TNOLOOHBIMH TakuM, Kak «[lasen,
BEPOATHO, CUACT/IMBHIA UesOBeK», «BEPOATHO, 3Ta KHura OyneT Heynau-
HOH», «rumoiesa @depma, BeposiTHO, omubouHa». BeposdrHbie MHeHus
TAKOro €opra WHTEPECHDI (I)V[JIOCO(baM H JOrKaM, H OHH dABJAKTCA TAKXe
3aKOHHBIM OO'BEKTOM MaTeMaTuyecko# Teopuu !). HywHo, oaHako, ycra-
HOBHTb, 4YTO Ml fgajtee OyleM HMeTh AesO He C METOXaMM HMHAYKTHBHBIX
3aKMOYenHil, a ¢ TeM, 4TO MOXeT ObITh Ha3BaHO (PU3MUECKON UM CTATH-
CTHYECKOR BEPOATHOCTLIO. ['py6o roBoOpst, Mbl MOXKEM OXapaKTePu3OBaTbH
3TO TNOHATHE, CKadaB, YTO HAIUHW BEPOATHOCTH OTHOCATCA He K MHEHUAM,
a K UCX04aM MBICJIUMOTO 3KCnepuMeHTa. l'[pemne Ye€M TOBOPHUTb O BEpPOAT-
HOCTAX, Mbl JAOJKHB YCJIOBUTbCA OO WJealM3NPOBAHHOR MOMAENH HEKO-
TOPOrO MBICAUMOrO 3KCIepUMeHTa, MoA0GHOro OpOCaHHI0 MOHETH, €OCTa-
BJIEHHIO BLIOODKH M3 KEHTyDY, KMBYLIMX HA JyHe, HAOMONEHHIO YaCTUIH
npu aup¢ysud UaM TOACYETY 4Yucaa TeleOHHHX BbI30BOB. BHauage Mbl
JC/KHBL  YCAOBHTLCA O BO3MOXHBIX HCXOZAX HAWlero SKCIepuMeHTa
(0 BaweM NpOCTPAHCTBE 9JeMEHTAPHHBIX COOBITHH), M HAWX BepPOATHOCTH

) B. O. Koopman, The axioms and algebra of intuitive probability,
Annals of AMathematics (2), 41 (1940), 269—292; The bases of probability,
Bulletin of the American Mathematical Society, 46 (1940), 763—774.
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OyayT CBA3aHBI C STHMU HCXOZAMM W HHM C 4eM APYyruM. DTO aHaJIOTHYHO
o6piutioMy ©oOpasy IeHCTBMS B MeXaHHKe, KOrla BBOAMTCS BooOpaxaeMmas
MOZe]b, BKJIOYAIOWAs JABe, TPH HJH CEMHAALaTh MaTCPHAJBHBIX TOUYEK,
M 3TH TOUYKH JMINAIOTCH MX HHIMBHAYAJbHBIX CBOHCTB. AHAJOTHYHO €CJH
MBI YCAOBHMCS aHaJH3HPOBATH TPy C MOHETOH, TO Mbl FTOBOPHUM O MOCJe-
AOBATENLHOCTAX TUMA «repl, repl, pemerxa, repd, pewieTka, ...» # Hi
0 yeM apyroM. B Haweft cucreMe HeT MecTa NS NpPEANOJOMEHHH, CBA-
3aHHBIX C BEPOATHOCTBIO TOro, 4TO 3aBTPd B3oHmeT counue. [Tpexne uem
FTOBODHUTb O TaKOH BepOATHOCTH, MBl NOJKHBL OBLIH OB YCJAOBHTHCA 0O
(Maea1u3aupoBaHHOM) MoIead IKCAePUMEHTd, M OHa BHIJAAZena Obl NpH-
MEPHO TaK: <«CJay4alHeIM 00pa3oM BeIfHpaeTca OXUH U3 GeCKOHEYHOro
ygcaa MupOB...» He6o.ablioro BooOpameHHst KOCTaTOYHO MJas  TOTO,
yToObl MOCTPOUTL TAKYI MOJedb, HO OHAa OKameTCs M HeMHTePeCHOH
u BeccMblCIeHHOH.

AcTtpoHoMsl roBoOpAT 06 M3MepeHud TeMIepatypel B HeHrpe CoaHila
uan o nyrewecrsun Ha Cupuyc. IDTH onepaund BHIIAAAT HEBO3MOXK-
HBIMH, M BCe-TdKM pasMblllieHse O HuX He OGeccoaepxarensHo. [lo
TeM e INpUuYMHaM Mbl He OyleM OG€CNOKOHThCS O TOM, BHINOJHHM HJH
HeT HAWl MblCAMMBIE 3KCHepuMeHT; ™Mbl OyAeM aHanusupoBaTh abCTPAKT-
Hyl0 Molieab. B raybuHe Hallero CO3HaHHA Mbl COXPAHAEM HHTYHTHUB-
HYI0 HMHTepNpeTallllo BepOATHOCTeH, KoTOpas npuoOpeTaeT ONbLITHHIA
CMBICJI B HEKOTOPHIX MpHJOkeHHsX. MBI npexncrasiasieM cefe IKCNEPUMEHT,
BBINOJHsAeMbIH OueHb MHOFO pa3. O coOuituu ¢ BeposTHOCTbIO 0,6 MOxkHO
npeano/araTh, 4T0 B JJAUHHOK CEPHH IKCMEPUMEHTOB OHO OCYLIECTBUTCH
HIeCTbAECT pa3 M3 cTa. IJTO ONMHCaHHEe YMBILIJIEHHO HeONpeleseHHO, HO
OHO cO03jaeT o6pa3Hble HHTYMUTHUBHbBIE TNpPEACTAB/CHUA, AOCTATOUHBIE /g
HEeKOTOPHIX 0oJee 3JeMEeHTAPHBIX NPHACHeHHH.

[To Mepe pasBuTHsi M YC/JAOXKHEHUS TeOPUM NEHCTBUTENbHBIA CMBICI
U MHTYHTHBHbIC NMpeacTaBAeHHs OYAYT YTOUHATHCA H KOHKDPETH3UPOBATLCA,

§ 4. Pesiome

Mbl OyieM wHMeTb JeJO C TeOPETHUYECKHMH MOJEJAMH, B KOTOPHIX
BEPOATHOCTH BXOAAT B KauectBe CBOOOAHBIX MapaMeTpoB, NoAoOHO Mac-
caM B MexaHMKe. ITH MOJeAH MOXHO NPHUMEHATh MHOTMMH DPa3JHUHBIMH
cnocobamu. TexHUKa MPUIOKEHHH U BEPOATHOCTHAA MHTYUUHs OyayT pas-
BURATbCA BMecTe C Teopueft.

D10 OOBIYHBIE AYTh, KOTOPHIH MJIOJAOTBOPHO HCMOAb3YyeTCd H B ApYy-
I'HX MaTeMaTHueCKMX aucumniauHax. He cyliectyer Hukakoro apyroro
NyTH, KOTOPHIH Mor Obl B AOCTATOYHO# Mepe YIOBJETBOPHTL BCEM pa3-
HOOOpa3HbIM HYxAaM W TpeOOBaHUAM pAacTyLIero OpPraHuaMma, KOTODLIH
HasbiBaeTcsl TEOPUEH BepoOATHOCTeHl H ee NPHAOKEHUAMH.

MoxHO ceToBaTbL Ha TO, YTO MHTYHTHBHOE TOHATHE BEPOATHOCT. He-
HOCTaTOUHO [J5 HAYYHOM TeOpMH, HO 3TO HCTOopuuecku# daxr. B npu-
Mepe (6.0 ru. 1) M uecaenyem cayuadioe pasmeljeHne €acTii Mo
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averikaM. COOTBETCTBYIOLIEE «eCTeCTBEHHOeY paciipelle/ieHie BepOSTHOCTER
Ka3aJ0Ch COBEPUIEHHO OYeBMIHBIM KAXIOMY M NPHHHMAaNOCh 6e3 Koseba-
Huit Qusukami. OnHAKO 0Ka3an0Ch, YTO (H3UUYECKHE HACTHUUL He BeAyT
cebs B COOTBETCTBHU CO 3[PABHIM YEJOBEUECKHMM CMBICJIOM, M «eCTeCTBEH-
Hoe» pacnpepneseHue DoJapuMaHa NMPULIMOCH B OLHUX CJAYyYasX SaMEHHTb
Ha pachpepenenue DfHwWTefiHa — Bo3e, a B APYrUX — Ha pacnpene/eHue
depMu — Jupaka. He cyuiecTBoBano HUKAKHX HHTYUTHBHBIX JOBOJOB
B MOJBb3Y TOr0, 4TO (OTOHBI AODNHBI BECTH Celf He TaK, KaK INPOTOHHI,
u uTo 08a TUNMA YaCTHL He NOIKHBl MORYUHATHCS «ANPHOPHBIM® 33KOHAM.
Ecau ofocHoBanue 3TUX (aKTOB M MOKeT Temepb ObThL HaflleHo, TO 3TO
CBHAETENBCTBYET TOJIBKO O TOM, UTO HHTYMLMS PA3BHBASTCS BMeCTe C TEO-
pueil. Bo BcaxkoM caydae, Aaxe L5 NPUJIOKEHHH cylllecTBeHHH €B0OOAA
¥ THOKOCTb TEOpUH, U Obino Obl maryOHOH olINOKOH CKOBHIBATH e¢ CJull-
KOM JKECTKWUMM OI PaHHYEHUSIMHU.

HMHorja npuxoauTCs CaABIIATH 3afBJEHHS O TOM, UYTO COBPeMeHHas
TEOpHs BEPOSITHOCTEH CHMIUKOM ¢/10%HA, 4rofm GuiTh nonesnod. Croan xe
BOMHCTBEHHBI KPUK MOAHMMAJCH B CBOE BPeMA MPAKTHYECKHU MBICAALIUMU
JI0AbMU TPOTUB Teopun MakcBesna. UroGe oOnpoBepruyTh 3TH AOBOAHI,
JOCTaTOYHO OblMO OB YKa3aTb Ha MHOrOYMC/EHHBIE HOBBHIE TNMPUJIOKEHHH,
OTKpHITEHE aGcTpakTHO! Teopuefl CJyuyaHHBIX TMpPOLWECCOB M4 HA HOBBiE
JOCTHKEHUA COBPEMEHHOM Teopuu cayyalHeIX KoJeOaHud, KOTOpPHIE MPOTH-
BOpeYyar HauBHON UHTYMIHY H MPUBOAAT K NEPECMOTPY HEKOTOPHIX NPaKTH-
yeckHX pekoMensaunii. Oanako sTOT cnop npocto Oecnojesen. Ocy-
AHAATH CAUIIKOM Jerko. Te Beud, KOTOPHIE CTaJju CETOMHs NPAKTHUYECKH
Ba)XXHBIMH, €lle Byepa NOPHNAJUCh KaK HelpaKkTHYeckHe, W TeOpUH, KOTO-
pbie CTaHyT NPAaKTHUECKH BAXXKHEIMA 3aBTPA, Bcerja OyAyT KJeHMUTbCA Kak
HUUErO HE CTOALAs A0CTPAKTHAA Urpa NMPAKTHYECKUMU JIOAbMH CerOXHALI-
Hero nug.

§ 5. Ucroprueckne 3ameyanus

CraTicTHyecKUit MM SMNMHPUUCKMA TMOIXOJ K BEpOATHOCTH OBl pas-
BUT raaBHbIM oOpasom &uurepom u Musecom. [Tonstue mnpocTpancrsa
9/IeMeHTapHHX CcoOblTul 1) uner or Museca. I10 noHsTHEe CLENJI0 BO3-
MOXHBIM TOCTPOCHHME CTPOTOH MareMaTHyecKOH TeOpUH BepPOATHOCTEH Ha
OCHOBE TeOpHH Mephl. Taxof MOAXOL pas3BUBAJICA NOCTENEHHO B Teve-
Hie 20-X rOZ0B NOA B/SHUEM MHOTUX aBTOpOB. Ha coBpemennoM yposue
akcuomartuyeckoe  moctpoenue  Owo jgano A, H. Kouamoropo-
BuiM %). Mbl GydeM caeloBaTh STOM JIHHMM, XOTS TEPMUH «AKCHOMATH-
HyeCckOe NOCTpOcHMe», OBITb MOMXeT, CJAMLIKOM TOpPXKeCTBeH Aas 3Toft
KHUMY, paccMaTpuBawuiell Juillb NpoCcToH Ciaydal IMCKPETHLIX BepOaTHOCTeH .

1) Cum. kaury Museca Wahrscheinlichkeitsrechnung, Jlefinuur u Bena, 1931, co
CCHIIKAMHM Ha €ro npeibiiyluue paGOTH, AAaTHPOBaHHbE Hauumas ¢ 1921 roza.
Hemeuxn#i tepmuy — Merkmalraum (IIpOCTPaHCTBO MeTOK).

YA H. Koamoropos, OcHOBHbE TOHATHS TeopHH Bepomﬂocreﬁ,
M.—JL, OH1H, 1936 (8 1933 r, — Ha HEMELKOM A3bIKE).
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MPOCTPAHCTBA 3JIEMEHTAPHbBIX COBbITHH

§ 1. OnuTHLIE OCHOBAHHA

MaTeMaTHyeckas TeOpus BepOATHOCTeH npuobperaeT NpPaKTHYECKYIO
ILEHHOCTh Il HAPJSAHBIA CMBICA B CBA3H C TAKUMK INeHCTBUTEJIbHBIMM HJIH
MBICIHMBIMH OTLITAMH U ABJEHHSMH, KaK, HanpuMep, OAlOKpaTHoe Opo-
canve MoHeTn, Opocaine moHetht 100 pa3, OpocaHue Tpex KOcTef,
claYa KOJOLbH KapT, COMOCTaBJeHHE ABYX KOJOL KapT, urpa B pyJeTky,
Ha0/l01eHue MPONOMKATEILHOCTH KU3HH PALHOAKTHBHOTO aTOMA WM ue-
JA0Beka, BLIGOP HeKOTOpPOH cayvafiHOH rpymmbl jqw0deft u MOACYET CpelH
HHX uucJaa JeBlueH, CKpellMBaHue ABYX COPTOB pacTeHnfi ¥ uabaionedHue
(EeHOTHUIIOB TOTOMKOB, OlNpejeeHNe YNCA 3AHATHIX JHHMHA Ha TenedOHHOH
CTAHUHH UJIH 4YHcaa TeleOHHBIX BLI3OBOB, CJyYaHHBlE IIYMBl B 3JIEKTpU-
YeCKHX CHCTeMaX, BeIGOPOUYHBI KOHTPOJb KadyecTBa MPOMBILIIEHHOH mpo-
AYKUHKM, 4aCTOTA HECYACTHHIX CJydYaeB, M0J HOBOPOXKAEHHOrO, YUCI0 ABOMH-
HLIX 3B€3] Ha HEKOTOPOM yuacTke Heba, MOJOMEHHE 4acTHlBl NPH AUPDY-
aun. Iloka onucanne BceX 3TUX fABJEHUH JNOBOJBLHO HeONpeneNeHHO, H,
uyToGBl MpHAATh TEOPUM TOYHBIH CMBICJA, Mbl JOJKHBI YCAOBUTBCA O TOM,
YTO MBI HOHHMAEM NOL B03MOJNCHBIMIU UCX00AMU PACCMAMPUEALMOZO
onsima uau HabiwleHus.

[Tpu 6pocanuu MoHeThl He 006s3aTe/bHO BhINaldder repd WaAN pelleTkKa;
MOHETa MOXeT YKAaTHTbCS NpoYb WJaM cTaTh Ha pe6po. Tem He MeHee
Mbl yCJAOBMMCS paccMarpuBaTh rep6 M pelIeTKY Kak eNUHCTBEHHO BO3-
MOKHBIE MCXOAB OpOCaHHs MOHETH. DTO COTJAlICHHE YMPOILAeT TEOPHIO
U He CKAa3blBAeTCS Ha BO3MOXHOCTAX ee npumeHenus. ITomxoGHoro pona
ynpoueHus: yacto Heuzbextol, HeB03MOxHO 6e301IMOOUHO UBMEpPUTH NpPO-
JLOMKUTENBHOCTh CYLUECTBOBAHMA KaKOro-au60 aToMa MJIH BPeMs JKU3HH
Kakoro-HuOyab JHlA; OLHAKO AMS HAYYHBIX IesJeH BBIFOLHO CUMTAThb 3TH
BEINYUHB TOYHHIMM uncaaMu, Ho nipu 3ToM BO3HMKEeT BONPOC: Kakue
YUCJAa MOTYT M KaKHe He MOrYT NPeACTaBAsSTb HPOAOKHTEALHOCTh JKU3HH
yeqopeka? CyliecTByeT /Ju MaKCUMAJbHBI BO3PACT, CBEpX KOTOPOIO
MU3Hb HEBO3MOMHA, WM I BO3pacTa BO3MOXHH Ji06ble 3uaueHud?
Mel, KOHeYHO, He peluMca LOMYCTHTb, YTO YENOBEK MOMeT AONKHTL
10 1000 user, u Tem He MeHee oOLIYHAs® MNpPaKTHKA CTPAXOBOro jena
He npuHuMaeT Raxe Takof rpaHuubl AAs AJMUTEJbHOCTH XKH3HM. B coot-
BeTCTBUM € (OPMYJaMH, Ha KOTOPHX OCHOBAHE COBpeMeHHble Tal/HLLbL
CMepTHOCTH, Aond aiofel, noxupalomux Ko 1000 ger, uMeeT BeqHuuHY

36
nopanka emunuud, Aedendas Ha 1007 — uucao, sanuceiBaouweecs 10%7
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MWLIHAPAAMU 3HAKOB. JTO YTBEDMKIECHHE JHMIIEHO CMBIC/AA ¢ TOUKY 3PeHHUs
01OJIOrul MI¥ COUMOJOTHH, HO €CJAH ero PaccMaTpHBaThb HCKJIOUYMTEIbLHO
¢ TOUKHM 3pEHWs CTATUCTUKH, TO OHO HE TNPOTABOPEUUT OMbITy. B Teue-
HHe cToJeTis poxAaercsd Menee ueM 100 mozxeft, n utoBul onposepriyTs
BHILIEYKA3aHIIOE YTBEepXIEeHHe CTaTHCTHYECKH, NOTpebGoBaioch G Ooiee

35
yem 10107 crosmeTnif, uTO TNpeBHINAET BO3PACT 3eMHOTO mapa Oo.ee

em B 101" paz. OueBHAHO, CTOMb MCKJIOUHTETHHO MATbe BEDOATHOCTH
COBMECTHMBl C HAIHM NOHATHEM HEBO3MOXHOCTU. Momuo Obiao 6pl mo-
AyMaTh, uTO UX ymorpel/eHue fBJsieTcA NMOAHbBIM abcypioM. B aeficteu-
TeNbHOCTH OHO COBeplIeHHO Oe3BpeiHO U NMPHUBOAUT K YNPOIUSHHIO MHOIUX
¢opmyr. Kpome roro, eciu Ob MH pELINIH BCEPhe3 UCKIOUYHTL BO3-
MOXHOCTb Aoxuth A0 1000 7er, To Mbl TYT Ke CTOJAKHY.IUCH OBl C elle
OO0J/IbIIMMH  TPYLHOCTAMH, HGO MBI ROMKHB OBl Obl LOMYCTUTL Cylue-
(TBOBaHHE MaKCHMa/JbHOTO BO3pacTa. A IpPaBo Ke, NPeLNOJOXKEHHE, UTO
MOKHO JOKHTb 10 X JIeT, HO Heab3d MPOXHUTb X JeT U 2 CeKYHIb,
HUCKOJBKO He TMpHBJeKaTe]bHee, YeM NMpeACTaBjeHHe 00 OTCYyTCTBHH Tpa-
HULBl /5 TPOLO/DKHTENBHOCTH JKH3HU.

Jlio6ast Teopus o06sA3aTeNbHO 3aKaw0yaeT B cefe HEKOTOpOe ympolle-
Hue, u OOBIYHO MOC/JenHee TaK €CTeCTBEHHO, YTO O HeM H He TOBOPUTCH.
Hawe nepsoe ynpollexne KacaeTcsi BO3MOXHBIX HMCXO/OB «OMBITa» HJH
«Habaonenua». TOMbKO 3TH BO3MOMHBIE HCXOABl SBJAIOTCA O06GDbeKTaMU
MaTeMaTHueckoi Teopun. Ec/ii MBI XOTHM TOCTPOUTH aBCTPAKTHYIO MOJeC.Tb
OTBITAa, Mbl AO/KHBI BHAuaJe yCTAHOBUTb, YTO MpeiacTaBaseT coboli BO3-
MOXHBIf MCXOL YIPOUIEHHOTO (MIeaaH3UPOBAHHOTO) OMBITA.

JIAs eAMHCTBA TepMHHOJIOrUM pe3y/bTaThl ONLITOB WX Habmw0AcHuH
OyayT HaswviBarbes coGumusmu. Tak, Mb OyaeM TOBOPUTb O COOBITHH,
3aKMOYAIOLIEeMC B FOM, H4TO M3 NATH OpPOLIEHHBLIX MoneT OoJjee Tpex
BEINAJH repbOM BBEPX. AHAJIOIUYHO «IKCIEPHMEHT», COCTOSUIME B cilade
KOMOAB KAPT AJs Wrpbl B Gpuixk !), MOKET UMeTb CBOMUM pPe3y/ibTatoM
«COOBITHEY, 3aK.10UdI0lleeCcss B TOM, 4YTO IIePBBIt HUFPOK TNOJYuW/I LABa
ty3a. CocTaB BHIOOPKH («cpeid BBHIOpaHHBIX 85 J0jeft — nBoe JeBibed»)
H pesyJbTaT u3Mepenusa («Tesmmeparypa 120°», «ceMp CBOOOIHLIX TMpO-
BOAOB») OYLYT TaKie HA3bIBATHCA COOLITHAMH.

YcaoBuMcs pazanyath COCTaBHble (MAM DPas/ioxumble) coObITHA H 3J€-
MEHTapHble (HJil Hepasioxumble) coOwtus. Hanpumep, ckasath, 4TO
CYMMd OYKOB, BHIMABIWIHX fpH OpocaHuH ABYX KOCTeH, paBHa IIeCTH,
BCE DAaBHO, YTO CKA3aTb, 4TO OMLIT NPHBER K OJIHOMY M3 HcxoioB «(1.5),

Yy Onpedesenue Opudsca u noxkepa. Konoga kapt Aas Urpbl B 6PHIK CO-
CTOMT Hu3 52 KapT, KOTOpHE JIeAATCSs Ha 4UeTblpe paBHbIE TpYNNbl 110 MAcTH.
Kapth kaxpoit MacTu pasanyaioTcs 1o 3Hauenuro. Mueercs 13 3nauenud
(2, 3,..., 10, Bamer, nama, KOpoJib, Ty3). UeThlpe Macim Ha3blBalOTCHA: IHKH,
Tpednl, uepBu u GyOup. [Be nociefHne MAacTH — KpacHble, 1Be MepBble — uep-
Hele. KapThl 0fHOro 3HaueHyst HA3bIBAKTCA OAHOTHOHBIMH. st HAac urpa B 6puK
O3HauaeT craYy KOaOAbl KapT yerbipeM urpokam no 13 kapr xaxaomy. Hrpa
B NIOKep, IO ONpCTeAeHi0, 03HAYaeT BBIOOP MATH KAPT H3 KOJAOADL
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um (2.4), wan (3.3), uan (4.2), uau (5.1)», um 370 nNepeyncieHnHe pas-
jgaraet coObITHE «CyMMa OUYKOB paBHa IIECTH» HA NATb 3JEMEHTApHBIX
coObiTuHA. AHAJOrM4YHO 9TOMY cOObITHE «JABe HEYETHBIE IPaHU» AOMYCKAaeT
pasaoxenue «(1.1), wau (1.3), ua4, ..., wi (5.5)» Ha 1eBATb 3JeMeH-
TApDHBIX COOBITHH. 3aMeTuM, UTO e€ciAM B pe3yJbTare HALIEro 3KCnepu-
MeHTa Mbl noayuuau (3.3), To Te ke ABa Opocanus MNPUBEIH TaKkKe
K COOLITHAM «CyMMa OUKOB PaBHA WIECTH», «ABe HEUeTHHE TPaHH». ITH
coObiTHs He SBJAIOTCA B3ANMHO HCK/IOYAIOUMMH W [O3TOMY MOTYT Mpo-
MCXOAHTL OAHOBpeMeHHO. B kauecTse BTOpOro mnpuMepa pacCMOTPHM
BO3pAcCT 4es0Beka. Kay0e uyacTHOe 3HAYeHMe X INpPedCTaBJseT 3JeMeH-
TapHOe COObITHE, TOrJa KAK YTBEPHKICHHE O TOM, YTO NAHHOMY UYENOBEKY
32 MATLIECAT, OMUCHIBAET COCTaBHOe coOuirHe «x > H0». Mrak, kawxnoe
COCTaBHOE COOBITHE MOXET ObiThb PA3T0KEHO HA 9/eMeHTapHble COOLITHS;
APYTIMH CJIOBaMll, cOctaBHoe COObITHEe eCTb COBOKYIHOCTb 3JEMEHTApPHBIX
cOOMTHH,

Ecau bl XxotuM rosoputh 00 «ombiTax» M «HaNMIOIEHHAX» HAYUHO
u 6e3 kakux Obl TO Hyu ObIJIO HesicHOCTel, TO MBl AOJ/IKHBI CHayala yciao-
BHTHCS, KAKOBHI 3JeMeHTapHLle (HepasjoxuMble Aajee) cOOLTUA, Npel-
cTaBjsiolle coOOH MbICANMBIE MCXOABI OMNBITA WM HAO.TOICHUS; OHH
onpeleasioT MACANM3UPOBAHHBIA onbiT. T[lo onpeldedeHuto, Kaocoulil
repazaosicumeld ucxo0 (wdeasunsuposanno20) onsma apedcma-
BAREMCSA OOHUM U MOALKO 00HUM 3remermaprbim coGumuen. CoBo-
KYMHOCTb BCEX 3JeMeHTAPHBIX COOLITHH GyNeM HA3LIBATb A POCMDAHCMBOM
gnemenmaprbx cOGumuil, a caMi 3/JeMeHTapHble COOLITHA — MOYKAMU
amozo0 npocmparcmsa. Bce coOblTusi, CBsi3aHHble C NAHHBIM (Mleanu-
3MPOBAHHbBIM) OMBITOM, MOryT OBITH OmMUCAHbl C MOMOIUBID 3JeMEHTapHBIX
cobniTHl.

Ilpexne ueM ¢OpManH30BaTh 5TO OCHOBHOE cOrjallleHue, Mbl 00CYy-
AUM HeCKOJNbKO THUMMYHBIX [1PUMEPOB, KOTOphlEe OYLyT wurpaTh poJb
B JaJjbliehieM.

§ 2. MNpumepnl

a) Pacnpenenenue Tpex mapoB no Tpem simuxam, Tabnuua 1 aaer
BCe BO3MOXHBIE MCXOIbl ONLITA, COCTOSILIEr0 B pacrnpeleieHud Tpex
IIApOB MO TPeM SLIHKaM.

Kaxaoe u3 3TUX pasMellleHHH IipelcTaBiseT HepasaoKUMBl hLcxol
SKCMepuMeHTa, T. €. 3jeMeHTapHoe cobuitue. CoGuitHe A «cyulecTByer
AIMK, colep:Kalluil He MeHee JIBYX LIAPOB», NPOUCXOANT NPH Ppacno-
JOXenuax c¢ noMepamu 1—21, u Mbl BbIpaxkaeM 3TO, FOBOpS,, YTO CO-
Ouite A ecTb MHOMXECTBO 3JeMEHTapHbLIX coObTHH 1—21. Amnasornuuo
3TOMy coObiTHe B «nepBbfi SALWMK He MYCT» MOXHO ONMCATb KAK MHO-
MECTBO TOUEK (/]eMeHTapHBIX coOblTHH) 1, 4—15, 22 - 27. Cobuitne C
«npousowao 4 A4 u B» eCTb MHOXECTBO TPHUHAAIATH 3JeMeHTAPHLIX CO-
Obituft 1, 4-15. OcOBHHOCTHIO HALIErO MPUMEPA ABJAAETCA TO, YTO Kax-
Aag wz 27 Tovex npuHadexHT uan A uan B (uau odnoBpeMeHHO H A u B),
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Ta6auga 1
1. {abc] — | —} 10. { afbcl—) 19. {—la}bc}
2. {—Jabc| —} 1L { b]ac|—) 20. {—1b|ac)
3 {— | — |abe} 12. { ¢ lab]|—) 21. {—lc|ab})
4 {ab] ¢ | —} 18. { a]—]bc} 22. { a b} ¢}
5 {ac| b | —} 4. { b|—lac} 23. {atcl b}
6. {bc| al—} 15. { ¢ |—]ab} 24. { b ja] ¢}
7. {ab|— | ¢} 16. {—|ablc } 25. {b|cia}
8 {ac| —1| b} 17. {—tac] b} 26. { clal b}
9 Yboc|— | a} 18 {—bc| a} 2. {cibla}

NO3TOMY CcOObITHE «mpoM30WA0 uan A, uam B, WIM ONHOBPEMEHHO
u A u B» cosnalaer co BCeM MPOCTPAHCTBOM 3/eMEHTAPHHIX COOBITHH.
Cobbitne D «A He npousdolwno® COCTOHT H3 TOYek 22—27 u MOxer
ObITh ONMCAHO YCJIOBUEM, YTO HET MyCThIX SIMKOB, HakoHeu, cobuitue
«MepBbIf AIMK OYCT U He CYLIeCTBYeT sfLMKa, colepxaliero 6ojee OXHOroO
niapa», HeBO3MOXHO (He MOXeT IpPOH30HTH), TaK KaK He CyliecTByer
3JeMeHTApHLIX COOBITHH, YAOBACTBOPAIOLUIUX 3THM YC/AOBUSAM.

6) Pacnpepenenye r wapoB no n7 swukam, Boaee oGuwui cayual
pacnpeieseHns r 1WApOB MO A SIIHKAM MOXeT ObITb PacCMOTpPeH aHaJjo-
ruyHbM  o06pasoM. ONHAKO YHCJAO BOSMOMHEIX HCXOLOB SKCIePUMEHTA
OLICTPO BO3pacTaeT ¢ pocToM r W n. g r=3 mapos u n==4 auu-
KUB COOTBETCTBYIOIlee TNPOCTPAHCTBO SJeMeHTAPHBIX COOBITHH COCTOHMT
ywe us 8! Touku, a naa r=n=10 310 uyucio Touek pasHo 101
no/nHag Tabauua saHsna Obl HECKOJbKO COT ThICAY GOMBLIMX TOMOB.

Mpu BOCHOJB3yeMCS STHM NpUMEpOM, YTOOL TNPOUIOCTPUPOBATL TOT
BaXHBIH GaKT, 4TO UPHPOLA NPOCTPAHCTBA 3JEMEHTapHBIX COOHITHH He
urpaet poau Aaa Hawe# Teopuu. [ag HAC 3TO NPOCTPAHCTBO (BMecTe
C 3aJaHHBIM HA HeM pacripeleseHHeM BepOSTHOCTeH) onpelenserca hiea-
JIM3UPOBAHHLIM SKCMEPUMEHTOM. Mel mosb3yeMcss 0OpasHbiM A3LIKOM 11apoB
M SLHKOB, HO TO JKe CaMoe NPOCTPAHCTBO JAONYycKaeT OO0JbUIOE YHCIO
NPaKTHUECKH BaXHBIX MHTepmpeTaunit. HTo0b MOACHWTL HaWly TOUKY 3pe-
HUA, a Takke A yLoOCTBa JaibHeHIIHX CCBLIOK, MBI NpHBeleM psal
CXeM, BHelllHe BeCbMa pPAasJUYHBIX, HO IO CYLIECTBY SKBHBAJEHTHBIX
abDCTpaKTHON cXeMe pas3MellleHusi 7 IIAPOB MO 7 ALIMKAM, B TOM CMLICIE,
4TO COOTBETCTBYIONIME MCXOJbl OTJIWYAIOTCA /UL CJAOBECHBIM BhIpAXKEHHEM.
BeposTtHocTHbIe pacnpeleseHus NMPH 9TOM He OJUHAKOBBI, HO 9TOT BONPOC
O6yner oOCy®AATLCS HHKE.

6.1y Anu poocdenusn. Pacnpenenenne aHeR DOXAEHHS r 4YCJIOBEK
COOTBETCTBYET pAa3MeleHHio r mapos no # == 365 agwuxam (1o/araem,
4rto B roay 365 nue#).

(6.2) Hecwacmuoe caywau. Kaaccubukaums r HecuacTHBHIX ChAyuaes
No IHAM Hejesu, B KOTOPble OHH HNPOICXOMAT, IKBUBA/JIEHTHA pasMellle-
HHIO 7 WApPOB Nmo n==7 sIUKaM.
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(6.3) Tlpu crpeasbe 1o 1 MulLleHAM NYJAH COOTBETCTBYIOT LIapaw,
MHILEHU — SIIHKAM,

(6.4) Bubop. Tlyctp rpynna us r 4eJoBeK Khnaccuduuupyercss, cka-
eM, O BO3pAcTy WJu IO mpodeccun. Kaacch WrpaioT poab SLIUKOB,
1011 — 11apoB.

(6.5) O6ay4enue 8 6uoaozuu. Koria ceruatka riasa noiBepraercs
BO3AeHCTBUIO CBeTa, KBAaHTHl CBETA BLICTYNAIOT B POJHM LIAPOB, a sdYeHKHu
CeTyaTKH COOTBETCTBYIOT flIUKAM. AHA/MOTHYHO TNPH H3YYeHHH TeHeTH-
YeCKOrO BJAMAHUSA W3JAY4YeHUss XPOMOCOMBI COOTBETCTBYVIOT fILIMKaM, a-ya-
CTHULLB] — L1aPaM.

(6.6) TTpu sxcrnepuMeHTax € KOCMUYECKUMH JIyYyaMH 4YacTHILbl, 10NAAAI0-
wHe B cyerTduky [edrepa, HrpawT poJb 11APOB, 4 CAMU CYETYHKH — SLIHKOB.

(6.7) Jludpt ornpaBasercs ¢ r naccaxupaMu M OCTaHABJMBAETCS HA 7
yraxax. Pacnpejenenine macca)upos 10 IPYMITaM COOTBETCTBEHHO 3ITaKY,
HAa KOTODPOM OHH BBHIHAYT, COOTBETCTBYET pa3MELUEHHI0 7 IIApOB 10 7
SMKAM.

(6.8) Hocmu. Bo3MOXKHOMY HCXOLY 3KCNEPUMEHTA, COCTOsLLEro B 6po-
caHH¥ 7 KOCTeHl, COOTBETCTBYET pachpelelcHe r WapoB no n="~6 sueiixam.
Ecan 6pocaloT MOHeTH, TO MMEET MECTO Ta Ke CHTyauust, TOJbKO # =2,

(6.9) Cuayuaidnve yugpe. Kawxioh nocjaegoBaTeabHOCTH r  Ciy-
yaliHbiX UU(pP OTBeyaeT pasMellleHHe r wapoB (MecT) no n =10 smukam
¢ Homepamu 0,1, ..., 9.

(6.10) Pacnpedesenue r wenosex no npusnaxy noaa. B sTom
cayuae uMeeTcd n=—2 gIUMKAa W 7 LIAPOB.

(6.11) Koaxexyus wynoHos. Pasanynble THIOB KYMOHOB COOTBET-
CTBYIOT SIIUKAM, BCe cOOpAaHHBIE KYNOHB — HIdpaM.

(6.12) Pacnpedeserne my308 Mmexncdy upoKami npu uzpe
8 Opudoc. YerTipe Wrpoka COOTBETCTBYIOT uYeThipeM sUIHKAM, ueTbipe
Ty3a —— Iapam.

(6.13) Pacnpedeaenue 2exnos. KawIb#i MOTOMOK HeKOTOpoH ocobu
(uenoBeKa, pacTeHds WJAM KUBOTHOTO) HAac/JelyeT ONpelefieHHblE IEeHbl,

Ec/in HeKOTOpPHI}t reH MOXeT HAXOAUTLCA B ONHOM u3 n dopm A, ..., 4,
TO XKHUBbi€ OPraHM3Mbl MOMKHO KJacCHdULUPOBaTL MO renotTunam. IToToMki
oco0x COOTBETCTBYIOT luIapaM, FeHotuns A,, ..., A,-— diuukawu.

(6.14) Xumuuecrkue pearxyuu. TIpeInONOMUM, YTO MOJEKY/IAPHbIE
LLEeAOYKH HEKOTOPOro MNOJUMepa pearupyloT ¢ kucioponsoM., Kaxnas ie-
nouka MoxeT mnpopearupoBate ¢ O, 1, 2, ... MoJjekynaMu kucji0poaa.
Pearupyiouine MoJekynasl KHCAOpPOJAa HIpAalOT pOJb LIapOB, a LENOYKH
nojuMepa — POJb SIUMKOB, B KOTODHX pPasMellaloTCs IUApHL.

(6.15) Teopus domosmyascud. dPororpaduueckas niacTuHKa HO-
KpHITA CJI0EBM CBETOYYBCTBHTENbHBIX 3epeH, KaXIOe 3epHO pearupyer,
€CM B HEro ylapseTcsi ONpele/eHHOE YuCIO I KBaHTOB, Jas Teopuu
BaXHO 3HATb YHCJO NPOpearMpoBaBIUMX YacTuil (T. €. yacTul, B KOTOpPHIE
nonaso r KBaHTOB). B 3TOM cayuae Mbl MoJydyaeM TUNWYHYIO 3a1a4y O pas-
MElleHHH, T/Ae 3ePHA IMY/bCHU COOTBETCTBYIOT SILMKAM, 2 KBaHTH CBeTa —
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wapav. (B aeficisute pHocTi ciryauna 0¢.1¢e C.10:KHA, TaK KaK I11aCTUHKA
OoObIYHO MOKPHITA 3CPHAMM PA3IMUHON 93 BCIBRTEILHOCTH.)

(6.16) Onewamrxu. BoaMmOxHBle pacrnpeje/eHys /' ONeYyaTOK B KHHTE,
cocTosiulet U3 1 CTPAHHL, COOTBETCTBYIOT DAa3MELICHUsIM 7 IapoB IO
n AUIMKaM, eCAu TOJAbLKO F MeHblle, 4eM uucio GyKB Ha cTpaHulle.

B) CJayuait Hepa3JaMuMMBIX mapoB. BepneMca k& npumepy (a)
M NpeinoJoXyvM Tenepb, YTO BCE TPH lIapa OLMHAKOBLIE, DTO O3HAYAET,
YTO Mbl GO/blie He AejaeM PasiMuuft MeXAY TakiuMH pasMElleHHsMi,
kak 4, 5, 6. B 3r1oM caywae Taba. 1 csoantcs K Ttaba. 2, kortopas
onpejeiseT HOBOE TMpOCTPAHCTBO 3JaeMentapubix coboitufhi. CooTser-
CTBYIOIMA WieaibHbik SKCIePUMEHT MOXHO pPAaccMaTpuBaTh KaK «pasMe-
IWeHHe TPEX HepasjHYMMBIX IIAPOB MO TPeM flUMKAM». AHAJIOrHYHblE
pacCyX 1eHKHst NpUMeHUMbBI 1 K 6o/ee COLIEMY C/YYaIo 7 IAPOB U 72 SHIMKOH.

PasanuuMel M mapbl Ha camMoM Jene, Ais naweit TeopuMm He Cy-
niccTBeHHO. Ecau naxe 3TO W Tak, Mbl MOMEM YCAOBUTHCA CUHTATb UX
HepazauuuMbiMp, Tyssl B Opuaxe [npuMep (6.12)] unau nwoau B audre
[npumep (6.7)], xOHeuno, pa3;auyHbl, U TeM He MeHee YaCTO TNpPENNOYTH-
Te/bHee CuUMTaTh WX HepadauuuMbiMH. Koctu B npumepe (6.8) moxHO
OKPACHTb M CAeJaTh MX TeM CaMbIM pAa3JiHYMMBIMH, HO TpU OOCYKAeHUH
KOHKpeTHOH 3ajayd MBI MOMEM BOCHOJIb30BATLCS M CXEMOH € pas.aduu-
MBIMH 1IapaMu, ¥ CXeMOH C HepasinyMMbIMH I1apaMu, MCXOAS LEJAUKOM
u3 nawux uwenaeit u ygobcersa. Ilpupona sazauum MOxeT M0JACKas3aTh BuIGOD,
HO B .11000M cjyyae Hally TEOPHI0 MOXHO Pa3BuBaTh TOJLKO TOC]e
TOT0, KaK COOTBETCTBYWOLIas MOJAedb BHOpaHa, T. e. NOCJAe TOro, Kak
onpene/eHO0 MPOCTPAHCTBO 3JEMEHTAPHBIX COOBITUMH.

B npuBesenHOM BHINE TpuMepe MBI pPacCMATPUBALM HePa3AUYUMbIE
imapel, HO Taba. 2 eule CB3aHA C TepPBbIM, BTOPBLIM, TPeThUM SILLUKOM,
M HX NMOPANOK cywiecTBeH. Mbl MOxeM mNOHTH elle Jajblle M Hpenno-
JAOKHTD, YTO AaKe SLIMKM Hepas/nuuMbl (HAMpumep, SUMKM MOXHO BHIOU-
patb cJayvyafiHo, BHe 3aBUCUMOCTH OT uX colepxumoro). Ecaum u wapwu
M fIUMKY HepasIMyYUMB!, BO3MOXXHO TOJLKO TPH pa3Melli¢cHHS, 4 HMEHHO

{rexl—1—=) leslel =} {slele).
Tabaruya 2
2 {—]***] — } 7. {*I w ]
3 { — | — | #x=%=x} 8 {[—| #= | # }
S {xx| — | =} 10. {*{ O

r) BuGop. [IpeanonomuMm, 9T0 C UeALI0 OUEHUTb YUCJAO KYPAMHUX
Boibpana rpynma 8 100 uenopexk. I[Ipm 3TOM elMHCTBEHHOE HHTEpECYIO-
ilee HAC CBOMCTBO MaHHOH BHIOOPKU — YHCJIO KypAWMHUX X; OHO MOXeT
OuTh paBuo moGoMy uenoMmy uucay Meway 0 u 100. B pannoM cayuae
ClefyeT PacCMOTPeTb MPOCTPAHCTBO 3JAEMEHTAPHBIX  COOLITHH, COCTO-
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amee u3d 101 «rouku» x =0, 1, ..., 100, Mcxoa Kaxnoro OTAeabHOro
pplbopa (w1 HabuaiodeHHs) TOJHOCTHI0O ONUCHIBAETCH 3aJaHUEM  COOT-
peTcTByOolledl Touku x. ITpuMepoM COCTaBHOTO COOBLITUS SBAAETCA HCXOJ
«BOABIIHHCTBO J101eH AaHHOM BHOODKH — KypsuiHe». ITO 03HAUAET, uTo
ONBIT TIpUBeJ K oauoMy u3 50 cobwituét x =51, 52, ..., 100 (Ge3s-
pasiMvyHO, K KakoMy MMeHHO). Awnanoruyno .100oe CBOHCTBO 5TOH
BLIOODKH MOMCHO ONHCATh, IePevyucIuB COOTBETCTBYOUIHE CJAydYaH WJH
37eMeHTapHble coObITHA. [l eNMHCTBA TEPMHUHOJOTHM Mbl [peINOYnTaeM
roBOpUTh O COOBITHAX, a He O CBOMcTBax BHOOpPKU. DBrpawascs Mmare-
MATHYECKH, COObiTHE #AB/IAETCS MPOCTO MHOXECTBOM COOTBETCTBYIOUIMX
TOYEK IPOCTPAHCTBA 3JMEMEHTAPHLIX COORITUH.

1) BoiGop (mpomokenue). JMonyctuMm Terepb, urto BuiOpanHble
HaMu 100 genoBek K.IacCHPUUHPYIOTCA He TOJIbKO HE KYpPSUMX H HEKY-
pAlIMX, HO M To noJuy. Bui6paHnas rpynma Moxer ObIThH Tenepb OXapak-
Tepiuzosana uersepkof uucea M,, K, M,, JK, osHauawwux no mo-
PAAKY UYHCJ0 KYPALWAX MYIUHH, UYHCIO KYPSLWIHX MEHIUMH, YHCJAO HEKY-
PALIMX MYXUAH, YHCAO HEeKYyPSUWMX xeHuuH. B kadecTBe nmpocrtpancrsa
3/1eMeHTapHbIX COOBLITMH CieayeT pPaccMOTpPeTh MHOMXKECTBO BCeX UETBEPOK
ueablx uMces, 3axiaiodeHHbx Mexay O u 100 u pawowunx B cymme 100.
Takux uerBepox umeercs 176 851; onu u 06pasyioT NpPOCTPAHCTBO 3ie-
MeHTrapHblX cobeituit (cM. § 5 rua. II). YrBepwjaenue, uro B BHIGOpKe
«CPEeAH MYXKUMH 1041 KypswuX OOJ/bllie, YeM Cpefd KeHUMH», O3HAYaeT,
uro jaas Haule#l rpynnsl apobs M,/M, Oonbe apobu MK/, Touka
(73, 2, 8, 17) ob6aanaer »tuM cBoHcrBoMm, Touka (0, 1, 50, 49) — ne
obaazaer. B npuuuune nHame coOblTHe MOKeT OBITH OMUCAHO MyTeM Iepe-
YHC/IEHHST BCEX 4eTBepPOK 4Hcea, 00JaNaliliX 3aXaHHBIM CBOHCTBOM.

¢) BpocaHue moHetbl. Ecau Mmonera Opocaercs 3 pasa, TO NpOCT-
paHCTBO 3JeMeHTapHbIX COOGLITHH COCrOWT M3 BOCHLMH TOUEK, KOTOpbIE
MO¥HO YCa0BHO oGosnauurs: [T, I''P, P, P, PP, PIP,
PPI, PPP (I" o3uavaer BoinaieHue repba, P -— puilaleHue pelleTKH).
Cobritue A «BbINAJg0 He MeHee JIBYX repOOB» MONKHO OMUCATb MHOXe-
CTBOM HepBHEIX ueThpex Touek. Cobonitie B «Bbnana poBHO OJAHa pe-
weTkay o3Hauaer wauw [P, wm [P, wan PI'T, MH roBopum, uro
yKasaHHoe cOObITHE B COLepKUT 3TH TPH TOUKH.

%) Boapact cympyros. Crpaxosbie KOMNaHMM MHTEPeCylOTCH pac-
npeleseHueM BO3PacTOB cynpyweckux mnap. ITycTb X —— BO3pact Myxa,
v-— BoapacT xeuol. Kawnoe HaOmoienue JaeT mapy uuces (x, y). 3a
TPOCTPAHCTBO  JIEMEHTAPHBIX COOLITHH C/elyeT MpPHHATH MepBLIK KBa-
ApadT MJAOCKOCTH X, Y, TaK YTO Kawziad Touka x >0, y > 0 Gyaer
aaeMenTapHbIM cobbiTneM. CobbmiTHe A «Myxy Gouabiie 40 1eT» npex-
CTaBisieTCsl BCEMH TOYKAMH, JewauluMH crpasa oT npaMoit x == 40; co-
OblTe B «MYX CTaplie eHbl» TNPEACTABASETCA 00JACThIO, 3aK/IOUEHHOH
MEXAY OCbI0 X W HAPAMOH Y ==X, T. €. COBOKYMHOCTbIO BCeX TOueK,
L KOTOpHX X > y; cobbitne C «wene Go.bie 40 dets mpeacrasisercs
YaCThIO MEPBOTO KBaApaHTa, pacnoamkeHiofl Hai npaMol y = 40. Ilast reo-
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METPUYECKOrO NPeiCTaB.1eHUsl COBMECTHOrO pacnpeieeHusi BO3PACTOB ABYX
CYNPYKECKHX Map HaM noTpe6oBaaoch Obl YeThIPeXMEpPHOE MPOCTPAHCTBO.

3) $¢asoBoe NPOCTPAHCTBO. B crarHcTHUeCKOW MeXaHHKe Kawioe
BO3MOKHOE «COCTOAHME» CHCTeMbl HA3BIBAETCA «TOYKOH (a3oBoro npo-
ctpancipay. OTauune 31ech TOJBKO B Tepmunosoruu. <Pasosoe npo-
CTPAaHCTBO €CTh MPOCTO Hallle MPOCTPAHCTBO 3/eMEHTAPHHIX COOLITHH;
€ro TOUYKH — HAWIM 3TeMeHTapHbBe COObITHS,

§ 8. lMpocTpancTBO 2JeMeHTAPHHBX COOHITUI. CO6HITHS

M3 npeasiayuiero A0MkHO ObTh SCHO, HTO MBl HUKOTAA He OyieM
roBOPUTb O BEPOATHOCTAX BHe CBA3H C KAKUM-HHOYAb NPOCTP aHCTBOM
9/1eMCHTAPHbIX  COOBITUH (MM  (U3HUECKH — BHE CBSI3M € HEKOTOPBIM
MBICAUMBIM ONLITOM). Mol omnpasasemcs oOm NOHAMUS NPOCMPAH-
CMBA 3AEMEHMAPHBX COCumuil 1 ezo mouex; 8Apeds oHu GyYdym
paccmampusameca KarK 0annoie. ORU ABALOMCS NEPBOHAYAALHB MY
U HeonpedesseMulMu NOHAMUAMUE MeOpuu, TaK We KK INOHATHA
«TOYKA» M <IPSAMasi» OCTAOTCA HeOoNpeXeaseMBIMU NPH aKCHOMaTHYECKOM
NMOCTPOeHUN eBKINAOBOH reoMerpuu. Ilpupona 3/7eMeHTAapHBIX COOLITUH
He WHTepecyeT Hawy Teopuio. [IpOCTPAaHCTBO 3AeMeHTApHEIX COOHITUH
CAYKHT MOIeAbI0 HAeaTU3HPOBAHHOrO ONMBITA B TOM CMBHIC/AE, YTO, TO
ONpelelIeHHI0, 40008 MbLCAUMBE UCX00 ONBIMA NOAHOCHbIO ORUCH-
8aemcs OOHUM U MOABKO OOHUM dremenmapaun cobumuen. O Ka-
KOM-1100 cOOBITHH A uMeeT CMBICH TOBOPUTH JHlib B TOM CAydae, eciu
A4 J110601‘0 HCX0da OnbiTa HU3BECTHO, HpOHSOLUJIO HJIU HE MPOU3OILLJIO0
cobbitie A. COBOKYNHOCTb TOYeK, MPeJCTABJSIOMHX BCE T€ HCXOABI, MpH
KOTOpPBIX cOObITHE A NMPOUCXOIUT, NOJHOCTbIO OMUCHLIBAET 3TO COOLITHE.
OOpaTHO, NpPOH3BOJbLHOE 3alaHHOE MHOXKeCTBO A, cojepxaiuee OAHY
uau GoJsiee TOYeK HAINero MPOCTPAHCTBA, MOXHO pPaccMaTpusath Kak Co-
6LiTHe; OHO MPOMCXOMUT HJAM He NPOMCXOIUT B 3aBUCHMOCTH OT TOTO,
NpUHAANEXKUT MAH He TPHHALMEKUT MHOXKecTBY A TOuka, Ipeicra-
BAAIOLIAS HCXOL ONuiTa. [I03TOMY MBbL OmpefenseM CIOBO cofsimue Kak
TEPMHH, O3HAYAOLIUE HEKOMOpPOe MHOICECMBO IAEMERMAPHBLX CO-
6oamuli, M 6yneM ToBOpHTb, uTO cobumue A cocmoum u3 onpede-
AEGHHBLX MOYer, 4 UMEHHO TOYeK, NPEeICTaBJSIILMX Te HCXOIbl Hieasu-
3UPOBAHHOI0 OMBITa, HPH KOTOPHX NPOHCXOAMT cobbitHe A.

[Tpumep. B npocrpanctBe saeMeHTapHHX COOHITHE npumepa 2,a
paccMorpuMm cobnite U, coctosilee M3 TOuek € HoMepamu 1, 7, 13,
D10 onpeneneHue ABASETCA CAMBIM NMPAMEIM ¥ (GopMaibHbIM, HO U MOXHO
ONHMCATb ¥ MHOTUMH ADPYrMMH cnocofamu, Hanpumep, U MoxHO onpere-
JUTb Kak cobbiTHe, COCTOsllee B OLHOBDEMEHHOM BHIIOJHEHHH CJELYIO-
mux Tpex ycaosuf: (1) BTOpoRt smmk myct, (2) wap a HaXoauTcs
B TNepBOM smuke, (3) wap b He mosiBasgerca nocae ¢. Kawnoe M3 9Tux
TPex YCJOBHit B CBOWO ouependb onpefenser coburue. Cobuitie U, omu-
caHHoe ToabkO ycaosueMm (1), cocrour us rouek 1, 3, 7—9, 13—15,
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Cobnite U, oupeieagemoe (2), cocroutr us royexk 1, 4, 5, 7, 8, 10,
13, 22, 23 u, wuaxomeu, cobutue U, onpeneasemoe (3), cOCTOMT H3 TO-
uexk 1—4, 6, 7, 9—11, 13, 14, 16, 18—20, 22, 24, 25. Cobuitne U
MOXKHO Temepb ONMCATh KAaK OJHOBPEMEHHOE OCYLIecTBJAEHHE BCeX TpexX
coburuft U,, U,, Us,.

XoTa TepMUHBl «COOBITHE» N «3/MeMeHTApHOe COOGBITHE» HMEKT H Ha-
FASAHBIA  CMBICA, 3TH TMOHATUS SKBUBAJIEHTHH TOYEYHBIM MHOXECTBAM
M TOUKAaM, K4k MX NMOHMMAIOT BO BCeX pasjiesaXx MaTeMaTHKH.

[TpeantAylufi npuMep M NpuMep 2,a MOKA3BIBAIOT, YTO B TePMMHAX
ABYX nau GoJjee 3alaHHBIX COOBITUH MOXHO ONpesieNHTb HOBbIE COOLITHA.
Onupasch Ha noLOCHBIE 3JeMEHTapHHEIE NPUMEPH, Mbl BBELEM CHCTEMY
obo3nauennft ¢opmansHoH aareOpsl coObiTuli (1. e. aarefph TOYEYHBIX
MHOXeCTB).

§ 4. OTHOWEHHs MeXAY COGHITHAMY

Tenepbp MH NPelNONOKMM, YTO 3aNAHO NPOH3BO/BHOE, HO (UKCHPO-
BAHHOE TIPOCTPAHCTBO 3JEMeHTapHHX coOniTuil .

Onpenenenue 1. Mo 6ydem noavzosamscs 3anucvio A=10
04 suLpascenuss mozo, umn cobumue A He codepocum ssemedmap-

¢

Puc. 1. O6nacts, orpaHuyenHas Puc. 2. Tlepeceuenne u pas-
BHEIUIHHM KOHTYPOM, fBAsETC 00Db- HOCTH cOObITHI.
enunenuem A |J B |} C. «Tpeyroan-

Has» (3alITpPHXOBaHHAA) 06JacThb

aBaseTca  nepeceueHuem ABC.

«JIyHOO6pa3Has» (3aWTPUXOBAHHAS)

o6JacTb #ABJAseTCA nmepeceueHneM B

H  COGbITHA, NPOTHBOIOJIOKHOIO

Hblx co6umuii (cobuimue A wneso3moorcrno). Hyab chaeayer moHumartb
B CHMBOJHYECKOM CMBICJie, 4 He KaK 4YHCJIO.

Kaxnomy cobuituio A COOTBETCTBYeT HEKOTOpOe Apyroe cobniTHe,
onpeneasieMoe ycaosueM «cobmtne A ne npousowao», OHO cOAepKHUT
BCE TOUKM, He cojepmaiuuecs B A.

Ounpencaenune 2. Cobumue, coCmoAuee U3 6cex MOHLK,
RHe codepocamuxca 8 cobumuun A, Ha3vBAEMCA cobumuen,
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npomusonoaoxcHu M cOObmuo A (w.iw ompuyanuen A), u 0603Ha-
yaemes A.

C mobGuiMu  1ByMd COObITHAMU A M B MOXHO CBA3aTh [Ba HOBBIX
coObITHS, ONpeleeHHbIX YCJAOBUAMH <«umeom secmo u A u B»
u «umecm mecmo usn A, wau B, wau u A u B». dtu cobuitus 6y-
Ayt o6o3Hauatbca cootBercTBeHHO AB u A B. Cobwirue AB conep-
KUT BCe TOukH, obwme coburruaM A n B. Ecau cobuitust A v B B3aumHo
HCK.TI0YalT IPYr Apyra, TO OHU He UMelT oOWHUX ToveK u cobuitie AB
HEBO3MOXKHO; aHAJUTHYECKU 3TO OMUCHIBAETCA YpaBHEHHEM

AB=0, (4.1

KOTOpOe LOJDKHO uuTaTbheh: «cobbitust A u B necosmecthbly. Cobbitie AB
O3HayaeT, uro npousomwsio u A u B, T. e. uTo cobpiTHe A MPOUBOILIO,

a cobnitie B He mnpousowno. AuansoruuHo AB osHauaer, uTo Hu A,
Hu B ne mpousowno. Cobeitue A |J B osHauaer, uTo no KpakHed Mepe
O4HO u3 COoObTH#t A uaM B Npou3owwIO; OHO COLEPNKHT BCe TOYKH, 34
HCKJIOUelHeM TO4YeK, He NpuHaziemaux wu A, Hu B.

C TouKu 3peHHs TEOPUM BEPOSTHOCTEH MBI MOXEM OXapaKTepH3OoBaTh
coGote AB xak oaHOBpeMeHHOe ocyulecrsaenue cobutuit A u B. Ilo
CTAHJAPTHON MaTeMaTHYecKOH TepMuHOJIOrUM cobuiTHe AB HasblBaetcs
(noruyecknM) nepeceueHueM coObiTuét A u B. IToxobubiM ke ob6pasom
cobuiTe A U B HasmiBaerTca oObenauHeHunem cobeitud A u Bl). Beenen-
Hble HaMu MOHATUS MNePeHOCATCs M Ha cayyalt MHOrux cobwituit A, B,
C. D, ... VMeHHO, MOXHO ompefeauTb IBd HOBbIX cobwitua ABCD . ..
u AUBUCUDU ..., coCrosiigx COOTBETCTBEHHO B OJHOBPEMEHHOM
ocyliecTBaeHud Bcex cobwmituit A, B, C, D, ... 1 B 0OCyUleCTB.IeHUH
no xpafineil Mepe oaHoro us cobmtudi A, B, C, D, ....

Onpeaenenue 3. Jw6od cosoxynnocmu cob6umaii A, B, C, ...
Mol cOnROCMABAflem 084 HOBWX COGumus caedyouwum 06pa3on.
Mrosxcecmso, cocmosiuee u3 sremenmaprex cobuimuii (mouer),
RPURAOACIHCAUUX OOHOBPEeMEHHO BCeM 3Q0AHHBM COOLLMUAM, Gydem
oGosnanamecn ABC ... u nas3wsamocsi nepecewenuesm (4au 00HO-
BpeMeHHbM Ocyuecmeaenuem) cobomuii A, B, C, ... Muoocecmso,
cocmosuee U3 3NeMEHMAPHLLX coObmuli, Kkaxcdoe u3 KOMopoux
npunadiexncum no kpainel mepe OOHOMY U3 3A0AHHBLX COObIMUIL,
6ydem o6o3navamecs AUBUC ... u Hasvgamscs 06seluneruen
uan ocywecmsienuesm no Kpadrel smepe 00HO20 43 3A0AHHBLX €O-
Ooumui. Cobumus A, B, C, ... nonapHo HecosmecmHbl (83aGUMHO
uckrwodaom 0pyz Opyea), ecau Huxkaxkue 08a u3 HUX He umeiom
obueli mouxu, m. e. ecay AB=0, AC=0, ..., BC=0, ...

) B pycckoii autepatype nmo TeopuH BepostHocTeil cobuitie AB uacto
Ha3BIBAIOT NpousBefenHeM, a cobbitie A B— cymmoii cobutuii A u B. Bmecro
Al B noabayorca takke oGosHauenuem A B, a Bmecto 4B — o6o3nauenueM
ANB.~—ITpun. ped.
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Mul HyKAdeMcst ellle B CHMBOJe And 0003HaueHUd TOFO, YTO COORL-
e A HE MOKeT MpousoHTH, ecid He npousowno B, uam Toro, yto
cobuiTe B gpasercs cieactsileM cobbitug A. DTO 03HAuaer, YTO Kawjas
touKka cobbitus A cofepmurca 8 cobuitun B. IIpuMepoM MOXeT CAYKHTb
MHOXECTBO BCEX MaTepeH, sB/AIOLLEECT YaCTbIO MHOMXECTBA BCEX KEHULHH:
BCEC MATEPH CYTh MHEHUHHBI, HO He BCe XKEHIUHBl CYTb MaTepH.

Onpenenenune 4. Ecau xamdas mourxa cobemus A codep-
amuamea 8 cobumuu B, mo me 6ydem nucams A B u zosopums,
wmo cobumue A gaewem 3a cofoli co6umue B. C dpyzoit cmoponasi,
Mbl 6yOeMm marxoce nucamv B DA u zosopums, ymo cobsmue B
agagemca caedcmsuen cobwmuss A. B smom cayiae My Gyoem

marsxce nucame B— A smecmo BA 0an o603nauedus mozo, umo
cobuimue B npougouno, a cobumue A He npou3ouino.

CobbiTie B — A cogepxur Bce TOYKH coObiTus B, He aBisolunecs
tToukamu cobeitus A. Iloab3ysch 3TuM o603HauYeHHeM, HamuuIieM

A=C—A4 u A—A=0.

I[Tpumepsn. a) Ecan cobuitus A U B HecoBMeCTHB, TO HACTyIl/eHue
cobbiTiA A Boeyer HeHaCTymieHue cobbitusi B, u Haobopor. Caexoa-

TeabHo, AB =0 o3navaer 10 xe camoe, yto A B u Bc A
6) Cobuite A — AB o3HauyaeT, 4TO MPOU3OWIO COOBITHE A, HO He

NpOM30ILIM OJHOBpemeHHO 06a cobbitus A v B. Ilostomy A—AB = AB.
B) B npumepe 2,x cobnitie AB o3Hauaer, uTo Myxy Ooublie

4C nmer w uTO OH cTapiuie CBOeH KeHbl, TOrAa Kak AB o3Hauaer, uTO
emy cpuiie 40 Jer, HO oH He crapuwie cBoe#t keubl. CoObitue AB mo-
s7OMy u300paxcaercd 00J4CThbI0, 3aKJIIOYEHHOH Mex1y OCbl0 X U nps-
MbiME X =40 n y—=x, Cobnitue AB wuzobpaxaercs 06JACTHIO MEWKIY
npsMeiMU X == 40 1 y == X ¢ BkaO4eHHOH BTOpO# rpaunuei. CobeiTne AC
o3nayaeT, uto obouM cynpyram Gosbuie 40 ner. Cobuitue AYC o3Ha-
yaeT, yTO MO KpaHHeH Mepe OQHOMY u3 HuxX Ooubiue 40 ser, Torma xak
AU B osnavaer, yro an6o myxy cshime 40 ner, uGo, ecaTd 9TO He
TaK, OH MO Kpa#He#t Mepe crapwie cBOeH »KeHbl (MHBIMH C/IOBaMH, BO3-
pacT MyXa NpPeBOCXOIMT MEHbINYIO M3 JABYX Beaudud: 40 jer u Boapact
HeHbl).

r) B npumepe 2,a nycts L, o3Hauaer coOBTRE, COCTOsAIIEE B TOM,
YTO AMK ¢ HOMepoMm { nycr (i==1, 2, 3). Anaaoruudo nycre S;, D,, T}
COOTBETCTBEHHO O3HAualT COOLITHS, COCTOALME B TOM, YTO SILIMK C HO-
MepOM  COAePMUT OAuH Iuap, Asa wapa, Tpu wapa. Toraa E\E,=T,,
$,8, = 8; u DD, =0. 3amerur Taxwe, uro 7y D E, u 1. a. Cobbithe
D, U D, U D, onpeiensiercss yCJIOBHEM, 4TO CylllecTByeT mo KpaliHel mepe
OJHMH SUIMK, COJCpwallnit ABa 1iapa.

n) Bpudoc (cu. npuMedanne Ha ctp. 18). Ilycts A, B, C, D osHa-
4awT cobuITHs, COCTOALINE COOTBETCTBEHHO B TOM, YTO MpH CAaye KOMOIBI
Kapt aas urpbl 8 OpwaK nepsbifl, BTOPOH, TpeTuH u yerBepThiff HrpOK
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MOJAyYHI N0 KpadHe# Mepe omHOTO Ty3a. SICHO, 4TO XOTS OBl OMAMH H3
HIPOKOB MMeeT Tysa, TaK 4TO no KpaklHe# Mepe 0I4HO U3 yerbipex co-
ObiTHH noMKHO uMeTs Mecto. CienoBatedbHo, AUYBUCUD = ecm
BCe NMPOCTPAHCTBO 3aeMeHTapHbiX coObtuft. Cobmtne ABCD npoucxonur
TOrAa M TOJIBLKO TOrAa, Korja kawiasih urpok nmeer tysa. CoObiTie
«YETBEPTHIt HIPOK HOJAYYHJ BCEX deThIpeX TY30B» 03HAudeT, 4YTO HH

o0HO H3 coOsiTui A, B, C He nNpou30II0; 3TO 03HAYaeT, YTO OIHO-

BpeMeHHO ocyllecTsuaucy cobbitust A, B u C, T. e. npousowto coGhl-

THe ABC.

e) B npumepe 2,e mb uMeem BC < A, T. e. «ecad Myx cTapuie
xenbl (B) u keHe Goubie 40 ner (), to Myxy Gonbuie 40 ner (A)».
Kak Bripasute ciomamu coGoitine A -— BC?

§ 5. JducKpersbie MpPOCTPAHCTBA 2/JEMEHTAPHBIX COGBITHIl

[TpocrefiliuMK NMPOCTPAHCTBAMU 9JeMEHTAPHBIX COOBIIHH ABAAIOTCS Te,
KOTOpHIE COJEpKAT KOHEYHOe UYHCJAO n Touek. Ecau B AOCTaTOYHO MaJao
(xaK B ciyyae OpOCAaHUSl HECKOAbKHX MOHET), TO NPOCTPAHCTBO JErKO
cebe mnpeiacTaBuTb. [IpOCTpaHCTBO 3/eMeHTAPHLIX COOHITUH mpu chaue
KapT Aas Wrpel B Opuix ropasao ciaoxHee. TeMm He MeHee MOXHO
npeicTaBute cebe, 4TO Kawmaoe 3JeMeHTapHOe cOObITHE H300pakaercs Ka-
KOH-TO (HwWKOH, M 3aTeM paccMaTpHBAThb MHOXECTBO 3THX dHLIeK Kak
u300paxkeHHe TNPOCTPAHCTBA sneMeHTapublx coOuituft. CoObiTHe A (Ha-
npUMep, «NepBhft UIPOK NOJYuUMa [IBYX TY30B») MH300pamaercs HeKo-

TOpO# rpynno#t ¢uwmek; cobuiTHe A u300paxaercd OCTAJIbHBIMM (DUIL-
kaMu. Ocraercs chetaTh /JMIIL OAMH WMar Adsi ApelCTaB/AeHUA O flUUKe
¢ OeCKOHeYHBIM YHCIOM (HlleK HJIH O INPOCTPAHCTBE 3JEMEHTaPHBIX
cobhiTHH, cocrofileM u3 OecKOHeyHOH MOC/HeN0BATENbHOCTH TOueK Ky,
E, Ej ...

[Tpumepn. a) YcaoBumcs OpocaTb MOHeTy IO TeX NOp, NOKa He
Bhinager rep6. Torza asnaeMeHTapHeIMH coObTuaMu Oynyr: E, =T,
Ey==PlI, E;=PPl, E,=PPPI' n 7. 1. Mo MOxeM JACIyCKaTb HJH
He AONYCKaThb BO3MOXHOCTH TOTO, YTO rep6 HUKoria ne Buinazer. Ecan
3T0 [IOMNYCKAeTCd, TO COOTBETCTBYIOUIAT BO3MOAHOCTbL AOJIKHA Mpeacra-
BAATbLCA CrneuuanbHOR Touko# Ej.

a) Tpu urpoka @, b u ¢ NPOBOAAT LIAXMATHHIR TYPHUD MO ClelAylo-
we# cucrteme. B neprom Type wurpaioT ¢ u b, a urpox ¢ cBoGoleH.
[TpourpaBiuuit 3aMeHsleTCsl HTPOKOM ¢, ¥ BO BTOPOM Type HrpaioT noGe-
auTenb M ¢, @ WrPOK, NOTepNeBIIHH MNOpaxeHHe B TNepPBOM TYype, CBO-
6oned. TypHup npoio/mkaercs TakuM o0pasoM IO TeX TOP, NOKa OAHH
M3 WFPOKOB He BHIMTpaeT ABYX NapTuli noiapsil, B NOCJAeNHeM Caydae
o o0bABaserca nobenurteseM Typuupa. Jaa mpoCTOTH MBl HCK/0YaeM
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BO3MOXHOCTb HHYbeH B oTHeabHON NapTHH., Bo3MOMMHEle MCXOAB TypHHPA
ONHUCLIBAIOTCA cleayioue cxemo:

aa, acc, achb, acbaa, acbace, acbachb, achachaa, ...,

)
bb, bcc, bcaa, bcabb, bcabece, becabcaa, beabcabb, . ... (
Hapsaay ¢ 2TuM BrOJIHE MBICJAAMO, YTO HH OIMH U3 HIPOKOB HE Bbl-
¥rpaeT ABYX NApTHH TOAPSN, T. €. 4TO TVPHUD He OKOHUHTCA. DTOMY
CIy4al0 OTBeYdeT OJHa M3 IBYX MOC/eL0BaTeNbHOCTEH:

acbacbacbach ..., bcabcabcabea. (x %)

[TpocTpaHcTBO 3/eMeHTAPHBIX COOBITUH, COOTBETCTBYIOllee HalleMy Mjead-
JH3UPOBAHHOMY «OMHITY», onpejledseica GopMmynamu (x) # (=) M Oec-
KOHeyHo. OIHAKO SCHO, YTO TOYKH STOrO HPOCTPAHCTBA MOMXHO Pacmno-
JOXKHTb B IIPOCTYI0 MOCAeIOBaleasHoCTb. JHas 3Toro  10CTarouHoO,
HalpuMep, Ha mepBble JABA MeCTa [OCTaBUTb TOUYKM (%), a HA 1Ocjae-
Ayouie — Touku (») B TaKoM nopsaxe: aa, bb, acc, bec, ... (Ilpo-
IOJAeHne 3TOro npumepa ¢M. B sazayax 5 u 6, mpumepe 2,ara. V u
3agzaye 5 ra. XV.)

Onpeaenenue. llpocmpancmso dqesmenmapuux cobomuli Ha-
368aemcss OUCKPeMHbLM, eCAl OHO COCMOUM AUUb U3 KOHEYH 020
Yucaa mouex wAu U3 Makozo GeCKOHEHYHOZO HuCAQ MOYeK, HHLO
oHu Mmozym Golmb PACHOAONCEHb. 8 NPOCMYIO NOCAE008AMELILHOCME
E. E, ...

He Bcakoe npocTpaHcTBO sJeMeHTapHBIX coObTHH muckperHo. Cyuie-
crByer Teopema (mpusxansexaias I'. Kautopy) o TOM, YTO npocTpaHcTBO
JIEMEHTAPHBIX C06bl'l‘l/lﬂ, cocrodulee U3 BCeX IMOJOXUTEJNbLHBIX Yuces,
He JIHCKPEeTHO. 34ech MBl CTAAKHBAeMCH C OOCTOATE.IbCTBOM, H3BECTHBIM
B MEXaHHKe, TIlie OGBYHO CHaya/Ja pacCMaTpUBAlOT JAMCKDETHBE Mare-
pHaJbHBIE TOYKHM, HUMEWIUME KAXKJAAs KOHEYHYIQ MacCy. ITOH KOHLEMHLHH
IPOTHUBONOCTAB/ETCS HENPEePLHBHOE DacnpeleseHHe MAcChl, KOraa Kaxaas
OTJeabHas TOYKA HMeeT Maccy, paBHyw Hymo. B nepBoM cayuae Macca
CUCTEMB! TMOJIyYaeTcA NONPOCTY CJAOXKEHHEM MAcC OTHeJbHHX TOYeK; BO
BTOPOM CJyuae MaccChl BBIMHC/ASIOTCS UHTerpupoBaHueMm naordoctd. Co-
BEPUIEHHO AHANOTHYHO BEPOATHOCTH COOLITHH B AMCKPETHOM NIPOCTPAaHCTBE
9JIEMEHTAPHbIX COOBLITUH IOJAYYAlOTCHd IPOCTHIM CJAOXKeHUeM, TOrjia Kak
B APYrUX HPOCTPAaHCTBAX Heo6XONMMO WMHTErpupoBaHue. Kpome ucnoab-
3yeMOro TeXHHYeCKOro ammapata, 3TH [1Ba CJAy4ad HU4YeM CYlIeCTBEHHHIM
He otauyaloTca. 2Kenas u3/10#UTb COOCTBEHHO BEPOATHOCTHHIE paccy-
AMAeHHA, He oOpeMeHeHHble TeXHHYECKMMU TpPYLHOCTAMH, Mbl CHayaja
3aliMeMcA JMIIL JHCKPETHBIMH NDOCTPAHCTBAMH 9JEMEHTapHHIX COOBITHI.
Mul yBuauM, uTO gHawe OSTOT HYACTHHI Ciaydadf TPUBOLUT KO MHOIUM
HMHTEPECHBIM U BAXHHIM pe3y/abTaTaM.

B amoli krnuze mvt Gydem paccmampusams moivko QucKpemusie
nPoCMpancmea IAeMeHMAPRUX COOBMUR.
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§ 6. BepoaTHOCTH B JUCKPETHHIX NMPOCTPAHCTBAX
3JIeMEHTAPHBIX COOBITHI

BepostHocTH  pasanyHbIX COOBLITMH — uHc/1a TOH e MPUPOLH, YTO H
PacCTOsIHUA B FeOMEeTPHM WJAM MacChl B MeXaHuke. AOCTpakTHas Teopus
NpeAnoJaraer, 4TO OHU JaHHl, M HE HYKIAeTCd HH B KAKHX MPEANoJo-
Kenuax o6 uX JeHCTBHTEbHOM YHC/IEHHOM 3HAYEHHM WM O crmocobe ux
uaMepenns Ha npaxtuke, Lleami#t pan Hanbouee BAWHKIX TNPHIOKeHUH
HOCHT KaueCTBEHHLI XapaKTep M He J3aBHCHT OT UYMCJAEHHBIX 3HadeHuH
BeposiTHOCTeR coOuITuit; OOluMe e BbIBOAB TeOpHH HaxoaaT cefe MHOIO-
YHCAEHHBIE IIPUMEHEHHd, COBEDPIUCHHO TAK Xe, KdK TeOpEMBl FeoMeTpuy
CJ1y:KaT OCHOBOH ¥ (HU3UUECKUX TeOPHH H TEXHHUYCCKHX MPHJIOKEHUH.
B rTex cpaBHUTEeNbHO peAKHX CJayuasX, KOrjaa TpebyeTcd 3HATbL UKCJAEHHOE
3HA4YeHHe BepOsITHOCTeH COOLITHH, BLIYMCIHTEALHblE NMPHEMbl BAPLHPYIOTCA
TaK ke IIHPOKO, KaK MEHAIOTCS MeTOABl onpeleseHus paccrosHui. Koraa
NJOTHHK, 3eMJeMep, JEeTYHMK W ACTPOHOM HU3MEpSIOT PACCTOSHUS, TO B UX
defictBuax Mmajto obuiero. B nawem kpyre BompocoB mbl Oyiel, Hampu-
Mep, paccMarpuBaTth KO3(pduuueHT Auddy3uu, onpeneiseMblii ¢ TOMOLIBLIO
NOHATHH Teopuu BeposTHocTeH. YroOsl HalTH yuc/IeHHOE 3HAYEHHE STOTO
koauuuenta, TpebyloTca PU3UYECKHE DPACCMOTPEHHs, CBA3bIBAIONUIHE
siBjIeHUe AUPPY3UNM C IPYTMMHU TEOPHAMU; NpAMOEe Ke HU3MepeHHe HEBO3-
MOXKHO. Tabauubl NPOAOKMTENLHUCTH KHU3HH, HAOOODPOT, COCTAB/IAITCH
Ha ocHOBaHuM HabmoaexHni. B wanbosee BaMHbX MPUIOKEHUAX OIpele-
JeHHe BepoOATHOCTeH CcoOOBITMH uaM  CpPaBHeHME pe3y.ibTaTOB TeOpHH
C MaHHBIMU HabawleHnH TPeOYIOT NPUMEHEHMS NOBOMLHO CJOMKHBIX CTa-
THCTUYECKHX MeTOLOB, OCHOBAHHBIX B CBOIO Ouepelb HA TOHKOH BepoAT-
HOCTHOR TeopuH. ILpyruMu cOBaMM, XOTSt HAarJfAHLH CMBICT BEPOSTHOCTEN
coOLITUH M fAcCeH, HO JHIIb IO Mepe PA3BUTHA TEOPUM MBI YBUAMM. KaK
cjieaAyeT NMPHUMEHATb 3TO MOHSATHE.

bpocas «NpaBHJIBHVIO» MOHeTY, MH He KoJebjeMmcs (CBA3aTb BepOAT-
HOCTb !/, ¢ BHINaseHueM repba MM pelleTKH. ITO NPHBOAMT K BHBOLY,
yTO TNpH n OpOoCcaHHsX MoHeThi Bce 2" BO3MONKHBIX CJyY4aeB PABHO-
peposiTHel. C TeOpeTHUYeCKOH TOUKM 3peHud, 310 — donyujenne. Yacrto
roBOPAT, YTO TaKoe [OMNYLieHHe — JOTHYeCKH HeudbexHoe H elHHCTBEHHO
Bo3MOKHOe. OIHAKO HEKOTOpHe CTATUCTHKM CTPHLAIOT 3TO M HCXOIAT
U3 TPOTHBONOJIOKHHIX AonyileHu#. [OBOpAT Takxke, YTO BepOATHOCTH !/p
CleLyl0T M3 OnbiTa. B deficTBUTENBHOCTH, KOrAa Ms McCAenOBanus Opo-
CaHHS MOHETH MCAOJHL3OBAIUCH YTOHUEHHBE CTATHCTHURCKHE METOMBI,
HeN3MeHHO OOHapyXKHUBaJOCh, UTO BHMNaleHHe repba W pellleTKH He OLH-
HAaKOBO BepoOATHO. M Bce-Taku MBI INpHIEPKHBAEMCS Hallef MoJesau
«MJeanbHONH» MOHETH, XOTA Ha CaMOM JieJie NPAaBHJIbHBIX MOHET He Cy-
wecTByeT. Mpl coxpaHdeM 3Ty MoOJestb He CTOJbKO paigyu ee JOTMYeCKoH
NPOCTOTH, CKOJbKO B OCHOBHOM H3-34 €€ MOJe3HOCTU B NPUIOKEHHAX:
BO MHOTHX TNDHJOXEHHAX 3Ta MOAEJb LOCTATOYHO XOPOHIO OMHUCHIBAET
AeHcTBUTeAbHOCTh. Elle BacHee TOT sMnupuuecku#t Qaxt, 410 OTK/IOHE-



§ 6. Bepoarwnoctu 8 Ouckperuolx npOCTPAHCTEAX COOOITUIL 317

HMS 0T HAalled CXeMbl BCerla CBA3aHBl € TAKMMU SIBJEHHSMH, Kak, Ha-
NpUMep, HKCUEHTPUUECKOe MOJOkeHHe nentpa Tsaxectdn. Taxum obpasow,
Halla M1eaJd3UPOBAHHAZ MOJeJb MOXeT OHTb KpallHe NMO/Je3HOH, Aaxe
HECMOTPSA Ha TO, YTO OHA He COOTBETCTBYeT BIIOJIHE TOYHO UM OLHOH
peajibHOH MOHeTe. Hampusep, B COBPEMEHHOM CTaTHCTHYECKOM KONTPOJE
KayecTBa IPOAYKUHM WIeaTM3UPOBAHHBIE BEPOSTHOCTHbIE MOJe]H HCMOdb-
3yIOTCA 178 BHISIBAEHHS IIPHYMH SIBHBIX OTKJIOHEHUH OT 3THX MoIeief
C 1eJbI0 YCTpaHeHUs yie HA pPaHHeH CTaguM NPOM3BOICTBA HAPACTAILIUX
HAPYIUEHHH TNpaBHAbHOM pabOTBI MAUIUH U PEry/ApHOrO TEUEHHs NPOU3-
BOICTBEHHOI'O Mpotecca.

[MonoGHble 3ameuawusi OTHOCATCA H K APYruM cJjayuasMm. Hucio Bo3-
MOMHBIX pacHpefeneHdM#t KOJAOAB KapT [Aas urpsl B OpHIX paBHO
moutu 1030, O6niuHo MBl corjaliaeMcs CUHTAaTh STH  pacnpelesieHus
KapT paBHOBeposiTHhiMu. Jlad npoBepk# sTOro AomyuieHus norpe6osa-
a0ch Ol Gonee 103 ombiTOB, T. €. eCAM Kaw/[as Wrpa TpOAOJIKAETCA
1 CeKyHAy, MMWJIJIHOH MUJJIMAPAOB JieT HENpPEepLIBHOH WIpLI BCeX KHBY-
wnxX Ha 3emJje Jiofedl. TeM He MeHee C/IeICTBUS M3 Haliero MPeANoJo-
KeHuss MOryT ObTb TpOBEPeHbl ONBITHBIM NyTeM, HanpuMep Habawle-
HUEM 3a Y4CTOTOH TOsBJEHHS HECKOJbKMX TY30B Y OLHOTO HrpoKa.
OxasbiBaeTcsd, 4YTO HIeajH3HPOBAHHAS MOJeab OIHCHIBAET sBJEHUE [0-
CTATOYHO XOPOILIO, ecjud TOJbKO KapThl TuUIaTeJbHO Tacylorca. Eule
RAXHEE TO, YTO B CJAyuaaX, KOrla MACaJH3NPOBAHHAA CXeMa OKasblBaeTcsd
HelPUMEHMMOMR, OHa NO3BOJsIeT OOHAPYXKUTH NPHUMHEL PACXOWIECHHM, la-
NpUMep, HeMpaBUALHYIO TACOBKY KapT. OTH NpUMepH HMEWT OrpaHu-
YyeHHOe 3HAaueHUe, HO OHH YKA3HIBAIOT HA NOJb3Y NPHHHMAEMBIX MoOXeJel.
Bonee uHTepecHble cJaydyad Mbl CMOXEeM NPUBOLUTH JHUIIb IO Mepe pas-
BUTHUS TeOpHU.

[Mpumepu. a) Pasauuumete wape. B npuMepe 2,a xaxercs
eCTeCTBEHHBIM MpeANO/J0OXKeHHe O TOM, UTO BCe 3jeMeHTapHbE COOBLITHA
PABHOBEPOAMHSL, T. €. KaxdOe U3 HUX uUMeem 8epOAMHOCME [y,
Ornpapasach OT 3TOT0 onpedeseHus, Mbi MOXEM HOJYYUTH PA3IMYHBIE
caencTBUS. Dynger uau He OyleT Halla MOJeab PasyMHHIM NpUOIHKeHHeM
K JeHCTBUTEJbHOCTH, 3aBHCHT OT THNA SIBJCHHH, K M3YYeHUIO KOTOPHIX
OHa TpuMeHsieTcd. B HeKOTOPHIX NPUIOKEHUAX T'HIIOTE3y O PABHOBEPOAT-
HOCTH HCXONOB BBLIBHUralOT HCX0Ad U3 (U3UUECKHX PACCMOTPEHHH,
B IPYTHX OHA CJYXHUT sl YOPOLIEHHS pacCymAeHHH M MmoJyueHus oOumiux
3dKOHOMEpHOCTEll, XOTH COBEPLIEHHO OYEBMAHO, YTO 3TO JUllbL CaMOE
neppoe, rpyboe npubmipkenne. |[CkazaHHOe XOpOWIO HIMOCTPUPYETCH
npumepamu 2,6, 1, nnu poxpenus; 2,6, 7, audr; 2,6, 11, xoanexuus
KYNOHOB. ]

6) Hepasauuwumve wapw;, cmamucmuxe Bose— Sinwmeiina.
OGparumcss Temepp Kk npumepy 2, B, CBA3aHHOMY C pasMellleHHeM Tpex
HEPa3/HYUMbIX I1apOB NO TpeM suiMkaM. MOXHO NpelnookuTb, 4TO
HEBO3IMOXHOCTL pazandyats Iapel He OTPaxaeTcs HAa CYLHOCTH (u3nye-
€KOro 9KCMEepPHMEHTA; OCTACTCA MO-NpexHeMy 27 HUCXOAOB, XOTA TOJLKO
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10 u3 HUX leHCTBHTEIbHO Da3aHYHMBL.  ITH  PACCYIKIACHHA [OKa3bl-
BAIOT, YTO TOYKaM Tal.jHnbl 2 PA3YMHO NPUIUCATH CIeAyiollHe BepodT-
HOCTH:

Howmep Toukn 1 2 3 4 5 6 7 8 9 10
1 1 1 1 1 1 1 1 1 2
BepositHocThb % % % § 3 5 9§ 9 T T

CaenyeT OTMEeTUTH, 4TO I8 OOJBIUHHCTBA NMPHJIOMKEHHH, Tepevc/ieH-
HBIX B npumepax 2,0, 3TH apryMeHTH BIOJIHE YIOB/ETBOPHTENbHBl H
BHIOOD BepOSTHOCTe! pasyMeH. VICTOpHYeCKH 3Ta TOUKa 3peHHst HOJrOe
BpeMsl TOCNOACTBOBAJA, He BLI3bIBAS COMHEHUH, M B CTATHCTHYECKOH
MeXaHHKe CJYXKWJa OCHOBAHUEM [Js BBelLeHHS CTaTUCTHKM Makcpejna —
Boapumana a/s pasMelleHns r 1apoB Mo 7 duukam. Tem Gosablie GuJ0
obulee yauBjeHue, xoria bose n DHHWITeRH noKa3aan, 4YTO OmpeneleH-
HBle THUIBl YaCTHLL MOJYMHSIOTCA craTHcTuKe bose — DfiHiuTeRtHa (noa-
pobuee cM. B § 5 ra. ). B paccmarpusaeMom cayuae npu r=—n=—3
Mofeab Dose — DfiHIUTeHHA CONOCTaB/feT KaWJAOMY M3 JECATH DJeMeH-
TApHHIX COOBITHH BEPOATHOCTb /44

DTOT npuMep [OKA3bIBAET, YTO B OJAHOM H TOM e TNpPOCTPaHCTBE
9/1EMEHTAPHBIX COOLITHH MOXKHO BBECTH Pa3JHUHbIE BEPOSTHOCTH, H elle
pa3 TMOIYePKUBAET CJOKHBIYE XapakTep CBA3M TEOPHUH C MNPAKTHKOMR.
B wacTHOCTM, OH YuMT Hac He CJHIWIKOM MOJAraThCs Ha aNnpuUOPHBIE
apryMeHTH H OBITb FOTOBHIMH TNPHHATb HOBYIO M HENDENBUIEHHYIO CXeMY.

B) bpocarnus monems. HacToTHas uHTepnpeTalus nocTyJjata O pas-
HBIX BEPOSTHOCTAX TpeGyeT 3HAHUS Pe3yAbTaTOB LeHCTBUTEJbHBIX 3KCHe-
puMenTos. Jliobas peasbHas MoHera He sBJadeTcd a0COMIOTHO CHMMETPUY-
HOM, HO MOXKHO OCYIUECTBUTb (U3HUECKUH SKCHepHUMEHT, KOTOpPHIH
3HAYMTEJbHO OJMe MOLXOLUT K HIeasbHOM Molesd GPOCAHHA MOHETH,
yeM 3TOTO MOXHO JOCTHYb C peaibHOH MoneTo#. Has Toro yrofm aath
npeacTaBjeHue O KoJgeGaHUAX, KOTOPBlE MOMKHO OXHIATb, MBl IPHBOLUM
3anuCb Pe3yAbTATOB 9TOrO OMNLITa, cOOTBeTCTBYyOmylo 10000 6pocanuit
MOHETH 1),

Tabauna 3 comepuT uHC/Ia MOsABJeHUR «repba» B cepusix U3 CcTa
9KCnepuMeHTOB. Kaxpas cepus OTBeyaeT MOCJAeNOBaTeJbHOCTH cTa 6po-
caHuil NpaBuILHOM MOHeTH. IloaHOe Yuc/0 nosBaeHu#t repba pasHo 4979.
[ornsines Ha npuBeleHHYI TabJjuumy, uHTaTeNb, NO BCEH BEPOSTHOCTH,
WCTIBITAET YYBCTBO HEKOTOPOH HeyldoBaerBopeHHocTn: «Hy u uto me?»
HMctuHa COCTOMT B TOM, YTO CYAMTb O CTENEHM COrJacua TaKHX SMIIH-
PHYECKHX JIAHHHX ¢ Hale# abCTPAKTHON MOJe/bI0 MOXHO JHIIbL C MO~
Mouiblo Gosee pasBUTOH TeOpHH. (Mpl BepHeMCl K 3TOMY KPYry Bonpo-
coB B § 7 ra. 1II.)

) Ha camoMm jaene B sTOH Talauue NpHBEAEHbI 4ACTOThI MOABJAEHUS YETHBIX
uudp B ognom u3 pasaeaos A Million Random Digits with 100000 Normal
Deviates, RAND Corporation, Free Press, Glenese, Illinois, 1955.
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Tabruya 3

ncmsan Hacso repGon O eran™
0— 1000 ‘ 54 46 53 55 46 54 41 48 51 53 501
-— 2000 48 46 40 53 49 49 48 54 53 45 485
— 3000 43 52 58 51 51 50 52 50 53 49 509
— 4000 58 60 54 55 50 48 47 57 52 55 536
— 5000 48 51 51 49 44 52 50 46 53 41 485
-— 6000 49 50 45 52 52 48 47 47 47 51 488
— 7000 45 47 41 51 49 59 50 55 53 0 500
-— 8000 53 52 46 52 44 51 48 51 46 54 497
— 9000 45 47 46 52 47 48 59 57 45 48 494
—10000 47 41 51 48 59 51 52 55 39 41 484

§ 7. OcuoBHble onpenenenun. OCHOBHBIE NONYLIEHHS

ITycms dano Ouckpemunoe NPOCMPAHCMBO 3AeMEHMAPHOLY CO-
6aumui © ¢ mouxamu E\, E, ... Mo donyckaem, umo ¢ xaxcdod
mourold E; c8A3an0 4ucao, HA3bBaEMOE BEPOAMHOCMBIO S4eMEN-
maprozo co6umusa E; u o6o3navaemoe P{E;}. dmu wucra neom-
puyamensbHsL & MaxKoss, 4mo

P{EJ+P{E}+ ... =1 (7.1)

3ameTuM, 4TO MBI He HCK/IIOYdeM 1/ HEKOTOPOH TOUKH BO3MOMHOCTb
HMeTh BEPOATHOCTb, PABHYI0 HYMIO. DTO ILONYHIEHHE MOXET MOKA3aThCs
UCKYCCTBEHHBIM, HO OHO HeoOXOIMMO BO uH3bexaHue OCHOMHEHUN.
B cayyae AMCKPeTHOro HPOCTPAHCTBA 3JEMEHTAapHHX COGHITHH BeposAT-
HOCTh HY/Ab HHTEPNpETHPYeTCs Ha MNpPaKTHKE KaK HEeBO3MOKHOCTb, H
S/MeMeHTapHoe CcOObITHE, HMEIOlee BePOSTHOCTb, PaBHYIO HYMIIO, MOKET
ObITE 0e3HaKa3aHHO H3BATO M3 INPOCTPAHCTBA 3SJIEMEHTAPHBIX COOBITHH.
OJHAKO 4YACTO YHMCJEHHblEe 3HAUEHHWS BEPOATHOCTeH 3apaHee HEM3BECTHH,
M HYXKHBl CHOXHBIE PACCMOTpEHHUs, 4TOOH peluTb, UMeeT JiH HEKOTOpas
TOUKA TOJOKUTENbHYIO BEPOATHOCTb.

Onpenenenue. Beposmuocms P{A} cobumun A ecmb cymma
BepoAmMHOCmell JNeMEHMAPHHX coOumull, cocmasagwouux cobs-
mue A.

OcHoBHOe ypasHeHue (7.1) ycTaHAaBJIUBAET, YTO BEPOSTHOCTb BCErn
NpOCTPAHCTBA 3JeMeHTapHHX coOnTui paBHa eannuue: P {S} =1. Jlaxee,
uz (7.1) cnemyer, uro aas moboro cobwuitua A

0 < P{A} < 1. (7.2)
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Paccmorpum Temepb iBd npou3BOJAbHMX coOuitud A, u A, UroOw
BRuncAuTL BepostHocts P {A, U A,] Toro, uro mMeer mecro aubo co-
6uitue A,, andéo cobmrue A, aub0 0o6a 3TH COOBITHS, MLl LOJ/KHHE
CNOXHTb REPOATHOCTH BCEX TOYEK, codepmawmXxca auwbo B A, aubo
B A, cunrasd, OAHAKO, KamAyld TOYKY 1O OLHOMY pasy. Mol umeeM
no3TOMY

P{AUA) <P{A4)+PlA). (7.3)

Ecau E-—rtoyka, cogepmaiuancs OAHOBDeMeHHO M B A, u B A,
10 P{E} BxoauT 2 pasa B nNpaByl H OIMH pa3 B JeBYI0 4acTh He-
paserctBa. Ilosromy mnpaBas 4acTb NPEBOCXOAUT JEBYIO HA BeJIUYUHY
P {A;A)}, n naMu 10Kasana mpocTas, HO BakHAR TeOpeMa.

Teopewa. Man .to6ox 0syx cobumuir A u A, 8eposmuocms
mozo, umo umeem Mmecmo audo cobumue Ay, aubo cobumue A,
aubo oba samu cobeimus, oaemcs gopmuyaol

P AU Ay} = P (A} + P {4y} — P {A, A} 74

Ecau AA,=0, m. e. ecan cobumue A, u A, HecosmecmHusl,
mo (7.4) npespauaencs 8
P AU A} =P [A} + P [4,). (7.9)

[Tpumep. Mouera Gpocaerca 2 pasa. B kavectse mpocTpancrsa sae-
MEHTAPHLIX COBBTNHA BO3bMeM ueThipe Touku [1, I'P, P, PP u rawnon
M3 HUX conoctaBuM BeposTHoCTs !/, Tlycte Ay u A, 03HAUAIGT COOTBETCT-
BEHHO COOLITHS «IIpH NepBOM OpOCaHHU Beiad repb» u «mnpu BTopom Gpo-
canuu poinada repb». Torzma cobmrue A; cocrout us rouex /I, I'P, co-
ObiTie A, cocroutr u3 rouek P, [T, Haxee, cobmrue A= A4, A, co-
nepxur tpu touskn I, [P, P, torpa xak cobwitue A A, coctouT u3
eanncTennol Toukn /1. Takum obpasom, P{A; U A} =1/, -1/, ~1[,==3/,.

Bepoarnocts P {A, U AU ... UA,] ocywectsienust 1o Kpahuett
Mepe OAHOroO #3 n cOOLITHR MOMeT OblTh BbYHCJAena mo Qopmy.e, aHa-
JgoruyHolt dopmyne (7.4); sto Gyner cienano B § 1 ra. IV. 3aech mul
JHIIb 3AMETHM, YTO HepaBeHcTBO (7.3), OUYEBMIHO, BHINOJHAeTCd U B 00-
meM ciydae. TaxuM oOpasoM, 048 npou3sossrux cobumuli Ay, Ay ...
CTpaBeHBO HEPABEHCTBO

P{AaUAU...) <P{A}+PA}+ ... (7.6)
B uacrdoM cayyae, xorna coObitus A;, A, ... NONAPHO HECOBMECTHEI,
PiAUANU ..} =PA}+P{A)}+ ... 7.7

Huoria Hepasenctso (7.6) HasniBaeTcs HepaBeHCTBOM DByuas.
Mbl uccaeayem cHayaja nNpoOCTOH 4acTHL clyvaff, xorna TPOCTpaH-
CTBO 5/eMeHTapHEIX COOBITHA COCTOMT U3 Koneudoro uncia N Touek,
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o04afaAMNX K4AXKAA% BepostHOCTHIO /N. B 3TOM ciyuae BepOATHOCTH
Kakoro-HuOy b cobuitus A pasna uucay Touexk, Bxoaaumx B A, penen-
gomy Ha N. B crapo#t .ureparype 3jeMeHTApHblE COOBITHS HA3BIBAJIKCH
«C.AyudaaMH», a TOuKl, BXoldulHe B A, — «0.1aronpusrHbIMI CAYUAAMI»
(baaronpusarueiMig Aas coOmtia A). Ecam Bce 3/eMeHTapHble COOBLITHS
PABHOBEPOATHL!, TO BEPOATHOCTb COOBITHA A paBHAa OTHOLIEHUIO YHC.TI4
O/1aroNpUATHHIX CJAYVYaeB K UYMCAY BCeX BO3MOXKHBIX cayuaes. K cowasie-
HHIO, 9TUM yTBepaCIeHdeM MHOrO 3JOyNnoTpel.Iaay Aas MOJIyueHUs «onpe-
LeJieHUst» BEepOATHOCTH. YacTo yYTBepKAAWT, HTO B 4/000M KOHEYHOM
TPOCTPAHCTBE BEPOSTHOCTH BCeX 3JEeMeHTAaPHBIX COOLITMH DPaBHBI M1y
cobofi. 10 He Tak. [Tpu eAMHCTBEHHOM OpPOCAHHU HENpPaBUJILHOR MOHETLI
TPOCTPAHCTBO 3JEMEHTapHbIX COOBITHH MNO-TPEKHEMY COLEPKHT BCEro
JUlb  AB€ TOYKH (rep6 1 pellieTKy), HO 3TH 9JeMeHTapHble COOBITHA
MOTYT HMEThL MIPOU3BOJLHBIE BEPOATHOCTH p U ¢, Jlib Oul 6ulao p—+-q=1.
HoBopowaeuHbli — .60 Maapuuk, 1160 [1eBOYKE, HO B NPHIOKEHUAX
HaM HPUXOAHTCH AOMYCKATh, YTO 3TH ABe BO3SMOXKHOCTH HE PABHOBEPOATHH.
Ewe omud xonrprnpumep Aaet npumep 6, 6. Ilpumenenus npocrpaHcrs
C PaBHOBEPOATHLIMU 3.JEMEHTAPHBIMH COOBLITHAMU TIOYTH NOJHOCTBIO Orpa-
HHUEHbl a3aPTHRIMH UrpaMM U KOMOUHATODHKOM.

§ 8. 3amauu

1. iz uudp 1, 2, 3, 4, 5 cHauane BHIOupaeTCs ofHa, a 3aTeM H3 OCTaB-
UIHXCH 4eThlpex — BTopad. [lpexamonoxum, uto Bce 20 BO3MOXKHBIX HCXOZLOB
PaBHOBepOATHBI. HalTH BepOSITHOCTH TOrO, UTO a) B NepBHIil pa3, 6) BO BTOPOit
pas, B) o6a pasa Oyaer BeiGpaHa HeueTHas uudpa.

2. B npocrpaHcTRe sneMEHTApHBIX COOLITHH NpuMepa 2, a NPUMUIICM pPaBHBIE
BeposaTHOCTH BeeM 27 rouxkaM. Mcnoabsys ofosnauenvs npumepa 4,r, NIPOBEpPHTb
dopmyay (7.4) mas 1Byx cobuituit A, =S, n Ay = S,. CKOABKO TOUEK BXOLUT
B cobbiTHe §;S,?

3. Paccmorpum Bce 24 BO3MOMXHBIE MepecTaHOBKH cUMBOAOB 1, 2, 3, 4 M cBs-
KeM ¢ KAXWAOH BepodaTHOCTh ![g,. Ofo3snauuB uepes A; cobuitue, COCTOsAulES
B TOM, UTO CliMBOA | okasaxcs Ha [-M Mecte ({ =1, 2, 3, 4), npoBeputs dop-
myny (7.4).

4. Moxera Opocaercs 10 1eX MOp, NoKa 2 pasa MOJpsAj OHA HE BHIMALET
OZHOH M TOH ke cTopoHod. Kamiomy Bo3MoxHOMy HcXoxy, tpefywimieMy n
6pocauuii, OpumHIIeM BepOSITHOCTb 1/27. Omucarh TNPOCTPAHCTBO 3JeMEHTAPHEBIX
co6biTuit. HallTn BepodTHOCTH chezyiomux COGBITHH: a) ONBIT OKOHUMTCH IO
mectoro 6pocaHus; 6) norpebyerca uemuoe UUCAO OGpocaHUiL.

5. B mpocTpaHciBe 3JeMEHTapHHIX COOBITHil MpUMepa 5, 6 MpHNUILEM KamaA0H

Touke u3 (%), conepwauwieit posuo & 6ykm, BeposTHOCTL 1/2%. (MubiMu cio-
BaMH, aa W bb uMewT BepodATHOCTb !/,, ach uMeeT BepOATHOCTB !fg M T. L)

a) Ilokasatb, 4TO CyMMa BepGATHOCTeH BceX TOueK u3 (x) paBHA eTuHHULE (B CHAY
3TOT0 KaxJasd M3 IBYX TOUeK (¥*) HMEeT BEpPOSITHOCTb HYJb). 6) YCTAHOBHUTSH,
4TO ¢ BepoATHOCTbIO %), nobeiurenseM OyreT nepsbifi urpox. BeposrHocte Toro,
uTo 1oGeINT HIPOK b, Ta ke caMas, a aHaJAOI'MYHAs BEPOSITHOCTDb JJs ¢ PaBHA 2/
B) BepositTHoCcTh TOro, uTO MOGCAMTENb HE ONpeleauICcd jo kR-ro Typa,

pasua 1/2~1, [Tposepurs.
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6. YcoBepIIEHCTBOBATb mpHMep 5, 6, AONYCTHB BO3MOXHOCTb HHYbeH B O1-
IeabHoH maptuu. Onucath COOTBETCTBYIOIIEE NPOCTPAHCTBO 2IEMEHTAPHBIX COGHI-
Tu#. Kax BBeCTH BEpOATHOCTH? . B

7. B sanaue 3 moxasatb, uto A, A,A; C A, u A/ A, A,

8. HMcnoab3ys o6o3HaueHus mnpumepa 4, T, 1OKaszaTh, 4To a) S,5,0; =0,
6) S\D, < E,, BY E;— D,S,28,D,

9, Bpocatorcs 18e koct Ilycrs A -— cobbitue, cocTofiee B TOM, YTO C)MMA
OuKOB HeueTHasd, B — cobbiTie, 3akJ0danUIeecd B TOM, YTO X0t OB Ha OAHOH
H3 KocTeH Bbinmana esunuua. Onucarb cobuitua AB, A|YB, AB Haiith nx Be-
POATHOCTH NPH YCJIOBHM, YTO BCe 36 3MeMEHTAapHLIX COOBHITHH PaBHOBEPOATHBHI

10. BoeisicHHTD CMBICA CaeiyloLHX coObTHH B npuMepe 2, x a) ABC,
6) A— AB, B) ABC. B

11. Iposepurs, uto B npumepe 2, x ACc B

12, B p u 1 x (cM mpumeuanue Ha c1p. 18) Ilycts Ny, rae £ = 1,2, 3, 4 —cobbi-
THE, COCTOSIIICE B TOM, UTO NEpBbIH HIPOK MNOJYYMa 0O KpaliHeil Mepe & Ty3oB.
[ycts Sp, Ep, Wjp— aHanoruunsie coGuiTHs A48 BTOPOTO, TPETHETO U 4eTBEp-
TOro urpokoB YTo MOKHO CKa3alb O 4MC/AE HAXOAAIIMXCA ¥ YETBEPTOTO HIPOKa
1y30B B cayuae cobuituii a) W, 6) N,S,, B) N\S\E,, r) W,— W;, 1) NS E W,
e) N3W,, x) (NoUS,) Ey?

13. IlpoBeputb, 4T0 B MpenbliylUlEH 3ajaue

a) S S,, 1) NS, W,
6) S;W, =0, 1) (NUS) Wy =0,
B) N,S|E\W, =0 e) W, = NSE,
14, [TpoBeputh caenyiomiue COOTHOILEHHUS ')
a) AUB = 4B, x) (AU B)— AB = AB{J 4B,
6) (AUB)— B=A— AB = AB, e) AUB = AB,
B) AA=AUA =4, ®) (AUB)C = ACY BC

ry (A— AB)UyB = AUB,
15. Haiitu npoctele Bbipaxenus aas cobuituil a) (AU B) (AU B),
6) (AUB) (AUB) (AUB), 8) (AUB)(BUC)

16, Y cranoBuTh, Kakue M3 CJAEAYIOUMX COOTHOUIEHUH NpaBHJAbHBL

a) (AUB)—C=AU(B—C0), ®) (AUB)— A=2B8,

6) ABC = AB(CUB), 3) ABCc A|B,

8) AUBUC = AU(B— AB)U(C — AC), ) (AUB(C) = ABC,

r) AUB=(A— AB)U8, x) (AUB) C = ACY BC,

x) ABUBC{JCAD ABC, 1) (AUB) C = ABC,

e) (ABUBCUCA)c(AUBUC), M) (AUB) C == C~C (AU B).

17. Mycte A, B, C — Tpu npousBoJbHbIX co6biTHa HawuTu Beipamkends Aas
COOBITHH, COCTOAMUX B TOM, 4TO H3 A, B, C
a) MpoH30ULI0 TOJAbKO A,
6) npousoman A u B, Ho C He npousouuo,

'y 3amerum, uro (A|JB) o3uauaeT co6biTHE, NMPOTHBONOJOKHOE COGBLITHIO
AUB, 3710 cobuitne He cosnagaer ¢ A B. Ananoruuno (AB) we TO me camoe,
Y10 AB
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B) BC€ TPH COOGBITHA IPOHIOLIIH;
r) POH30mWI0 IO KpaifiHeH Mepe OJHO M3 3THX COGLITHH;
Ji) ApOU30IIJIO IO KpaliHeli Mepe jxBa coOBITHS,

€) IMPOHM3OULIO OJHO W TOJABKO OIHO COOHITHE;

) IPOH3ONULIO ABd U TONbKO 14Ba COOLITHS;

3) HU OJHO cOGBITHE HE MPOM3OINIO;

M) IPOU30ILI0 He 6oJblie IBYX COOBITHI.
18. O6venutenne AU B 1ByXx cOOBITHII MOXET GBITH BbIPAKEHO KAK OGbEIH-

HEHHE ABYX HECOBMECTUMBIX cobbitu#, umenno A|B = A} (B — AB). Bupa-
3uThb aHAJOTUYHMM 06Gpa3oM ofbeauHeHue Tpex coOmrtuii A, B, C.
19. Ucnoansys pesyabrar 3azaud 18, mposepuTh, 4TO

P{AUBUC} =P {A}+ P {B)+P{C}) —
— P (AB) — P {AC) — P {BC} -+ P {ABC}.

[Jra dopMyaa ABAseTCA cleuUaabHbIM HACTHBIM cayyaem dopmydst (15) ra. iV.]



F'TABA I

AJEMEHTBl KOMBHHATOPHOI'O AHAJ/M3A

Uenb 3T0#t raaBbl — MOAYUMTL PSIA BawHLIX (HOPMYJT U DA3BHTbL CO-
OTBETCTBYIOIINE BEPOATHOCTHBIE OCHOBaHuA. [loArOTOBJ/IEHHBIH YdTaTelb
MOXET nepeiTn mpsaMo K ria. V, sBjdiollelics HenoCpeACTBEHHLIM Teope-
THYECKUM Tpofo/mkendeM ra, 1.

Ilpu paccMoTpeHHM TIPOCTHIX a3aPTHBIX Wrp, Mpouecca ciaydadHoro
spibOpa, 3a1a4 O pasMelleHHH M MOopsaKe M T. M. Mbl uMeeM OOBIYHO
AeN0 ¢ KOHeYHBIMH MNpPOCTPAHCTBAMM 3JEMEHTapHbIX COObITHH, B KOTO-
pHIX BCeM TOYKAM OTHECEHAa ONHA M Ta Ke BeposTHOCTb. UToOnl BhuuC-
JUTb BEPOSITHOCTb NPOH3BOALHOIO COORITHS A, NOCTATOUHO TMORENUTH
YICM0 TOYEK, colepKawmnXxces B A (4HCa0 «61aronpusTCTBYIOIUX CAYYaesy),
Ha ofluee UuCA0 TOUeK (HHUCJAO «BO3MOMKHBIX ciayuaeB»). DTo objeruaercs
CHCTEeMaTHYeCKHUM NMpUMEHeHHEeM HECKOJbKHX NPaBU.Jd, K BBHIBOLY KOTODBIX
MBI Tenepb nmpuctynaeM. B gaabheftuiem Mbl O6yAeM MOJ530BATbCA ITHMH
NPaBUJIaMH, BMECTO TOr0 4TOOb HCKaTh CHeuuasbHble BLIYHC/AHMTEJbHBIE
METOXb OTAEJbHO I8 KamAOH KOHKpeTHOH 3amauul).

§ 1. Tlpeasapute/nbnbie CBEIEHMSA

Napwl. M3 m saemenmos a,, ..., @, 4 n siemenmos by, ..., b,
MONHCHO 00pa3osams POBHO MN PA3AULHBLX RAD (A by). codepoica-
WUX N0 0OHOMY 3AeMEHmMY U3 Kaxcdold zpynnel.

HokaszareasbctBo. COCTaBUM M3 3THX [ap MPAMOYTOJbHYIO
TabJKLy, COIEPKAWYIO M CTPOK U 1 CToAOUOB, TaK, 4TOGHl mapa (a; by

CTOANAd HA MepeceueHUd J-#H cTpoku u k-ro croabua. Kaxaas uz map
BCTPeTUTCA B 39TOH TabJidue OAMH H TOJBKO ONMH Pas, U yTBepKIEHUE
CTAHOBHUTCSt OQUCBU/HBIM.

Hpusmepu. a) Kapmo 0xn wuzpo 8 6pudirc (CM. NpHUMEUYAHUe HA
crp. 18 §1 ra. ). 3a wmHOxecTBa 3.1eMEHTOB HpHUMEM COOTBETCTBEHHO

) UYntatemo, wenawouleMy 60Jee OGCTOATEIBHO O3HAKOMHTbCS ¢ KOMOHHa-
TOPHKOH, MOXHO peKOMeHIOBaTh KJaaccudeckuii kype W. A. Whitworth,
Choice and chance, fifth edition, London, 1901. Tlepeusnan G. E. Stechert,
New York, 1942. Bauskuii 1no cosepxanuio yuebuuk Toro ke astopa, DCC
exercises, nepensnannbii B Hblo-Mopke (New York, 1945), conepxuT oko4o0
700 sanau ¢ noaxeiMu pemenusmu. [CM. rtakke M. X o a4, KombGunaTopHsiii
ananus, W1, M., 1963. — I[Tpumn. ped.)
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yeTbipe MacTH ¥ 13 BO3MOXHEIX 3HayeHu#t kapTel, Kaxaaa xapra onpe-
neisercd Mactbio W 3nauendeM. CywecrByer 4. 13 =252 raxkux koMOu-
HAULMH MacTH M 3HAveHus. Jro — YHCJIO KapT B Ko.0Ie.

6) MuorosipycHble 3JeKTpUYECKHe JaMIIbi C HEeCKOJIbKUMU CrocoOaMu
BKJIOUEHUs COdepkaT TpPH OObIYHBIE JIAMIOUYKHM M CBETSLIYI0 apMaTypy,
KoTOpass MOxeT paboTaTh B TpeX MOJOXKEHHAX HJAH MOXeT ObiTb BLIKJIO-
yena. Kaxpas na3 3Tux BoaMoxHocteH xombBuuupyercs ¢ 0, 1, 2, 3
BKAIOUEeHHbIMH  Jamnioukamu. CaenosatenbHo, Bcero umeercs 4 -4 ==16
BO3MOMXHBIX KOMOHHauu#, u3 xotopoix oaxa (0, 0) osnauaer, yro Jamna
te csetur. Ocraerca 15 cnocofoB BKJAIOYEHHST JaMIIBL.

Kom6HHannu 3JieMEHTOB MO OAHOMY u3 Kawjol rpynnbi. Jano r
2PYRN SAEMEHMLO8. N, 3AEMEHMO8 nere i PYARbLL a4y, ..., G, My
saemenmos sgmopold epynnot by, ..., b, ... 0, s2eMmenmog r-#
SPYRNbL Xqs ...y Xp i MOXCHO 00pa308amb  POBHO My -My: ... N,

PABAUYHBLX KOMOUHQUQU (ajl, bj2, xj’), codeprcawux no od-

HOMY 3AeMeHmy U3 Kadxcooi zpynnek.
HokasarteabcTso. Ecau r =2, To yTBepKAeHHE CBOAHTCA K paHee
nokasannomy. Ecan r =3, To BOsbMeM napbt (a; b;) 3d 3/eMEHTH HO-

BOM rpynnbel. Mbl uMeeM n; A, TAKMX Nap U 75 3JeMeHTOB C,. Kaxiayiwo
TPOHKY 9JeMeHTOB (@; b ¢,) MOXHO paccMarpusaTh Kak napy, co-
CTaBieHHYI0 U3 (d; b)) M 37MeMeHTa Cp; CJIELOBATENHHO, UHCAO TAKHX

TPOEK PaBHO Ny Nyng. lIpoBesdeHneM MaTeMaTHuyecKOH WHAYKUUH yTBep-
XKAeHue NOKasplBaeTca Ljid Joboro 7.

Moxer ObiTb, BCEro MpOLIE M TOJe3Held OMUCaTh MOC/AENHION TeopeMy
caenylomum obpasom. Ias toro urobui 06pasoBath NOCAEAOBATEALHOCTD ©
MEMEHTOB (a;,, bj, ..., ¥; ), Mbl AO/MKHB BHOpaTh OLHO a&, OAHO b

u T. 1. Hano npoussecrn Bcero r BblOOPOB M INPU KAXAOM U3 HUX
UMEETCs NOC/EN0BATEILHO Ny, Mg, ..., I, BO3MOXIIOCTEH. YTBepxaaeTcd,
YTO 9TOT MpPOUECC MOXKeT NPUBECTH K 1, By ... I, Pa3jU4yHbLIM pe-
3yIbTatam.

ITpumepn. B) Croomuan raaccugpurxagus. llpeanonoxnM, 4to
MOANW  KJACCU(PUUMPYIOTCH MO MNOJaY, CeMeHHOMY TNOJ0XKEHHIO (COCTOMT
WJIn He cocTOuT B Opake) u npodeccun. Pazniuunble KaTeropun Urpaior
3lece poJb 37aeMeHToB. Ecan paccmarpusars 17 Bo3MOXHBIX npodeccuft,
TO BCETO MBI MOJY4MM 2 -2 .17 == 68 pasanunbiX KJACCOB.

r) B arpoHoMudeckoM OmeITe MCABITBLIBAIOTCH TPH Pa3/JUUYHbIX (aKrtopa
(Hanpumep, npuMmeHeHue ynobpenud, opoluenue, TeMneparypa). Ilycts
Kawapit 43 9TuX aKTOpPOB XapaKTepuayercs OIHMM W3 Iy, Ty Ty
BO3MOXKHBIX  YpPOBHe# (Ui  KOHUEHTpauuH) COOTBETCTBEHHO; TOTAa
Bcero Oyler ryrory KOMOMHAUBH WM Pa3AUuHBIX croco6oB 006paboTKy.

1) «Pasmewenue wapos no AuuKaMm» COCTOUT B BHboOpe AlUKa A4
Kaxporo iuwapa. Ecau umeercs r wapoB, TO LA KOKIAOTO sulika BO3-
MOKHO + HEe3aBUCMMBIX HCXOLOB SKCHEPUMEHTA, NMOSTOMY 7 LIAPOB MOXHO
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pasMecTuTb MO 7 AUMKAM #' pasauyHeIME crnocoGamu. [Ipumep (2, 6)

ra1. 1 nokaseiBaeT, 4TO caMble PasHOOOpasHbie MBICAUMEIE 3KCIIePUMEHTH
¢ aGCTPaKTHOH TOUKH 3PEeHHS IKBUBAJEHTHH DAa3MEILEHUIO LIAPOB MO SUIU-
wam. Hanpumep, ecail rpaHi urpaibHOH KOCTH PACCMATPHBATH KaK KALIUKILY,
npeiblayllee VTBepxIeHHe [03BOJAET 3aKJAIOUHTL, UTO NPH r-KPaTHOM
HpoCaHiH  KOCTH BO3MOKHO 67 pPa3IMYHEIX UCXOIOB, U3 KOTOPHIX 57
VI0BJIETBOPAIOT YCJAOBHIO «HK Pa3y He BHIAMO 0ukO». 3HAuUT, B npel-
[0JI0XEHWH, UYTO BCE HCXOAbl OMNbITA PABHOBEPOSATHHI, COOLITHE «NpH 7

5 r
OpocanuAX KOCTH H{ Pa3y He BEINAJO OUKO» UMeeT BEPOATHOCTb ('6“‘ .

MHTYUTHBHO MOXHO pAacCuMThIBATb, YTO TpH WeCTH OPOCAHHUAX «OUKO
Bhilla14eT HABEPHAKA», HO BEPOATHOCTb STOTO COOBITUS DPAaBHA TOJLKO

l———(%)b, HIH MeHee % [Cm. mpumep 3, 0.]

§ 2. BriGopku

PaccMOTpUM MHOKECTBO HJH, KaK Mbl Oy/JeM rOBODHTb, 2eHepPAAbH VIO
COBOKYNHOCMYL W3 M 3JMEMEHTOB &y, Qg ..., @, IIpOHU3BOJIBHOE yHOpPS-
AOUEHHOE MHOXECTBO (aj|, ajr) U3 7 JIEMEHTOB, BXOIAILUX B reHe-

pajbHYI0 COBOKYMHOCTb, OVIeM Ha3nBaTh 8s.00pKoll 06sema r u3 TOH
reHepajbHOM COBOKYNHOCTH. HarasaHo MBI MOXeM NMPOCTO MpeiacTaB/aATh
cebe, 4TO 3/1eMEHTH BHOUPAIOTCA ONuH 34 LpyruM. BoamoxHH ABa cmo-
coba BrGopa. [lepBHiti—86i60p € BO38palerHues; B 3TOM cayyae BHOOP
NPOU3BOAUTCS KawAbi#i pa3 M3 BCelf reHepaJbHOM COBOKYTNHOCTH, M OLUH
1 TOT e 3/JeMeHT MOoxeT OuiTb BBHIGpaH OoJee oAHOrO pasa. B BmGopke
MOTYT BCTpedaTbCs NOBTOpeHusi. BTopoii — swfop 0e3 so3spaujerus.
IMpu takoMm cnocobe BhiGopa OAHAXAb BHIOPaHHBI 3JeMeHT ynajsercs
M3 reHepaJbHOM COBOKYIIHOCTH, TdK 4TO BbiOOpKA HE CONEPKHMT MOBTO-
paoumxcs s1eMeHToB. OUYeBHIHO, YTO B 3TOM cayuyae 00beM BHIOODKH 7
He MOMNET HpeBnicuTh 06beMa reHepaibHOM COBOKYNMHOCTH #.

[Tpu BHIOOpe ¢ BO3BpalleHMEM KOXABIH H3 r ujeHOB BHIOODKH MOXeET
6biTh BHOPaH 7 pas3anuHbIME criocoBaMil. T1o3ToMy, NPUMEHUB NPeLIeCTBYIO-
ILYI0 TeOPeMY NpH 7y == Ay == ... == 1, TI0Iy4aeM, YTO YHCJIO Pa3JHUHBIX
BO3MONKHEIX BHOOpPOK paeHo 7. B cayuae Bmbopxu Ges Bo3ppaleHus
nepBuiit uieH BLIGOPKU MOxeT ObTh BHOpaH n cnocobamu, BTOpo# n— 1,
Tpetn#t n—2 u 1. I. Bocnoab30BaBUIMCL TOM Ke TeOpeMOM, NOAYUUM,
4To ob6uee uwucao BeOOpOK paBHO n(n—1) ... (n—r— 1). Tak kak
noao6Hoe npousBeleHuUe BCTpeyaeTcs A0BOJAbHO YacTO, TO OKA3BIBAETCA
yI06HBIM BBeCTH caeayioniee obo3nauenue!):

n),=nm—1...(n—r4 1) 2.1

1) O6osHauenue (1), He sABAAETCH OGILEHPHHATHIM, HO Mbl 6Y1eM MOCTOSHHO
HCNOABL30BATH €r0 B 3[0H KHHFE, JIaXE €CAH N He 1eJoe.
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fleHo, uto (n),==0 npu r > n. Hamu no.ayuena, takum o0pasoM, cuae-
pywouas

Teopema. Hucao pa3auunvix 86.60pOK 00sema r U3 2eHepa . tb-
HOUE cosoxynnocmu, codepycaujell n IreMmenmos, pasio n', ecau
npousgodumcs 8u0op ¢ 8038paueruem, u (1), eCAuL NPOUIBOOUMCA
8ul60op 6e3 8038paufeHus.

Oco60 oTmerHM uacTHHHU cayya#h, koria r==n. Ecau ob6bem Bhi-
60pku £ copmazaeT ¢ o06beMOM TreHepadbHOH COBOKYNHOCTH, TO MHO-
HECTBO BHIOOpPOK Oe3 BO3BpAlIEHHR COBMALAET C MHOMXECTBOM CHOCOGOB
ynopsiaodenuss (MepecTaHoOBOK) 3THX 3JeMeHTOB. [loaToMy n 31emeHTOB
a, Qs ..., @, MOXHO ynopagouutb (n),=n-(n—1)... 2.1 pas-
JAuuHbIME  cTiocobamu. Bmecro (n), Mb OyAem nojb30BaThca OOLIYHBIM
o6osHavexneM n!. MTak, Mb BbIBEJH W3 TeOpeMHl CJelyiollee

Cuaencrsue. Yucro pasiudnslx nepecmarHo80K U3 n JAeMeH-
mo8 pasHo

pl==n.-(n—1)...2-1,

Myx # xena Cmur o0pasyioT BHOODKY 00beMa JABa U3 reHepaabHOH
COBOKYNMHOCTH BCeX JOfeHl; HO B TO e BpeMs OHH 00pasyloT BLIOOpPKY
o0beMa eluHHLA U3 FeHepalbHOH COBOKYMHOCTH CYNPYXeCKuX nap. DToT
npUMep TMOKa3blBaeT, uYto 00beM BHOOPKHU ONpeleseH TOJbKO MO OTHO-
IWIEHNI0 K JaHHOH reHepajbHON COBOKYMHOCTH. DpocaHnme MOHeTH r pas
SBJISETC OHHHM M3 cnocoboB noJaydeHuss BBIOOpKH obbeMa r U3 reHe-
paJbHOK cOBOKynHOCTH ABYX OykB I u P (I"— puinaneune rep6a, P —
BhinaneHne pemterkd). OJHOBpeMeHHO Ta jKe YNOPALOYEeHHas COBOKYM-
HocTb 7 GykB [” i P sBideTca saeMeHTapHBIM COOBITHEM B NPOCTpaHCTBe,
COOTBETCTBYIOLIEM GPOCaHHI0 MOHETHl r pas.

BuiGop r 37eMEHTOB U3 reHepatbHOM COBOKYMHOCTU o6bema 7 8-
JSETCSl 9KCMEPHMEHTOM, BO3MOXHBLIMH pe3y/bTaTaMU KOTOPOTO SBJAATCH
BrIGOpKH 0Gbema r. OOliee YnCI0 X pPaBHO n' Wid (n),, B 3aBHCUMOCTH
OT TOr0, Kak HpPOU3BOAUTCA BHIGOD: ¢ BO3BpalieHueM uau Oe3 BO3Bpa-
weHust. B 060ux cayuasix Hawl OMBIT ONUCHIBAGTCS NMPOCTPAHCTBOM DJAEMEH-
T4PHBIX COOGHITHH, TOYKaMU KOTOPOTO HABJSAIOTCH BCEBO3MOXHBIE BHIOODKH
obbema r.

Jlo cuX NOp MBI HHTEPeCOBAIHCb BEPOSTHOCTAMHU, COOTBETCTBYIOLIUMH
HalmuM BriOGOpkaM. B panpHeftmiem Mpl OyleM OOBIYHO MPUIUCHLIBATL PaB-
HEE BepOSITHOCTM BCeM BHOOPKAaM M FOBOPHUTH MPU 3TOM O CAyYaHHHIX
Bui0opkax. TepmuH «ciayyafinuity, BOOOLIE rOBOPS, He HMeeT CTPOroro
MaTeMaTHYeCKOro OIpelie/IeHus, HO B TeX CJy4asX, KOrAa OH MpHjaraercs
K BoiGopkaM HJM BLIOOPY, eMy NpuiaeTcsl BIOJHE ONpeleJIeHHBIH CMEBIC/,
UMEHHO: B8 SBbpadiceHuu <cAydalinas 8uO0opKa GUKCUPOBAHHO20
00%ema r» npuirgzanesbioe «CAYHQUHAA> 03HALAEM, 4MO 8CE€ Bbi-
Oopru umeiom 00uHAK08YIO BeposmHOcms (paBHylo n~" B cayyae
BriGopa ¢ Boaspaiuenuem u 1/(n), B caydae BoiGopa Ge3 BO3BpAlLEHHUS,
Fie uepes n 00osHaueH 0ObeM reHepaibHOR COBOKYMHOCTH, W3 KOTOPOH
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npoussonurcs BuOOp). Ecau n BeMMKO, a 7 CPaBHATENbHO Majo, TO
oTHowexue (n),/n” OAM3KO X eAuHHIE. DTO TOBOPHT O TOM, HTO MpH
60bWION TeHepaibHOW COBOKYNHOCTH M OTHOCHTEJIbHO Maao# BuOOpKe
pasiuyye MeXAY ABYMsS criocobamu BLIGOPA HE3HAYHTEALHO (CM. 3anaun [ u 2
§ 11ra. Il u 3agauy 35 ra. VI

Mpl BBEAH TEPMUHOJMOTHIO, B3ATYI0 M3 IMPAKTHKU, HO He rOBOPHJH
ellle O TPUMEHUMOCTH MOJNeJAH CJAy4aHHOro BuiOopa Kk AeHCTBHTEIbHBIM
onsiTaM. Dpocanue MOHeTHl HaH KOCTH W IPyTHe aHadorHuHele HeHcr-
B MOryT ObiTb WCTOAKOBAHB KaK ONBITH, [NPAaKTHYeCKH Aalouine
cayyaiiupit BbIOOP ¢ BO3BpAleHHEM, H HaulM BEPOATHOCTH YHCJIEHHO
6au3Kkd K yacToTaM, HabMoJaeMblM B AJMHHOM Cepuyu ONBITOB, HECMOTPS
na¥e Ha TO, 4TO aBCOMIOTHO CHMMETDHUYHON MOHETBI MM KOCTH He Cyllle-
cryer. TunuuHuM ApuMepoM caydafinoro spibopa Ge3 BO3BpalleHHa MOXKeT
CJAY#UTh BHITACKHBAHHE KAPT M3 MepeTaCOBAHHOW KOOI (rpudeM npen-
1oJIaraercs, YTo KOJMOAA TAaCYeTcsl ropa3ilo TwiaTe/bHee, UeM 3TO JedaeTcd
06biyn0). Ilpu BeIOOpE M3 COBOKYMHOCTEH, COCTOAIHX U3 JIOAeH, cTa-
THCTHKM BCTPEYAIOTCH CO 3HAUMTEJIbHBIMH M YACTO HEOWUILAMHBIMH TPYI-
HOCTSIMH, M OMBIT TIOKA3bIBAET, UTO OU€Hb TPYIAHO MOAYUHTH Aawe rpy6oe
nipubaikenue K cayuatHoi BeiBopke.

YnpawxueHnue, [Ipu Bbi6ope 6e3 BO3BpauIeHHS BEPOATHOCTL TOLO, YTO BbI-

6opka ofbeMa r CONEPIKHT 3a1aHHBIH 3JEMEHT TeHepalbHOH COBOKYTHOCTH,
paBsHa

1= n—r_r

(n), n n

np}’l BbIﬁOpe C BOBBan.leHI/IeM COOTBeTCTByiOILIaﬂ BepOHTHOCTb paBHa
n—1yY"
1—{ }» .
n

§ 3. Mpumepni

W3 redepaibHO® COBOKYNMHOCTH n 3JEMEHTOB a,, @y, ..., 4, U3BJIe-
KaeTcsl ¢ BO3BpalieHueM BHIOopka oObeMa r. PaccMorpum cobnitae A,
COCTOfllee B TOM, YTO BCE 3JEMEHTH BBIOOPKM PA3JIHUHBI, HHLIMH CJA0-
BamMu, 4TO Hawa suOopka Moraa Op O6biTb noJdydeHa npu Bubope Oes
so3Bpauerdn. Ilocaennsa TeopeMa NOKA3BIBAET, YTO PA3JUYHBIX BRIGOPOK
¢ BO3BpauieHHeM cyuiecTByer n', u3 HHX (1), 06.1a1310T YKaSaHHBIM CROf-
creoM. [lpunuckBas BceM TOYKAaM NPOCTPAHCTBA 3JIEMEHTAPHBIX COOLITHH
pPaBHBIE BePOATHOCTH, MOJAYYaeM, YTO BEPOATHOCTh OTCYTCTBHMS OAMHAKO-
BbIX 3JIEMEHTOB B BLIGOpDKe (BepOATHOCTb COOmiTHs A) paBHa

(_n)-,-%rz(rz—l)...(n—r—{—l)’ (3.1)

p=—m= n

Wntepecupie cpofictBa 3TOH (OpMyJIH! BCKPBIBAIOTCS CJAENYIOUIMMH KOH-
KPETHLIMH €¢ HHTEPHpEeTaUNsIMH,
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a) Cayuaiiubie upncaa. HomycTusm, uTO reHepadbHas COBOKYNHOCTb
cocrouT w3 fecstn ungp: 0, 1, 2, ..., 9. JhobBasn nocrerosarenbHOCTh
u3 naTy ungp npeacrariseT BHOOpKY o6bema r==5. Chsukem ¢ KamIoH
TaKOH MOC.1CAOBATENLHOCTLIO BEPOSTHOCTD 107°. Coraacio (3.1}, Beposar-
110CTb  TOTO, 4YTO MNATh MNOCACLOBATEILHBIX CaAyHaHHBIX LHPP pas.(HuHb,
paBHa p == (10); 10-%=0,3024.

WMuTynuus nolickaseiBaeT HaM, YTO B MareMmaTHyeckux Tabauuax,
COAEPKALMX BEJNHYMHB, BBLIYHCJAEHHBIE C OOJbLUIUM YHCJIOM AeCITHYHBIX
3HAKOB, MNOCJEIHIE NSTb 3HAKOB JOMKHBE 00/aiaTb MHOTHMH CBOMCTBAMH
cnyyaitupix duceda. (B o6biunHbiX sorapudMuueckux © apyrux rabaunax
C MalblM  YMCIOM 3HAaKOB PasHOCTb MEXAY COCEAHUMM BeaInduHaMit
6113Ka K NOCTOSNHOMA, U MOITOMY NOCJAeAHHE 3HAKH M3MEHSIOTCH 3dKOHO-
mepro). s onwita Obin pwiGpanbt 16-3Haunsie 1abmuun 1) o Gbiao
COCUMTAHO, 'Lisl CKOJLKHX 4HCE] TSTh MOCJAEIHUX 3HAKOB Pas3JHuHBL.
B nepsuix 12 cepuax no 100 wviucesn 4acTOTH HacTyIIeHUs 3TOrO CoGbi-
THR OKA3&/MHCH CJACAYIOUIHMHU:

0,30 0,27 0,30 0,34 0,26 0,32
0,37 0,36 0,26 0,31 0,36 0,32

At yacrore koaebmorcs okono 0,3024, u MeTonn MaTeMaTU4yecKOH
CTATHCTMKM TIOKA3bLIBAIOT, YTO aMILIMTYAa STUX KOJMeOaHUR He npeBbiiiaer
oxuiaeMolt. Cpennss yacrora okasuiBaeTcs pasHo#t 0,3142, 1. e, 10BOJIEHO
6auskoit k sepositHoctu 0,3024 (em. ra. VII, 3, B).

PaccMoTpum Tenepb uucao e — 2,71828... U3 nepsbix 800 necaruu-
HBIX 3HAKOB?) 3TOro uuciaa o6pasyes 160 rpynnm no nsTH 3HAKOB
B KaxAOH; 3Tu rpynnel obbenuHuMm B 16 ceputt no 10 rpynn B kamiao#
cepun. B 3Tux cepusx uicaa rpynn, B KOTOPHX BCe NATb 3HAKOB pas-
JUYHBL, OKAKYTCA C/ACAYIOLIUMH:

3, 1, 3, 4, 4, 1, 4, 4,
4, 2, 3, 1, 5 4, 6, 3.

Kak sunno, uacrorsl koJjebmorca sokpyr 0,3024, u rteopus noarsep-
KIaer, 4To pasMax 9TuxX kogebanult He Ooablue, yev HYXHO ObIO 0XH-
natb. CpenHsst 4yacTOTa MOMABJAEHUA IPyNnbl B MATb Pa3au4HBIX LuUpp
B 160 rpynnax pasna 52/160==0,325, 1. e. Ouuska k p =0,3024.

6) Ecau n wapos caytaino pasmeiyaiomcs no n SyuKam, mo

5 n!
8EPOAMHOCTE MO20, WMO KAJNCObH Auwurx 6yoem 3aHAM, PDABHA et
OTa BepOATHOCTb HEOXHMIAHHO Maja: Npu A ==7 OHAa paBHA JHIb
0,00612.... Orciona caedyer, HaNpUMep, YTO €CAU B ropole KawAyio

—

) Tables of Probability Functions, v. I. Nat. Bureau of Standards, 1941.
2) Intermédiaire des recherches mathématiques, 2 (1946), 112.
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HeJeqi0 TMPOUCXOIAT CeMb aBTOMOOM.IbHBIX KaTacTpod, TO (B MPeAnono-
SKEHHH, 4YTO BCe BO3MOXHbIE pacrpeiejieHuss PaBHOBEPOATHH) IPaKTH-
YecKH Kaxaaa Hezeas OyleT coiepxaTb JIHH, KOria NpOMCXONAT ABe
ntu Gonee xaractpodsl. PaBHOMepHOe pacmpene/NeHue 4HCAA KATACTPOD
BCTpeuaeTCsl B CPeLHeM JMUb A4 OAHOH Helend uz 165. dror mpu-
Mep HAMOCTPUPYET HEOKWAAHHOe CBOWCTBO uHCTOH cayvatinocTn. (Bce
BO3MOXHBIE HCXOLB 3KCMEepUMeNnTa, COCTOALIero B pa3MelleHMH 7 Iapos
no 7 sammka™, npuseneHm B taba. 1| § 5. C seposruocteio 0,87 nme
uam Oodee aueiku okaxkyTtced nycreivu.) Ilpn n =6 Beposrtdocts nln™"
pasna 0,01543.... 310 noOKasnBaeT, KaK Maja BEPOSATHOCTb TOTO, uTO
npu uwecTH OpOCaHUSX NPABHIbHON KOCTH TOABATCS Bee rpaHu. [Beposit-
HOCTb TOrO, YTO NpPM MIEeCTH OGpOCAHUAX HU Pa3y He BLIMAZET AAHHASA
rpatb, Gam3ka k l/g; cMm. npumep I, n.]

8) Jlupr. JluptT ornpaBasercs ¢ r==7 NaCCAKUPAMHU M OCTAHABU-
Baetca Ha n=10 sT1axax. YeMy paBHa BepOSTHOCTb p TOrO, UTO
HHKAKWe JBa MACCAXHUPAa He BBHIHIYT Ha OLHOM M TOM ke 3sTaxe? Jag
TOr0 4ToOH TOYHO TOCTABUTL 3TOT BONPOC, MBI NPENNOJOKHM, YTO BCe
BO3MOXHbIE CNOCOOBI pacnpele/ieHHA NACCAKHPOB MO HHTEPECYIOLIUM HX
ITAWKAM MMEIOT OJHHAKOBBIE BePOATHOCTH (4TO ABJAETCS, KOHEUHO, TOJBKO
rpy6buM npnbamxennenm). Bcero cymecrsyer 107 Ttakux cnocofos, u u3
aux npu (10), cnocobax na 1060M 3Taxe BHIXOAMT He §ojee YeM OIHH

naccaxup. Clen0BaTebHO, p=— 1077, (10);=(10-9.8.7-.6-5.4). 1077 =
== 0,06048. Ecau cobblTHe NPOU3OLIIO, TO €T0 OCYIECTBJICHHE MOMKHO
CUHTATh 4eM-TO yauBuTeavHuM u crasuts 1000 x 1 nporuB nosropeHus
(cp. ¢ orperoM k 3anave 10.43).

1) Jduu powpenns. Huu poxidenus r mofedt o6pasyior BHOOPKY
o0beMa r M3 TreHepaabHOH COBOKYMHOCTH BceX ZAHeH B roxy. He mce
TOLBl MMeIT OLMHAKOBYIO AJMHY, M M3BECTHO, YTO DOXKAAEMOCThL B Teue-
HUe T'0Ja He BMOJHe NMOCTOsIHHA. OLiaKo B NepBOM MPUOIHIKEHHH MOKHO
CUMTaTh, UTO CAyYaHHBI BHIOOp MmoOnefl MPHBOIUT K CAYHaHHOMY BHIGODY
IHel# poxaeHus. Kpome Toro, Mbl WrHOpMpYEM A1si MPOCTOTH Cylue-
CTBOBAllMe BUCOKOCHBIX TOJOB M PACCMOTPUM CAy4afiHYi0 BHOOPKY 7
nHelt poxnenus u3 rona B 365 nueti.

Ecau npunsate 5TH corjamesus, TO NpUMeHUMO ypasHenue (3.1), u
BEPOSTHOCTb p TOFO, UTO BCe 7 JHel pOXIeHus pas.jnuHbl, paBHal)

___(365),___( 1 ( 2 ( r—1
UncaeHHble pe3yabTaThl, K KOTODHM TNPHBOIUT 5Ta GopMyna, ONATH HAYT
Bpa3pe3 ¢ OObluHBIMH TpelcTaBienuaMu. Tax, A1 r==23 uyeloBex

1) Cu. R. Mises, Uber Aufteilungs- und Besetzungs-Wahrschein-
lichkeiten, Revue de la Faculté des Sciences de " Université d’Istanbul, N. S.,
4 (1938—1939), 145—163.
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p <l[e T. €. ¢ BepOATHOCTLIO, npeBocxoldsuiet 1/, cpean 23 ueaomex
HaltayTcst mo KpafiHe Mepe 1BOe, uMeioliMe OOWMH ZeHb DPOXIEHHA.

dopmyna (3.2) BHIAAINT CAOXKHOH, HO AN p HETPYAHO TNOJYYUTH
XOpOWIYI0 UHCAOBYIW ouenky. Ecam r mano, moxHo npeneGpeds npous-
BeJeHHAMHU, CojlepxauluMu Oojee uYeM MO OLHOMY COMHOXHTENIIO, M
HanHCcaTh ¢ J0BOJALHO TPYOBIM NpuGTHXKeHueM 1)

T424 . 4 (r—1) r(r—1)
iy %5 =1 — 730 (3.3)

p=1—

ITpu r =10 rtounoe snauenue p pasHo 0,883, B TO Bpems kak ¢op-
MyJa (3.3) aaer upubiauxenHoe 3HayeHue 0,877,

[pn GoaplINX 7 MOXHO MOJYYHTh B3HAUMTE/bHO Jyulllee NpubJnNe-
Hue, ucnoab3dys JorapudMu. Ecam x mano, 10 log(l — x) =~ — x,
Ho3ToMy H3 (3.2) BhiTekaer

1+2+...5+(r——1) _rec=n (3.4)

log p~ — 36 730

[lpu r =30 s1a Qopmyna naer aas p 3navenue 0,3037, B TO BpeMms Kak
TouHoe 3HaueHue pasio p=0,294. [Ipu r <40 abcomorHas omubka
dbopmyasl (3.4) menbwe, vem 0,08. [[Ipomomxenue cm. 8 § 7. Cm.
Takke orBeT K 3anave (10.44).]

§ 4. Coeannenusn

Kak u paubiie, Mb OyieM MOJAL30BaTbCs TEPMHHOM COBOKYIHOCTS
o6beMa 2 Aas 0003HAYEHHS MHOXKECTBA U3 A IJCMEHTOB (Ge30THOCHTE/LHO
K WX NOpaiKy. [lBe COBOKYMHOCTH CUMTAIOTCS PA3JIHUHBIMH, €CJH B OJHON
M3 HHX CONEPXKUTCH 3JeMeHT, He cojepxaliufica B ApyroH. BuiGupas r
9/JEMEHTOB M3 3aJaHHOH COBOKYNHOCTH o0O0beMa n, Mbl 06padyeM HOBYIO
COBOKYNHOCTb (u/iu BHGOPKY) o6bema r. CKOMbKMMH COCOGaMU MOMKHO
3T0 clAenaTb? DIeMeHTH KawIOH U3 TaKHX BHIGOPOK MOryr GuiTh ynops-
noueHsi r! crnocobamu, 4TO TNPHBOAAT K r! pasauuHbiM BoiGopkaMm Ge3
nosropenua. O6parHo, kaxnaas u3 BHOOpOK o0bema r 6e3 MOBTOpPEHHUS
CONEPXKUT 7 PA3JUYHBIX JEMEHTOB M T03TOMY OIpefesseT HOBYIO COBO-
KYNHOCTb. MBI 3HaeM, uTO cyluecTByeT (), BHIOOPOK YKa3aHHOrO THIMA.
Ecnu x — yucio COBOKYNHOCTel 00beMa r, KOTOpHE MOXHO 00pa3oBaTh
U3 7 JEMEHTOB, TO, OYEBHIHO, YHCJIO YNODPAAOYEHHHIX BHOOPOK 06beMa r
paBio xr! Orciona cJiaenyer, 9TO x:-(—nr)—!’—. DT 4YdcIa HA3bIBAIOTCA

OuHOMHMAALHBIMU KO3 uuHeHTaMu. Hx npuHaTto 0003Hauath

(n):(n),=n(n—1)...(n-—r+l). (4.1)

r rl 1.2...r
WMrak, nokasana

1) 3Hak =~ 03HayaeT, YTO PABEHCTBO TOJBKO NpPHOGJHIKEHHOE.
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Teopema 1. H3 cosoxynnocmu n s.4emenmos MOMHO 06pG-
3o08amp (") pas3auHox 8el60poK obsema r < n.
r
IIpyruMu cJ0BaM¥, U3 £ 3JEMEHTOB MOXHO BHLEGNUTb TpPYORYy B 7

n
3J1eMEHTOB (r) pasanuHbIMH crocobamu. Buibop r saeMeHTOB u3 3anaH-

HOM COBOKYMHOCTII 00beMa 7 3KBHBaJeHTeH BLiBOpY n -7 OCTABILHXCY
5.1eMedToB. [103TOMY fcHO, 4TO npH JO0OM r < n

=)

Haa Toro 4rofnl NMOJYYUTL NpAMOE A0Ka3aTeAbCcTBO dopmyant (4.2), BoC-
noJabayemca HOBOH ¢(OpMO# 3amucn CHHOMHAABHHX KO3pduLueHTos (4.1):

(’Z)I—JL. (4.3)

r) ri(n—r)

[K 3TOMY BHID@XEHHI0 HETPYAHO HDHATH, YMHOMKAs YHCIHTedb W 3uaMe-
nareas B (4.1) na (n—nr)l.) Tlpu 0 <r <n opmyna (4.2) asasercs

n
TPUBHAJLHLIM clelctsueM ¢dopMyast (4.3). 3ameTum, uTo (0) He oIpe-

n
nel1eno, B TO BpeMa Kak (ﬂ):l. Has Toro uroOn ypaBheuue (4.2)

uMe.10 Mecto npu Jmebom ueaom 0.<{r <(n, chenyer moJOKHTHL

((’)’): I, Ol=1 (4.4)

(n),=1.

ITpumepn. a) bpudsc u noxep (cM. npumeuanue Ha cTp. 18). Tak kak
NOPSLOK KapT Ha pYyKax HecylWecTBeH, TO MO TNOCAedHed Teo-
peMe MepBLi UIPOK MOXKeT NOAYYMTH KapThl Aas Urpsl B Gpuax

(‘g): 635013 559 600 pasnuunbiMu criocobamu, a LA UFPH B MOKep —
(552):2 598 960 pasauuubiM¥  c10CO6aMU.  BBIYHCINM  BEpOSTHOCTL X

TOFO, YTO IIPY Urpe B MOKep MNepBHi WrpOK MOJYYHT KapTel NATH pas-
JMYHBIX 8HAYeHuH. ITH 3HAYEHHS MOKHO BHOpATH (153) cocobamu.
Kpome Toro, mul csofodnn B BhOOpe mI0GOH U3 YeThipeX Macrel aas
Kax 1ok kapth. TTosTOMY X ===4° . (?) : (552) » viu npubausureasto 0,5071,

CooTBeTCTByIOIIAS BEPOITHOCTD B OpHAXe PaBHA 413:(

autespHo 0,0001057.
6) 8 CLUA xawawii u3 48 wraToB npencraBleH ABYMS CEHATOPAMH.
Mbl nccienyem coObITHA, COCTOSAIME B TOM, UTO B HEKOTOPOM KOMHTeTe

13) » WM nmpubau-
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u3 48 cenartopor, BHOpaHHbIX cayyaiiro, (1) nmpelcrtasieH naHHBLIR wiTaT,
(2) mpencraB/eHbl BCe IITATHL

B nepBom cayyae yaoOHee BBLIUMCAHTb BEPOATHOCTh ¢ AOMO.HUTE.Ib=

HOro ccObITUS, & UMEHHO 4TO NaHHBI IUTAT He MpeicTaBied B KOMH-

rete. Vimeerca 96 cenaropos, u3 Hux 94 — He u3 AaHHOro wrara. 3HAYMT,

o4 _(96 4847

9=(4s)l4s) = 55795

Iasee TeopeMa § 2 nNOKa3eiBaeT, YTO KOMHTET, BKJIOYANUIMH HO

OJAHOMY CeHaTOpy OT KaXAOro ITata, Mower OblTb cocraBaed 2-8 pas-
JAuubbiME criocoGaMu.  C/IeloBaTebHO, BEPOATHOCTL TOMO, uTO B KOMH-

==0,24737 ....

951
tere GyAYT NpPEACTAaBJIEHB BCe LITATH, PaBHA p———248:(48]. Hcnonsays

¢opuyay Crupaunra (cM. § 9), MOXHO MOKasaTb, 4TO px(Sr)”ZQ_Mx

~4..0107H

B) 3adaua 0 pazmewenuu. PaccMoTpum eule pas cayualtHoe pac-
npenejeHue 7 IAPOB MO 7 AIMKAM (3TO 0O8HAYAET, 1DYTHMH CJIOBAMH,
YTO Kax/loe H3 n’ BO3MONHBIX pasMEelleHHH HMeeT B2pOATHOCTL 77 7).
YroBel HalTH BepOATHOCTb P, TOLO, YTO 3adAHHBIR SIUHK COLEPKUT
posHo k& wapos (k==0,1,2, ..., r), 3aMeruMm, uT0o k Wapos cpead r

P
MOMHO BbIOpATH (k) pasaudnbiMu  cnocobami.  Ocrasutiwect (r — &)

~k
IIAPOB MOXHO pasMectdTb Mo (17— 1) smuxam (n— 1) criocoBami.

Orcicaa cielyer, 4To
/ \ \r—k
pk:(r)L(n__l)r—k:(")(l ___,L) —l’; (4.5)
k] n” V2N n/ n
D10 uacTHLIK cilydyall Tak HasblBaeMoro OGUHOMHUAJALMOTO pacrpelesenis,
Kotopoe Oyner noApobHO uccienoBaHo B ri. VI Yicaennoe sHauenue
MOXHO Haftty B Taba. 3 ra, IV.

r) locuedosameasnocmu ¢ 08ymsn munaru .zesenmos. Pac-
cMOTpUM Habop U3 n=a-+0 37eMeHTOB, H3 KOTOPLIX & 3/EMEHTOB
ONHOro THLA M O 3JaeMeHTOB — apyroro. [ag yio0ctBa 0603HAUMM STH
/MEMEHTHl YePe3 0y, Uy, ..., Oy Bps +».» Jp LlOTHEH HAGODP U3 1 3ie-
MEHTOB MOXHO yNOpPAAOuMTH 7! pasauunbiMu criocobamu. OJHAKO ecid
MBIl YCJOBMUMCA CUMTaThb 3JEMEHTHl KaXIOro THMA Hepa3AHuMMBIMH (T. €.
npeHeOperaTth WHAEKCAMM), TO HEKOTOpble MOCJAeAOBATE/bHOCTH CTAHYT
Hepa3iuuuMbiMKH. HeTpynHo 3aMeTuTh, uTO Tenepb MOC/JACAOBATENbHOCTD
NOJHOCTBIO OlNlpefesserTcst BHOOPOM @ MeCT, Ha KOTOPHIX DPacroJaramnTcs

‘atb a+b
3JIeMEHTH THNA &, M 3TOT BEIOOD MoxeT OulTh Clle/aH ( N ):( b )
pasmuunbiMi cnocobamu. Takum oOpasoMm, u3 Halopa a HepasAHUUMBIX
3JeMEeHTOB THIMA & H & HEepa3HUMMBIX 3/EMEHTOB THTA 8 MOXKHO COCTABHTDL

(a j’_ b) == (a _2_ b) pasaHYHbIX MocaenoBatensHocrelt. (Hanpumep, uabop
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aaaBf Moxmer ObTh ynopamouen 10 pasaudHbiMM cnocoGamu.) JloGas
NepecTaAHOBKA 2JEMEHTOB THNA o (Mau ) NMPUBOIMT K TOH e TNOCAELO-
BaTeJsHOCTH, Tak 4TO a! bl nocmenoBare bHOCTEH Hepassuyumbl. OTCI014
BHITEKAET, YTO eCaM MBl npunuuem kawaoH u3 (a-+ b)! nepecraHosok
ONHY M Ty Ke BeposTHOCTb 1/(a -+ b)!, To Bce pasauuuMble pacnonoxe-
HUS PAaBHOBEPOSATHBl, 4 HMMEHHO KaxJA0e H3 HUX HMeeT BepPOSITHOCTb
al bl
eI
TO 3TOT TepMMH NPUMEHHM KaK K pas3JHYHbBIM pAacCHOJNOMEHUSIM, TaK H K
MHOXEeCTBY BCEX NepecTaHOBOK. (PaccMOTpeHHas CUTyalus 3aMeTHO OTJH-
yaeTcsl OT CJy4as pas3MelleHHs WIapoB MO fAlUKaM; cM. § 5.)

HTak, ecan MBI FOBOPUM O PABHOBEPOSTHLHIX PACHO/OKEHHAX,

Teopema 2. Ilycmos ry, ry ..., rp,— lyervle Heompuyamess-
Hble wucaq, npuven
rn+r+...4+r,=n r;>0. (4.6)

To20a 4ucao cnoco6os8, nocpeGcmeom KOMOPLLX 1 I8 MEHMO8 MO2YM
Ooimb paszdesens. Ha kR zpynn, U3 KOMOpuX nepsas coOepxicum r,
INEMERMOB, BMOPAR Ty SAeMEHMOS U M. 0., PABHO
o 4.7
rilryt o r,!
{Uncna (4.7) Ha3biBalOTCH MOJMHOMUANbHBIMU KO3GD(UIHEHTAMH. ]
[3amertuM, uTO NMOPALOK TPYNN CYIIECTBEH B TOM CMBLICJAE, YTO pas-
Guennn (r,=2, ry==3) u (r,==3, ry==2) CYATAIOTCA Pa3JIHYHBIMY;
OIHAKO MOpPsLOK 3JeMeHTOB BHYTPM TIDYNNbl He YYUTHIBAeTCs. 3aMeTuM
TaKkke, 4To ¢opmysa O!l=1 nossonseT usbexarb OCIOKHEHUH, CBA3AH-
HBIX C TeM, Y4TO HEKOTOpHEe r; PaBHB HYJIO.]
HDoxasateabctBo. [Ipumenss HeckoabkO pas ¢opmyay (4.3).
HeTPYIHO npuBeCcTH Bhlpaxcenue (4.7) K BuLy

GCeTe T (T ) @

C Ipyrof CTOpOHH, pa3liefeHHe MOXHO TNPOUBBOAHTL  CJIEAYIOLIHM
o6pa3oM: cHauana BhiGepeM NepBYIO FpYyNNy, COCTOALLYH U3 1, 3Je-
MEHTOB; Cpeld OCTABIUMXCHA N -—r; 3/EMEHTOB BhGepeM BTOPYIO TpymIy
obbema ry u T. 4. Ilocne obpasoBanusi (k—1)-# rpynnb ocraerca
n—Tr=—Try— ... —F,_y==F, D3JEMEHTOB, KOTOpHe 4 O0GpasywT
NCCAeRHIO Tpynny. Mbl 3akjaiouaeM OTCIOAZ, YTO 4YUCJAC BO3MOXHBIX
cnocoGoB pasieneHus Ha Tpynnsl onpeptessercs dgopumyaoit (4.8). Teo-
pema J10Kasaua.

[Mpumepn. 1) Ilpu wurpe B Opuik Mexay YeTHPbMS HIPOKaMu
pacnpenensior # == 52 kapt no 13 kapr kaxaoMy (r,==ry=rzy=r,=13).
CllenoBarenbHO, H4UCAO0 BO3MONCHBX NOAONCERUE HAQ KAPMOUHOM
cmoae pasuo

1 o
(15;')4 — (5,3645 ...) - 10%, (4.9)
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Halinem BeposirHocTs, TOrO, UT0 KawAbl HIPOK TOJYYMT NO OAHOMY

Ty3y. Herbipe Tvada Morvt OBTb pacrnpeile/eHbl B 3TOM CJIyude MexI1y
urpokamn 4! =24 pasanunpiMu crmocobamu. Octasumecad 48 kapt MOryT
ObITb pacHpeeJeHb (48!)(12!)"4 cnocofamu. Ciel10BaTe1bHO, HCKOMad
BEpOATHOCTb paBHa

48!13*

24 - 521

=0,105....

e) Oxnnospemennoe Opocanne 12 urpajbHbIX KoOCref Mowmer umerbh 612
pa3JauuHbIX HCX0M0B. Bcem MM Mbl NPHIUCHBaeM OJHHAKOBYIO BEpOST-
nocte. CoObiTHe, cocrofitiee B TOM, UTO Kaxaoe u3 3Hadenu#t 1,2, ..., 6
BbINAseT ABANIBL, MOXKET ObITb OCYLIECTBACHO YHCJIOM CIOCOOOB, pPaBHBIM
yuc.ay cnocobos  pasiesenus 12 xocret Ha 6 rpynn nmo 2 kocTH
8 kaxjaod. CuerosarTesbHO, BePOATHOCTb  9TOT0  COOLTHA  paBHA
121/(28 . 612) == 0,003438 . ..

(B reopeMe 2 a0myckagaoch, YTO r; MOryT OBbITh PaBHBI HYJIO, 14K UTO
Ha CaMoOM Je/e f 3/EMEHTOB pasie sioTcd Ha R unn Menee rpynn. Cay-
uah r; > 0 wau pasfeqeHde pOBHO HAa R TPYNN paccMaTpuBaeTcs B 3a-
nave 11.7.)

§ 5%). llpuaowenne K 3agayam o pasMmeuLeHuu

IMpumepsl § 2 ra. | cBuaeTeabCTBYIOT O TOM, UTO MOZe b caydafi-
HOFO pasMelieHHs 7 1HAPOB N0 7 Adelkam MoOweT OHITh [pHMEHeHa
K aHaqusy caMbiX pasHooOpasubix sBaeHuit. Ilepefiaem Temepn k pac-
CMOTPEHHIO 3TOH MOAeaH, NpPeano/aras, KOHEUHO, 4TO Kamaoe H3 n'
BO3MOMHBIX pasMelleHult uMeeT BeposTHOCTL 1277, CaMolt BaXHOH xapakre-

PUCTUKOH OTAE/AbHOrO pasMelleHds CIyKuT Habop uucen ry, ry, ..., rps
rle r; eCTb YHCJO WIApOB B [-H suelike. B sTom cayuae, ouesuio,
rtryt oo Fr,=r, r;>0. CRY

YcnoBuMca CuMTaTh Iaphl  HepasauuuMbIMU. BpeneHHBIft TOABKO uTO
Habop uuces r; Tenepb IIOJHOCTHLIO ONpelesieT pa3MelleHHe, U [Ba pPas-
MelleHus Ppas’auuiMbl TOTAA W TOJALKO TOr4a, KOrja COOTBETCTBVIOLIME
ynopsizoyeHHeie Habopul uucen (ry, ..., r,) He coBHalawoT. B nepsyio
ouepeab OyleT AOKa3aHa

Jlemma. Yucao pazaunumsx pazmewenull uapos [m. e. wucao
pa3auunox pewenut ypasuenus (5.1)] onpedersemcs gopmyroil)

n—+r—1 n4r—1
Ar,n=< r >:< n——-l >. (5.2)

*) PesyabTatht 3TOr0 maparpadga MOAe3HBl U MOYYUTEAbHB, HO B jlaibHeH-
IleM HENOCPEICTBEHHO HCIIOAb30BaThCs He Gy.1yT.
') Yactnblit cayuait r =100, n =4 paccmatpupaics B npuMepe 2, 4 L L
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r—1

H3 nux <n 1> o6aadaiom mem CBOUCMBOM, 4mMo Hu O00UH U3

AWUKOS He nych.

JNokasaaTenbCcTBO. DyleM MpeiACTaBAATh ALUMKH KaK TPOMENYTKIE
mexay n— 1 yepTOdYkamu, a wapbl ycaAoBrMca 0003HAa4aTh 3BE3/0YKAMH.
Tak, cuMBOM |# ##|=||||* %+ %| o3Hauaer, yto r =8 Iapos pas-
MelleHbl Mo 7=06 flUKKaM, NpHYEM 3TH AUINKU COZepKaT MOCAeRoBa-
reapno 3,1, 0,0, 0, 4 wapos. Takue CHMBOJALI Bcerga HAYWHAIOTCA H
KOHYAIOTCAd YePTOYKAMH, HO OCTaBlliecs N -— 1 4epPTOUKY M r 3BE3XOUEK
MOXHO pa3MeCTUTb B IPOU3BOJbHOM mnopaike. OTciola BHTEKaeT, YTO
YUCJI0 PAa3AUYUMBIX PA3MeIleHU# PABHO uMCAY crmocofop BHOOpa 7 MecT
cpeau n-+r—1 MecT. Yc/aoBUE OTCYTCTBUA MYCTHIX AULHKOB NMPUBOAUT
K ClelyIOlleMy OFpPaHUYEHHIO: KaxAas yepTOYKa 10JkHA ObITh 3aKJ/I0ueHa
Mew1y IBYyMs 3Be3fOukamu. Bcero wumeercs r — 1 NpoMexyTKOB Mexay
3Be310YKaMH, U B /MoGbe n— 1 U3 HUX MONKHO TOMECTUTh 4YePTOYKH.

/r——I

ITO MOXHO CHesath \ 1> cnocofamu. JleMMma ILokasaHa.
”L_—.
[TpuMepr. a) Yucao pasanuuMelX HCXOLOB NpPH ONLHOBPEMEHHOM

r—+5
6pocaHuM 7 OJMHAKOBBIX MIPANbLHBIX KOCTeH paBHO< 5 >

6) Yacmusle npouzsodnsie. YactHbie npousBOAHbIE MOPSAKA 7 OT
aHanuTH4ecKof dyHkumu f (X, X, ..., X,) HE 3aBUCAT OT MNOpPsAKaA
IrddepeHUMpPOBAHAA, 4 3aBUCAT JMllb OT TOro, CKOAbKG Pas Mbl AH(-
depeHUUPYEM HO KaXAOMY fepeMeHHOMY. Kaxioe mnepeMeHHOe urpaer
pPOJb SIIHKA, M IIO3TOMY YMC/IO PAa3JIMYHBIX YACTHBIX TPOU3BOAHBIX IO-

n+r—1
paixa r pasﬂo( ; > dyukuys Tpex INepeMeHHbIx uMeer 15

MPOU3BOJHBIX YETBEPTOrO MOpsika U 21 NpoOU3BOAHYW NATOrO NOpPAIKA.

PasMmeillenve r mapoB Mo 7 ALIHKAM €CTb OAMH U3 CNOCobOB pas-
OueHUs reHepa/bHOH COBOKYNMHOCTH, cOCTOswedl #3 r mwapoB, Ha YacTH.
ITo teopeme 2 § 4 uucjao pasMeuleHiufl, APU KOTOPHIX AIUKH COAEpPKAT

ri
P R R B sTot
ryitgl ... rp!

dopmyie ellle BaXeH NOPALOK YUCA Iy, Tgy «. ., I', HJIN NOPSAOK SALIHKOB,
HO YacTO 3TOT MOPSANOK HecywectseH. ClelyoOWnA NpuMep npuseied Ls
TOro, 4TOOB NPOUJIIOCTPHPOBATL NMPOCTOH M CTAHAADTHEIH MeTOn, NpH-
MEHMMBIH K pelleHHI0 LeJOro psiia 3/MeMeHTapHHX KOMOHHATOPHBIX 3anad.

MMpumep. B) Pacnpedesenue r=7 wapos no n==7 AWUKAM
(O]l AMKAMH 3A€Ch MOXHO IIOHUMATb JHHM HeleJH, a IIapbl HHTepnpe-
TUPOBATh Kak TejedoHHbIE 3BOHKH, MUCbMA, aBTOMOOU/bHBIE KATaCTPOdbl
u 1. 4.). dag Gonblueir onpene/eHHOCTH PaccMOTPUM uacCTHRIH cayuaft,
Koraa suwukd colepxkat 2, 2, 1, 1, 1, 0, O wapos, ppuieM nopsniox
ITHX 4dced poaud He urpaet. OTHPABIAACH OT 3a0AHHOH CeMepkH duced,

NTOCNeNOBATENbHO 1y, Iy, ..., I, HIADOB, PABHO
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MOXHO pasbuTe rpynny W3 7 SILMUKOB HAa TPH MNOATPYNMB CAEAYIOUIUM
o6pasom. IlepBasi MOArpynma COCTOHT H3 ABYX SIUMKOB, COAEPHKALIUX
no IBa [1apa, BTOpas-— M3 TPeX SIMKOB, COIEPKALUMX HO OILHOMY
Wapy, W, HAKOHeu, NOCHelHss 06pasoBaHa NBYMS MYCTHIMH SLUMKAMH.

7!
Taxoe pasbueHue Ha TPH HOATPYHIBl MOXHO OCYLIECTBHUTD 33757 CNo-
T
cobamu. Kaxaomy TakoMmy pasOHEHHIO COOTBETCTBYET STSTITITTTON0! = 5101
Pa3/JHUHBIX pasMeweHn#t 7 mapoB no 7 siwgukaMm. [Tosromy noanoe 4ncio

pasmewlennft (Oe3 yuera nopsmka uucea 2, 2, 1, 1, 1, 0, 0) pasno

7! 71
213tor " Toror” (5.3)

3ameTuM, uTO 3TOT pe3yabTaT Obl IOAYYEH JBOHHBIM HpPUMEHEHHEM
dopmyabt (4.7), a MMEHHO CcHayana K SUMKaM, 3aTeM K wapam. ToT ke
pesyabTar MOXKHO Oblio OH NOJYYHTb W APYrUMH Ccrioco0aMu, HO Ha-
crosiuuit cnoco6 sBasercds CTAHAAPTHHIM M MOXeT OBITb C YCIIEXOM
NpUMEHEeH K pelleHui0 Leaoro psna pasHooOpasHbX KOMOMHATODHBIX
3aga4 (cM. .sanaun 43—45 § 10). B raba. 1 npusedeHn pe3yabTaThl,
anajoruyHeie (5.3), U BepOATHOCTH BO3MOMXHBIX pasMeilleHHit HepasJu-
UYUMBIX IAPOB AJA caydas n=r=71.

Tabauya 1

CayuaiiHoe pasmeineHue 7 mapoB Mo 7 sIMiHKAM

Yucao mapos Yueao pasmerneHui BeposrnoeTs (uncao pas-

B SILIMKAX paBHO 7 !X 7!, neleHHOMY Ha| MeLICHHH, ReJeHHOe Ha 77)
,1,1, 1,1, 1,1 71 1 0,006120
2,,1L, 1,110 512! 0,128518
2,2,1,11,00 20312121 2 0,321295
2,221,000 3131212121 0,107098
31,1 1,100 4121 3! 0,107098
3,211,000 21313t 2 0214197
3,2 20000 21 41 31 21 21 0,026775
3,310,000 2141 31 3! 0,017850
41,1,1,0,0,0 31 31X 4! 0,035699
4,2,1,0,0,0,0 41541 2! 0,026775
4,3,0,0,0,0,0 51 4131 0,001785
5110000 21 41 5! 0,005355
5200000 51X 5121 0,001071
6,100,000 5! 6! 0,000357
7,0,0,0 0,00 617 0,000008
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3amevanne O CTaTHCTHKAX bose — JitHmTtefina u Pepmu — Jupaxa.
Jlo cux nop Mbl TpPEANOJarainu, 4T0 Kawaoe H3 n” BO3MOXHBIX pa3zMelieHuit
vMeeT BepOosiTHOCTb n”". VIHTepecHo, 4TO B psiae CiayyaeB SKCIEpUMEHTabHEIE
IaHHBIE 3aCTABJISIOT (PHIHKOB OTKA3aThCs OT 9TOH CHINOTE3B! H 3a]aBaTh Ha-
1aJAbHBIE BEDPOSTHOCTH MO-1PYrOMY.

Paccyorpum MexXaHHUeCKYIo CHCTeMY, COCTOSUIYIO M3 £ HEPA3THUMMBIX YacTHIL
B cratucriuteckoit Mexanuke oObHUYHO NoApasfensiot (a3oBOE HPOCTPAHCTBO Ha
OONBUIOE YHCAO £ MaJeHbKHX ofnactefl MiAM sdeeK, Tak 4YTO Ka)ias M3 4acTHL
nolajgaet B 0IHY H3 aueek. Takum 00pa3oM, cocTosiHHe BCEH CHCTEMBI ONUCHI-
BaclCs KaK paclipelenense r 4acTuil Mo # sueikaM. C MepBOro B3rasiia KaKercs,
yro (no xpaiiHed Mepe mpHu moaxonadmeM BuiGope gueek) Bce 7’ paclpeneeHui
GyayT uMeThb paBHblie BepoOATHOCTH. Ecau sT0 BepHO, TO GH3UKM TOBOPAT
o craticruke MakcBeasa — BoabuMana (TEPMHH «CTATHCTHKA» HCIOAb30OBaH
anech B cMbicae, cneunduueckom aas ¢usnku). Ilonbitku nokasarth, uto ¢usu-
YeCKHe 4YacTHUB NOJYMHAKTCA craTHcTHKe Makcseana — Boabnmana, 6nlau
BECbMa MHOTOUMC/ACHHBI, HO COBPEMEHHAas TeopHs ¢ YBEPEHHOCTHIO YTBEPKIAeT,
410 3ma (MAmMUCMUKA HeNPUMEHUMA HU K KAKUM U38eCMHbLM HaACMUyQM,
HA B OIHOM clyuae Bce n” pacnpeieJeHdHH He OKa3blBAIOTCHA AaXe MpUGIH3H-
TEJbHO PaBHOBEPOATHBIMH. [1osTOMY OBIIM CO3/3HB NIBe IPYrHe BEPOSATHOCTHBIE
MOJ{EJdH, Kax1as #3 KOTOpPHIX YAOBJAETBOPDHTEAbHO OMHCHIBAET MOBEIEHHE HEKO-
toporo kjaacca uactuu. Onpasjpanue 3THX Moledell OCHOBAHO Ha YCHEIIHOCTH
ux npuMenedus. HH OfHa M3 HUX He MOXET HPETEHAOBATb Ha YHHBEPCANLHOCTD,
¥ BO3MOXKHO, 4TO KOTAa-HMOYAb OyzeT BBEl1E€Ha TPEThH MOZeAb s APYrux
BHIOB YaCTHLL

BenoMauM, 4TO MBL UMEEM JeR0 C HepasAuduMsimu dacruiiamu, Bcero
y Hac r wactuy u 1 aueek. B cmamucmuxe Bo3ze — Jinumeling paccmampu-
8AIONCST MOABKO PAZAULUMBE PACHPEOCACHUS, & KAHCOOMY U3 HUX RPUNUCH-

8aPMCS 80 POSIMHOCMD
ntp—1,"1
( + ) . (5.4)

r

B crarucTtiiueckofi MeXaHUKe MOKAa3bIBAETCH, UTO 3TO MPeANONOKeHHe BepHO 144
($OTOHOB, ATOMHLIX fIEP U aTOMOB, COACPKAUIMX UYETHOE YHCJAO 3JMEMEHTapHBIX
yactun '). Jlag onucaHuA JPYTHMX 4YacTHI, HEOOXOIHM TpeTHH crnocob BBexeHUs
BeposTHocTeit. Tlog cmamucmuxoii Pepmu — Jupaxa Mpl NOHUMAEM CTaTHCTHKY,
OCHOBAHHYIO HAa CJEIYIOHUX Trunotesax: 1) 8 odwod sueldlke He mozym Haxo-
Jumpcst 08e uau OoAbvwe wacmuy W 2) 8ce pasiudumvie padmeujenus, y0o-
8RCMBOPSL OUUE NEPEOMY YCA08LI0, UMeOm pasHue seposmHocmu. [leppas
runotesa tpebyer, B 4YaCTHOCTH, UYTOOM Obao r < 7. Pa3meuieHde NOAHOCTHIO
ONHCHIBACTCS YKa3aHWEM, B KaKUX M3 71 A4eeK CO1epKarcs YacTHUB, H TaK Kak

. n
YacTHI V Hac 7, TO 3TH suelKH MOryT GbiTh BHIGpaHbl ( ) cnoco6amu. Cuaeno-
r

n
BATEJAbHO, 8 cAyuae cmamucmuxku (DepMu—ﬂupmca 8ce20 uMmeemcs ( ) 803~
r

N

-1
MONCHOLX  pasMeujenuli, rxaxcdoe u3 KOmopolX umeem sepo;zmuocmb( > .
r

dr1a Moleab INpHMEHHMAa K 3JeKTPOHAaM, HPOTOHAM M HeHTpoHaM. Mmbl uMeeMm
37eCh MOYYHTEJbHBbIH NPHMEP HEBO3MOXKHOCTH BbIOOpPAa YIOBAETBODHTEIbHOMH
BEPOATHOCTHOH MoIean ©6e3 MNOMOUIM 3KCIEepHMeHTa. [eHCTBHTENbHO, HHKAKoe
a6CcTpakTHOE pacCyXAEHHE He MOXET OO'BACHHTH, OueMy POTOHBI H 3JEKTPOHBI HE

'y Cp. H. Margenau, G. M. Murphy, The mathematics of physics
and chemistry, New York, 1943, chapter 12,
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MOAYHHAIOTCA OJHOMY M TOMY XK€ BEPOATHOCTHOMY 3akoHy. (CyliecTBeHHble
pasauyua Mexiay craTuctHkaMi Maxceeana — BoapuMana u Bose — ditnmreiina
obcyxaaloTca B 3azavax 14— 19 § 11.)

WUrak, sepossmuocms mozo, ymo s4eliny ¢ HoMeparmu 1,2, ..., n codepacam
Ty, Foy .u.y Fp HACMIL COOMBEIMCMBEHHO, PABHAQ
r!
n-t (5.5)

ritryloolrpl

8 cayuae cmamucmurxy Maxcseara —borsymana; ona onpedeastemcst gho puyaoi
=

. n
(5.4) 8 cayuae emamucmurn bo3e — IHumelina u pasna ( ) 8 caywae cma-
r

mucmuicy Pepru— HAupaxa, ecau mo.sKo 8ce rj pasHsl ual HYAO uAd e0u-
Huye. 3aMeTuM UYTO TEPMHH «CTatMcTHKa MakcBeana — BoabuMana», ApHHATHIH
B (hU3HKE, O3HAUAET MPOCTO CAYHaHHOE pasMelleHHe YaCTHI Mo AdefikaM.

Mpumepsn. a) Ilyets n=>5, r=23. Pacnpeneneune (|—|=]*|~—)
HMEeT BEPOATHOCTH e, ?15- # g TPH HCHOABIOBANHUH COOTBETCTBEHHO CTaTH-
ctuk Makcseana — boabumana, Bose — Jitnmtelina u Pepmu — Hupaka. Cwm.
takxe npumep (6.6) ra. L

6) Onewamxu. B xHure copepxurcs n CUMBOJNOB (6YKB), H3 KOTODBIX 7 He-
BepHbl. Pacnpejenenne oneyaTok COOTBETCTBYeT pPasMELIEHHIO 7 IIApOB 110 7
AI0MKaM, TIpHYEM HH OfUH SIUHK HE MOXKeT cojepxaTh Gojee OZHOTO Iapa.
EcTecTBEHHO TO3TOMY NPEANIONOKHTH, UTO AJs ONEHaTOK NpHOJIMMEHHO RMeet
mecto cratuctuka Pepmu — upaka. (Cum. 3anauy 10.38.)

5a. Cepuu. ByneM HasviBaTh Cepuels xawAylo MAKCHMaAbHYIO NOINOCJEIOBa-
TEJAbHOCTH JEMEHTOB OHHAKOBOTO THMA B OGO YIIOPSI0UeHHOH MOCAe0BaTE b~
HOCTH 31eMEHTOB 1BYX Tunos. Hanpumep, nocaeposarensuocts AAABAABBBA
oTkpbiBaetcs A-cepuell jaunbl 3; 3a HeH caeayloT cepuu aaud 1, 2, 3,1 coo1-
BeTCTBEHHO. A-cepumn u B-cepHu Bceraa uepeayworcs, Tak 410 obulee uuced
cepuil paBHO EIMHHLE TILIOC UHCIO IIEPeMeH THIAa 3JIEMEHTOB B RaHHOH mnocJe-
JIOBaTENLHOCTH.

ITpumepot npusenenuii. Teopusa cepuil NPUMEHAETCd B CTATHCTHKE MHOTMMH
cnocobamy, HO e€e¢ TJaBHble NPUMEHEHMs CBA3aHBl € KPHTEPUSAMH CJydalHOCTH
WAM € KPHTEPHSIMH OIHOPOIHOCTH.

a) Ilpu npoBepke cayya#HOCTH 3ajaua COCTOHT B TOM, YTOOLl PEIIMTB,
ABJAETCA AU NaHHOe HabjJeHue CJAYYaHHBIM HJAM CJELYeT HCKaTh ONpejeJeH-
Hble MpuuHHbL. PaceMoTpum mpoctoit npuMep. [ycrh HaGaoxenune ') pano caexyio-
mee pacnpefeneHue nycreix (/1) u sanarnix (3) mect B pecropane: /131111317
MN3Nrr3r31. 3ametuM, 4TO HH OJHAa TMapa CMEXHBIX MeCT He OKasaaach
sauaroii. CayuafiHo Ju 310? VM3 nmaTm 3aHATBIX M ONMHHAAUATH NYCTHIX MecT
MOXHO o6pasosarb He Gonee yem 11 cepufl; 310 wyucao cepu#t u 6LIAC HAaGJ0-
meno. TloznaHee OyleT MoKa3aHO, YTO €CJAH BCE pa3MeIlleHHs PABHOBEPOATHBI,
TO BeposTHOCTH Hainums 11 cepuit pasra 0,0578 .... Majocth a10#t BeposiTHO-
CTH MOATBEPKAACT IO HEKOTOPOH CTENEeHHU MONO3PEHHE, WTO TAKOE pacmpejele-
HHME B3aHATHIX MECT HEe CJyyaiiHo. IJTO INOJ03PEHHE HE MOXeT OblThb, OJHAKO,
JIOKa3aHO CTATUCTHUECKHMH METONaMM, H IyTeM pAajbHelmero HabmoneHus
IOJKHB GRITh cOOpaHbl 106aBouHble cBeleHust. Ecau pectopan wacTo mocemaercs
UeJbiMUA CeMbSIMH, TO OOHApDYXHTCA TEHAEHIHUS 3aHMMaTh COCEAHHE Mecta, a

" F.S. Swed and C. Eisenhart, Tables for testing randomness of
grouping in a sequence of alternatives, Ann. of Math. Statistics, 14 (1943),
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5TO moBjekdet 3a coBoft OTHOCHTEALHYI MalNoCTh uHCAA CEpHi. AHANOrUYHO
paccMoTpeHIle uucia cepiil, o0pa3yeMblX MaJdbTHKAMM W 1CBOYKAMH, CHIAINIHMU
B KJaccHoil KOMHaTe, MOXeT OOHapyXuTbL NepeMcuinpanue, Godbliee HIH MeHb-
mee cayyafinoro. Henpapaono:o6uble pacloJOXeHHUs AT KUY K NOHHMaHHIO
BHI3BIBAIOIIHX WX [DHUMH, u30u/MOK Cepuli yKaswlgaem HG CUAbHOC nepeme-
uiusanue, HeGOCMAMOK — HA CUABHYIO 2pynnuposky. KOHEYHO, TaKHe 3aKJIo-
YeHuss He MOTYT ObiTh coBepiueHHO 6e30mubouHbIMU. Jaxe NMpH noaHol chaydai-
FOCTH MOTYT BO3HUKHYTb HENPAaBAONONOOHBIE CHTyauuu, W HcCAeloBaTedb Gyaer
FCKaTh NMPUYMHB Takux cuTyauud. OAHAKO 910 NPOUCXOAUT DEAKO, H Ha
npaKTHKe NDH MNOAXOAAleM BHIOOPE KPHTEPHUS R/ NPOBEPKHU CAY4aHHOCTH MBI
6yaem owmubaThcd TONbKO, HampuMmep, oauH pas u3 100, 3aro 99 pas uz 100
6yneM HaxOAHMTb COOTBETCTBYKIIHE NPHUHHHL

[TpuMepoOM CTATHCTHYECKHX INPUJIOKEHM TEOPUH CepHi MOXET CJYKHTb
ACBOJAb3OBAHKE 3TOH TEOpUM AAS KOHTPOAR KauecTBa NMPOMbLIAEHHON NpOAYK-
uuH. KM3roToBlieHHBlE MIAHOBI MOTYT HECKOJBKO MEHATHCH (10 CBOE TOJuUlMHE.
JlAHHHBlE CEpHM TOACTHIX 1IAHO yKa3bIBAIOT HA BO3MOXHBIE HEMOAALKH B XOie
NPOHM3BOJACTBEHHOTO Tponecca W HeoOX01HMOCTh YCTPAHEHHsS IPUYHH 3TUX He-
fIORAI0K; TaknM 00pa30M, Npeiyrnpex;iaeTcs BO3HUKHOBEHHE AaBapuil M 10CTH-
raerca 60JbIlag OJHOPOTHOCTH H3I'OTOBJACMON NPOJVKILMH.

B noneBbix O6HOJOTHUECKIIX 3SKCHEPHMEHTAX IMOICYHTBIBAIOT MOCJE 10BATENb-
HOCTH 3J0POBBIX M OOJLHBIX PAaCTCHHH, H LJAUHHBIE CEPHM NOCJEHHHX 3aCTaBJAIT
noxo3pesarth 3apaxende. MeTeoposor CJAEAHT 32 YepeOBaHHEM CYXUX M BJaX-
HBIX MecsneB '), uTo0bl HAHTH KJOY K Pa3rajke 3aKOHOMEPHOCTEH YCTaHOBJACHUA
TIOTOJLHt.

6) Ha ocHoBanuyn Teopuu cepril MOXKHO IIOCTPOUTL KPHTEPHH cpaBHeHua. [lo-
MyCTHM, YTO Ha JBYX TPYNNax nNauteHToB NPHMEHSIOTCA JiBa JEKapcTsa, M
Hac HHTEpecyeT cpasHeHdue 3(hGexKTUBHOCTH [BYX METOLOB (B MeIHLMHE, Ceb-
CKOM XO031HCTBe MM mnpoMblulieHHocTH). Ha npakTuke Mbl pacnosaraem asyms
Habopamu HabmoaeHuil, cxaumeM, oy, ay, ..., % 4 85, By, ..., Bp COOTBETCTBYIO-
IMHX 9TUM METOAaM HJHM OTPaxalollHX HEKOTOPYI0 XapakTepPHCTHKY (TaKyio, Kak
BEC) 3J4€MENTOB ABYX rpymi. HomycTus, d9TO COBOKYMHOCTH 4HCea o; H §3; yno-
PSIOMCHDI 110 BEJHUHHE: &) < &y «J ... & 2 H 3 L Bp oL ... K Bp. O6benuuum nse
IOC/EIOBATENbHOCTH B OfHY, KOTOPYIO TaKXe YnopsagouuMm mo BeaduuHe. Kpaii-
HHil cayuall COCTOHT B TOM, UTO BCE o; MNpPENIIECTBYIOT BCEM fBj, H 3TO MOXHO
pacueHuBarth KaK yKasaHue Ha TO, YTO COOTBETCTBYIOIME METOAB HJH TPYIIh
3JIeMEHTOB 3aMeTHO pasanyalorca. C APYrofl cTOpOHBI, €C/iM IBAa METOXA HiEH-
THYHBI, TO YJAEHB NOCAENOBATEALHOCTEHR o; M §; GYAYT pacHoNOXKeHb Gojee I
MeHee B cJayuyaiiHoM mnopsaike. Banba um Boabdosun ?) nokasanu, uro teopus
cepuii MoweT ObITh C ycrexoM MpHUMEHeHa JJas OOHapyXeHHs MaJblX CHCTeMa-
tuyeckux omnbox. (CM. npumep § 1ra. Ill, xoTa OH H ocHOBAK Ha JPYroM MeTOAe.)

Miorue 3anaund, CcBSI3dHHbIE C CEPHAMH, MOXHO DEMHTb COBEPIICHHO 3Je-
MEHTapHBIMH cpeicTBaMu. [1ycTh naHBl @ HepasmMYMMBIX 3JEMEHTOB a; H b He-
Pa3JHUKMBIX 3JEMEHTOB 3;, M3 mpuMepa (4.2) Mul 3HaeM, YTO M3 HHX MOXHO

\

a
o6pasoBatb ( + ) pasiuuuMBIX mocienoBareibHoctell. Ecan umeerca n;, a-ce-
a v

pu#l, To uncyio f#-cepuit Moxer paBHAThCA ny &= 1 uau n,. Pas6uenue a siemen-
TOB @; Ha IPYINB, COOTBETCTBYIOMIME 71, CEPHAM, SKBUBAJCHTHO pasMEILEHUI0
a wapoB no n; Adelikam, IpH KOTOPOM HeT mycThiX siueek. [lo nocaenuneii semme

) W. G. Cochran, An extension of Gold’s method of examining the
apparent persistence of one type of weather, Quarterly Journal of the Royal
Meteorological Society, 64, Ne 277 (1938), 631—634.

2y A.Wald, J Wolfowitz, On a test whether two samples are from
the same population, Ann. of Math. Stat., 2 (1940), 147—-162.
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a—1
3TO MOXHO CIeJaathb l) pasauunbiMy cnoco6amu. Otcioga caeayer, HampH-
n —
a—1\(b—1 .
Mep, 4TO HMeeTcs ) ) nocaenoBareabHocTedi ¢ n; a-cepusamu un; -+ 1
ng— ny
g-cepusmu (nporomxenne B 3apavax 20—25 § 11).

B) B ¢usuke Teopus cepu#l HCHOJB3YeTCS IPH HU3YUEHUH NPONECCOB CO-
elHHenus. B Teopuu onHOMepHBIX UENOYeK, KOTOPY Hpemsoxun AR3uHr, sHep-
rYs [enovYeK 3aBUCUT OT 4ucja MEepeMeH THIA SACMEHTOB B LENOYKE, T. €. OT
uncaa cepui.

§ 6. I'mnepreoMeTpuyecKkoe pacmpeneneHue

Muorue 3anauy M3 KOMOHHATOPHKUM MOTYT OBITh CBefeHH K CJely-
oileli cxeme. B reHepansHOM COBOKYIOHOCTH, COCTOSuedl M3 n 11apos,
UMEIOTCH f1; KPACHBX U #,=7n—1; 4YepHBIX mapos. I3 sro#t coso-
KynHOCT BuiOupaercs rpynna B r mapon (6e3 posppalienus u Ge3 yuera
nopsaaka 1HapOB BHYTPH 1pymuer). HYyKHO HaHTH BeposiTHOCTL ¢, TOTO.
yto rpynna, BuOpaHHas TakuM 0OpPA3OM, COAEPHUT POBHO R KPACHBIX
iapos. 3xech R ABASETCS LeJaLIM HEQTPUUATEbHBIM UYHCAOM, MEHBIIUM Ry
Hr.

B rpynne, colepxaueft 2 xpacHbX u r — R depHbIX IAPOB, Kpac-

AN
Hble 1apsl MOTYT ObITh Bb]6pal{bl< r;l ) Pa3JuYHBIMU criocofamu, a yepHble —

r—Fk
MOXeT KOMOMHHpPOBaTbCE ¢ MI0OBIM crioco0oM BhOopa r — B deDHBIX

11apoB, MOJAYyYaeM
<n,) (n—n,)
— Ak r—k/., (6.1)

qr = P
,
Cucrema BepOATHOCTEH ¢,. ONpeide/eHHBIX TakuM 00pa3oM, HasblBaeTCs

eunepzeomempueckuy  pacnpedesenuenl). Hcenoaways  dopmyay
(4. 3), MoxHO mepenucaTs (6. 1) B Bule

) D) 6

9p = (,,j .

ngy

n—n;
( ) cnocoGamu. Tax kak JM060# cmocod BbIGOpa & KPACHBIX 11apOB

3amevanue. BepodrHocTu ¢, onpeneseHsl TOMLKO HNpu £, He
gpesocxonsiieM r u n;. OnIHako u3 onpejenenus (4.1) BbTekaer, 410

'} 3To HaumeHOBaHue OGDBACHAETCS TEM, UTO MPOUSBOAAUIAA (QYHKUHA (CM.
ra. XI) ans {g,} Bepaxaerca yepes rumepreoMerpuueckne QPyHKUHH.
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/

(Z):O npu b > a. CuenosateabHo, onperetenus (6.1) u (6.2) nawor

g,=0 npu k>n, umd k>r. Takum obpasoM, onpenenesus (6.1)
u (6. 2) MOryT GbITL HCHIO/Ib30BAHEL /15t BCeX & > 0, ec1M IpeAno/JoKuTs npu
3TOM, YTO COOTHOLleHHe ¢, ==0 mnOHUMAeTC KaK HEBO3MOXHOCThL MO-
AYUuTb R KDacHbIX MI4POB.

Mpumeps. a) Ilpu ss60opounos KOHmpo.1e Ka4ecmsa npo.mbiui-
AeHAOI NPpoOyKyuy TPOBepsieTcs MAPTHA, COCTOSIAf U3 1 u3ieufl.
BpaxkoBaHHBle u3deand, BXOAAUME B 3TY HAPTHIO, HTPAIT PONb KPACHBIX
wrapoBy. Hucao ux  n; HeussectHo. U3 3srtoft napruu  Gepercs
cayualinas Beidopxa 00beMa r, U 3aTeM OMNpelefseTca YUCA0 OpaKkoBaHHBIX
usneantt, colepxaumxcs B 3To#t BeOOpke. Popmyna (6.1) nospoasger
clle.1aTh HEKOTOpHE 3aK/IOYeHUs OTHOCHTebHO HaundoJee NpaBLoOnoL00-
HOrO 3HAYEHUA 7, STO THMNYHAA 331248 CTATHCTMYECKON OLEHKH, BHIXO-
Ioguiast, OIHAKO, 33 PAMKH 3TOH KHUIH!).

6) B npumepe 4, 6 reHepajbHas COBOKYNHOCTb COCTOMT u3 5 ==96
CEHATOPOB, U3 KOTOPBIX f,==2 npelACT4BIAI0T 3alaHHBLI} 1UTAT (MrpaioT
poab «kpacHbix 1maposy). CayuafinbiM o0pasom obpasyeTcst rpymnna us
r =48 cenaropos. B ary rpynny wmoryr Bofitn O, I uaum 2 cenartopa
u3 sananHoro wrara. CooTBETCTBYiOLLME BEPOATHOCTH HAXOAUM no §op-
myae (6.2), ucnoabsya (4. 4):

4847

Gy == qp e = 024737 ..., g, = 4> =0,50527.

3uauenne g, ApyTuM crnocofoM OBLIO yKe moayyeHO B InpuMmepe 4, 6.

B) Ouenxa 2enepasvroll cosoxynnocmu no swbopre?). Us osepa
seitaauBaercs 1000 pu6. Kaxnas u3 noHManHeix poi6 MeTHTCH Kpac-
HbIM [STHLILIKOM, @ 34TeM BhIMyckaeTcd o6partHo B o3epo. [lpu caeny-
oueM yaose cpean 1000 BbuiopienHblX pui6 okaszaancs MeuensiMu 100
puib. Kakie BEHIBOAH MOXHO ClelaTh OTCIOIA OTHOCHTEJNBHO uucia phO,
AUBYLIMX B o3epe? ITO TUNHUHAS 3aa4a CMAMUCMUYECKOE OUeHKU.
Mpl samsu Obl CAMIIKOM Janeko, eciad Obl CTajgd H3ydaTh pas/uyHELe

1) PasjuuHble MeTOXBI CTATHCTHUECKOrO KOHTPOMS KayeCTBa NMPOMBILIAEHHOH
npoaykuuu paccMmarpusaloTcs B paGore A. H. Koamoroposa «Hecmeniennbie
oueHku» (HM3s. AH CCCP, cepus marematuu., 14 (1950), 303—326) u «Craruc-
THYECKHH IIDMEMOYHBbI!l KOHTPOJL MNpPU HOMYCTUMOM 4YHcae AedEKTHbIX H3aenauH,
pasHoM Hymo» (Jlenunrpag, 1951, uax. BcecolwosHoro ofluecTsa no pacrpocTpa-
HEHHIO NIOJUTHYECKMX W HAYYHHWX 3HaHu#). — [Tpum. peo.

2) [IpuBoxst 3TOT HpHUMEDP B NEPBOM M3JAHWM, Mbl He 3HaJAd, YTO OMMCAHHBIHA
MeTOR WIHMPOKO NpHMeHfieTcs Ha npaktuke. M3 cpaBuuTeabHO HenaBHuX pabor
no 3ToMy Bonpocy MowHo ormeruts N. T. J. Bailey, On estimating the size
of mobile populations from recapture data, Biometrica, 38 (1951), 293—306 u
D. G. Chapman, Some properties of the hypergeometric distribution with
applications to zoological sample censuses, University of California Publica-
tions in Statistics, 1(1951), 131—160,
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MEeTOIB!, HCMOAb3yeMble COBPeMEHHON CTATHCTHKOH, HO ceHyac MBI 1O-
KaxeM, Kak TFHIIepreoOMeTpHuecKoe pacfipelleieHHe NaeT KJ0Y K pelieHHIo
sToft 3anauu. [lpernonomuM, KOHeYHO, uTO pe3yALTAT ABYX YJIOBOB
MOXHO paccMaTpuBaTh KaK CAy4alHYIO BLIOOPKY H3 TFeHepaJbHOH COBO-
KYIIHOCTH BCeX pbb B o3cpe (Ha MPaKTHKe 3TO O3HAUAET, YTO YJAOBHI
He JODKHB NPOH3BOIHTLCS B ONHOM M TOM JKe MeCTe WJH yepes KOpoT-
KOoe BpeMst O&HMH HoOcje Apyroro). Ilpeano/o:xuM Takxke, YTO Y10 phib
B 03epe He U3MEHWJOCH 33 BPeMSl MeXAY IBYMS Yya0BaMmu,

Heckoabko 0006muM 32134y, paccMOTpeB MPOU3BOJbHBIM OOBLEM BhI-
6opku. IlycTb

n — (Heu3dBecTHOe) 4UCIO PG B 03epe;
fi, — YUCAO PHO, MORMAHHBIX NpPH MEPBOM YJI0BE (OHC UrpaeT pPoiib
4icJa KPAaCHBIX 11APOB);
r — qucao pblb, MOHMAHHBIX NPU BTOPOM YJIOBE;
k — 4HCA0 MedyeHBX PHO, NOHMAaHHBIX NPU BTOPOM VJOBE;
gy (n) — BEPOATHOCTH TOrO, UTO BTOPOH YJAOB COAEPHMT POBHO B
MeueHbIX phO.

[Mpu Taxo# ¢oOpMyIUpOBKe cCpasy HCHO, 4YTO g, (7) HaXOLUTCA MO
dopmyae (6.1). Ha npaktuke nabaionarcs n,, ¥ U B, a n HEH3BECTHO.
3aMerum, OZHAKO, YTO 7 — (DUKCHPOBAHHOE 4YHCJIO, He 3aBHCAUee OF
cayyast, W MOITOMY OeCCMBIC/CHHO TOBOPUTH O BEPOATHOCTH TOrO, 4TO,
ckaxem, n Oojbwe 6000. Mer 3naem, urto Obli0 mofiMmaHo ny—r —k&
pa3muuHbIX PHO, M, C/leN0BaTeJbHO, N> 1, —--r — k. D10 BCe, 4TO H3-
BECTHO C IOJHOH JOCTOBepHOCTbIO. B Hamem mpumepe n,==r = 1000
u k£==100, %, BooGule TroBOpPS, He WHCKAOUEHO, YTO B 03epe olHTaer
posao 1900 pwi6. OnHaxko, OTNPaBAAACL OT ITON THMOTE3bl, MBI MPUIEM
K BBIBOJY, YTO C/AYy4MJI0Ch COOBITHe (DAaHTACTHYECKH Manof BepQATHOCTH,
HeicTBuTeIbHO, BEPOATHOCTL TOro, uTo BhIOOpka oOvema 1000 u3
redepasbHO# coBokynHocTH obObema 1900 6yner comepxars 100 kpac-
HHX I1apoB, ccau obluee uyucao yepHbix wapos 1000, pasua

( 1000\) (900
100 900) (10002
1900 100! 19001
[ yooo)

dopmyaa Crupaunra (§ 9) nokasbiBaeT, YTO 3TO 4HCA0 nopsaka 107430,
W, CAelOBaTeAbHO, MBl [LO/MKHB OTOPOCHTH HAINY TUMOTE3y, Kak abCyph-
HY10. AHA/JOTHYHOE pacCyXIeHHe 3acCTaB/sgeT HAC OTKHHYTb THIOTE3Y O
TOM, 4TO 7 OYeHb BeJUKO, CKaxeM paBHO MUJIHOHY. Bce 3T0 mpuoiut
HaC K OTBICKAHHUIO TaKOrO 7, NpPHU KOTOPOM ¢, (n) ABaseTca HaunGoJbuInM,
TaK Kaxk TIpM 3TOM 3HauyeHHH 7 HabJa0LeHHBIA pe3yiabTaT nMeeT HauboJb-
Iy BepOATHOCTh. Jlas kaxjoro uwacTHoro Habopa HaGmonenuft ng, r
U k 3HayeHue n, NPH KOTOPOM ¢, (1) MAKCHMaAbHO, 0003HAUYAETCs yeped n
W HA3LIBAETCS OUEHKOH MAKCUMAABHO20 NPABOonodobus. DT0 NOHATHe
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Guao psededo P. A, dumepoum. [dag vaxowAeHds n PaccMOTPHM OTHO-
HmieHye

20 (n—n)(n—r)
=) = —m—rF B (6.3)

HecnoxHnoe BbIUHC/AEHHE [OKA3BIBAET, YTO 3TO OTHOWleHHe GOoJblle elH-
HALUB NPA nk < Ay § MeHble elUHULB NpH nk > nyr. DTO 3Hauur,
4TO MpH BO3PACTaHHM A YUCAA ¢, (72) CHAuajda BO3PACTAIOT, a 3aTeM yOhi-

BaT, M MAKCUMyM J10OCTUTAETCA, KOraa n eCTb MAKCHUMaJbHOE [eJoe

-~ mr
yucao, He Oosbliee yeM n,r/k, Tak uTo n=——.

B Hauwem npumepe OlleHKOH MaKCUMaJbHOIO [IPaBAONOAOOMS ANS uucaa

puib sasagetcs uncao n == 10000.
HcruHHOe 3HadeHHe 7 MOWeT ObiTb, OAHAKO, OOJplile HAA MeHb-

Wwe 7, M ECTECTBEHHO MOCTABHTH 3a4ady O MOCTPOCHUM 11O ONBLITHBIM
NAHHLIM HHTEDBANa, OTHOCUTEJBHO KOTOPOro MOXHO Oblio Oul ¢ pocra-
TOYHOH YBEPEHHOCTBIO 3afBHThL, YTO 9TOT WMHTEPBAN COLEPIHUT BHYTpH
cebs ucTvHHOe 3HaueHue n. C STOH UesAbI0 PACCMOTPHM THIIOTE3Y, UTO 1
menbuie 8500. [loacrasum B dopmyay (6.1) n=8500, n,=r=1000
U MOLCYUTaeM BEpPOATHOCTb TOTO, uTO BTOPO# yaoB comepxut 100 wam
MeHblile MedeHHX puif. DTa BEpOATHOCTL CTb X =g, -+ q; + ...+ Gyqp
IlpsaMoe BBlUMC/AEHHE X TPOMO3AKO, HO, HCHOJL3Ys HOpMaJbHOE pac-
npenetenue (ra. VII), gaerko y6Gemutscd, uto x = 0,04. AHanoruuxo
ecau n=12000, sepoarHOCTb TOro, uyTO BTOPOH V.i0B colepxut 100
uan Gojblue MedeHolX pui®, pasna mpumepro 0,03. Dru undpu onpasibi-
BAIOT THIIOTE3Yy, UYTO HCTHHHOE uucao pulé 7 3akawueHo Mexay 8500
u 12000. CywectByiloT M ApyrHe crnocoGe BHIBECTH 9TO 3AKJOUEHHE
M Ipyrue MeTOIbl OUEHKH, HO MBI He XOTHM BIaBaThCA ceffyac B LeTaJd.

M3 onpefesenust BepoOATHOCTEH ¢, BHITEKAET. YTO ¢y + gy + ... == 1.
Us dopuyast (6.2) caenyer mostoMmy, yto mpu MoOBX LeJdBX H [0J0-
MUTCABHBIX 1, Ny U T

GO+ )+ ) )+
o) )= ©.4)

ITO TOKILECTBO OKA3bIBAETCS [0JE3HBIM JAOBOAbHO 4acTo. Mu LOKasaau
€ro TOJMBKO ANA TOJOMMTEALHBIX WeABX 7 ¥ 7, HO OHO BEpHO U aAd
J100BIX TIOJIOXHTEAbHBIX HJM OTpHLATeNbHEIX uwicesa # u r. (TomaecTBo
GeCCMBICJEHHO, eCild 1, He SBJSETCH IeJbM U MONOKUTEIbHLIM. YKazaHus
K JAByM croco0aM BHBOAA TOrO TOxIectBa aaHml B § 12, 3amaun 8 u 9.)

FunepreoMerpuueckoe paclpefe/eHne Jerko Moxer ObTb 0606iieH0
¥ Ha TOT cayvafi, xoraa TmepBOHaua/bHAas TIeHepasibHas COBOKYIHOCTb
o6beMa n colepxur Oojee ABYX KJaccoB ajementoB. Ilycrts, Hampuwmep,
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—

renepabias COBOKYIHOCTb COCTOMT U3 TpeX KiaccoB ¢ obbemamu n), 1,
¥ 1L — Ny — fy, COOTBeTCTBELHO. BeposiTHOCTL TOro, uto BHOOpKa 061-
eMa r CONepHUT k) 3eMEHTOB MepBOro KJjacca, R, 3JeMEHTOB BTOPOro
Kjaaced i r-— Ry— ky 3JeMEHTOB TpeTberc KJaacca, HaXOAUTCA aHa.10-
ruuno (6. 1) n okaspiBaercss paBHOH

(n,\ [ 15\ (n-——n,—112

o e b,
i n *
.,

31ech nNpeanonaraeTcs, KOHeuno, uro R <n,, kR, <{n, u r—4Fk —

—ky L n—ny—n,

[Tpumep. r) Bpudoc. Tenepanbuas COBOKYHNHOCTL 13 32 Kapr
Jeaurcs Ha deTnipe Kjaacca no 13 kapT B kawazoM. Bepoarnocts Toro,

yTO cayyaiinas BwmGOpka, cocrosiiuad W3 13 kapT, Oyler colepikari
naTb OHK, deTbipe 4epBLl, Tpu OyOHB u oany Tpedy, pasHa

) () (517
(%)

§ 7. Mpumepsl, CBA3aHHBlEe C BpPEMEeHEM OXHAAHUA

(6.5)

Copepxanue 3TOro naparpada CTOMUT HeCKOJbKO B CTOPOHe OT OC-
HOBHOM TeMbl HacTodwe# raasel. B He#t uccaeayoTcd MPOCTPaHCTBA
9JIeMEeHTapPHLHX COOHITH HOBOrO THNA, K KOTODHIM MOXHO TPHATH Mpo-
CTOR MoIupukauue#h 3azaun o pasmelleHdH. PaccMOTpuM emie pas Mbic-
JEeHHBI SKCHEPUMEHT, COCTOAWIMA B CAyYyalHOM pasMelleHWH WapoB Mo
n diguxaM. Temepb, OIHAKO, Mbl He (PMKCHpYeM 3apaHee YHCJO 7 WApPOB,
HO TNpPOLO/MKAEM pasMellaTh WAPBl OJMH 33 ADPYruM A0 TeX [0p, TOoKa
He MOJAYUYUTCS OnpelejeHHas cCHUTyauus. Mbl paccMOTpHM ABe TaKue BO3-
moxuble curyauun: (I) Ilapw cayualtno pasmeliaroTcst N0 [UIMKaM 10
TeX TOp, MOKa KakON-HUOYAb 11ap BHepBble He MOMAAET B Yxe 3aHATHIH
awuk. [locae sroro npouecc npexpamaercd. (II) Ml dukcupyem iUk
[ckaxem, sawuk ¢ HomepoM (I)] u npojomxaem npouecc cayda#tHoro
pasMmelleHHs WAPOB A0 TeX NOp, NOKa 3TOT AIMK ocTaeTca nycTeiM. [Ipouecc
npeKpauwiaeTcs B TOT MOMEHT, KOPLa BIepBble KakKo#-uuOyip Liap mo-
naiaeT B BHOPAHHBIA HaMH SILIUK.

IpuBeseM HeCKOJbKO HHTepIpeTaUM# 3THX MOIeJelt, koTOophie 06-
Jeryar MOHHMaHMe 3alayd.

Mpumepn. a) Auu poowoenus. B npumepe (3.2) o IHAX po-
HAEHHST A0 COOTBETCTBYIOT wiapaM, a n == 365 IHeH rona — suKaM.
Mogaear (I) rtemepb cBOmMTCA K CAEAVIOILEMY: MBEl CIyualHOo BHIOHpaeM
JI0AEH OZHOro 3a APYruM IO TeX 1NOp, TNOKa He HaWAyTcA ABoe C OO6ULUM
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LHeM poxienud. M3 ckoubkux uenoBek cocTouT BhiGopka? Monenu (I)
COOTBETCTBYET MNPOLOJKEHHE Iipoulecca A0 TeX [0p, NOKa He Halhzercsa
YenOBeK C TeM e JIHeM DOXIeHUS, uTO M Y MeHd.

6) 3adaua o Kawouax. YenoBek XxoueT OTKDBITH ABEPL CBOEH KOM-
HaThl. Y Hero ecTb 7 KJIoYelt, U3 KOTOPbIX TOJNbKO OJMH MOAXOAHT
K asepu. [lo mpuuMHaM, O KOTOPHIX MOMKHO TO.1bKO LOTalblBATbCHA, OH
MoAOHpaeT KJI0Y CJAyYaHHO Tak, 4TO Inocke JIOOOH MONBITKH KawIbi#
KJI0Y C BEPOATHOCTLIO n~! MOxer GblTb BHOPAH AJd CJAeIYIOLIETO OMbITA
H BCe BO3MOXHBIE HCXOABI, OTBEualiie (PUKCUPOBAHHOMY UYMCJIY OIMBITOB,
paBHOBepOATHH. HaHTh BEPOATHOCTH TOrO, YTO YeJOBEK AOObETCH yC-
nexa Ha r-M lwary. 3to cneuuansusit caydaft mozean (II). Hurepecho
CPAaBHUTb 9TH CAyuaHHble MOMCKHM KJwoua ¢ 0onee CHCTEMATHYECKUM MO~
xonoM. [Cm. zamauy (10, 11), a raxxe 3anauy 5, ra. V.]

B) B npeamayiem npuMepe MbB MO)KeM 3aMeHUTL BHOOp KJ/OueH
BoIOOpOM M3 NPOU3BOJNLHOH COBOKYIHOCTH MPEAMETOB, CKAXKEM, W3 KOJ-
JdeKIUH KynoHoB. OnfTe MOXHO TIOCTABUTb BOIPOCH O TOM, KOria
sriepBhle OyAyT BHOpaHbl ABa OJMHAKOBLIX NpeAMETa W KOrja Blepshie
Oyaer BbIOpaH 3dpaHee (PMKCUPOBAHHLIN TipelMer.

2) Bpocanue monem u rxocmed. B npumepe 5, a ra. | monery
noa6pachiBalOT 4O TeX MOpP, MOKAa He BhINajaeT opest. IJT0 ChelualbHbli
cayyait Molean (II) npu rn=2. Ecau OpocaTb NpaBUIbHYI0 KOCTb IO
BBIMAJeHUss B nepBHifl pa3 ouka, To onsary npuaeMm k momean (II) mpu
n===6. (BpeMeHa oxuIaHus 179 HEKOTOPbIX NAPYrHX 9KCHEPUMEHTOB
paccMoTpenbl B 3aaudax 21, 22 n 36 § 10 u 12 § 11))

Mbr naunem c¢ wmogenau (I), KoTOpas B HEKOTOPOM OTHOLIEHAH
Oosee npocTa. YJoOHO BBECTH CUMBOJBL BHAA (/. fo .... j,) Aas
0603HauyeHUs TOTO, 4TO INEpBHIM, BTOPOH, ..., r-U 1apbl MOMeLIeHH B
AIMKH C HOMepaM# J,, jo. ..., J, COOTBETCTBEHHO U YTO TpOLeECC
OKOHuHACH Ha r-M ary. OueBMIHO, YTO j, — LEJOEC 4HUCJIO, 3aK/AI0HYeH-
Hoe Mexny 1 u n. [lpu stoM uucaa Jj;, Jo ..., j,_, [OnapHo pas-
JUYHBI, @ j, paBHO onHOMY U3 HuX. KaxIblil KoHeuHbllt Habop, o6.aa-
JAOIKA  TaKMMH  CBOMCTBAMM, NPENCTaBAseT 3JEMEHTapHOe COOLITHE.
SlcHO, wTO r MOXeT NpuUHMMATb TOJAbKO 3Hauenus 2,3, ..., n—+ 1, Tax
KaK MocJe MepBOr0 MCHLITAHHA 3aBEAOMO He OyJeT fllMKa, COJepKallero
IBa llapa, a mocde n— 1 HCMBITAHHA TaKOM ALMK 3aBeloMO Hafmercs.
Ceasb 9TO#t 3amaun ¢ yxe oOCYy}IaBIIeHCss MONENbID CIy4alHOro pas-
MelneHus (UKCUDOBAHHOrO 4YMCJ/IAa IIapOB 10 7 gUIMKaM HaBOLMT Ha
MBIC/ib CBfi3aTh C KaXABIM 3JIeMEHTapHbIM coObiTHeM (fy, jor « ... J;)
seposTHoCTs n~". CeHluac Mbl NOKaXKeM, YTO DTO COrJalleHHe LOMYCTUMO
(T. e. 4TO CyMMa BepOATHOCTEH, COOTBETCTBYIOILUX BCEM 3JeMEHTaPHBIM
coObiTusiM, paBHa 1) W 4TO OHO HNPUBOAMT K PA3YMHBIM pe3y/bTaTaM.

ITpr ¢uMKCUPOBAHHOM 7 MHOMXECTBO BCEX 3JEeMEHTapHHX COOLITHH
(/1. Jo» -+ +» J,) oOpasdyer coObiTHe, CcOCTOsLlee B TOM, 4TO IpoLecC
oxonuntca Ha r-M wary. Coraacuo (3.1), uncaa jy, jo ..., J,_q MOXHO
BHIOPATL (),_, PasauyHbIMM cnocobaMmu, j, MOWeT npuHuMaTh Jawoboe
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w3 r—1 3navewn#t Jjp. jo. ..., J,_;. llostomy seposmuocme moco,
4mo npouecc OKOHHUMCA HQ r-im Uiaze, pasHa

= = (= (=) (-5
(7. 1)

n

!
npu r>2. q,==0, qy=—- Bepoamnocme mozo, wno nponecc

6ydem npodoasamscsi nocae r-20 UcnbimaHus, pasqe p, ==1 —
— (g + G+ .- 4 q,), & nosmouy p,==1, a npur>1
n I 2 r—1

pr:_-%:(l~—;)(l—7\’...(1———7——/), (7.2)
YTO JIEFKO NPOBEPUTH N0 HHAYKUMM. B uacTHOCTH, P, ;=0 u g, ...
...+ q,4, =1, uro u Tpe6osanoce AoKa3arsL. Kpome Toro, upu n == 365
dopmyaa (7.2) csoaurcs k Qopumyste (3.2), u Boobule Hawa HOBasA
MOJleJb JaeT Te jKe KOJUYeCTBeHHble pea3y/bTaThi, YTC W MOLedb C (uK-
CHPOBAHHBIM YHCJAOM LIAPOB,

Mozens (1) orauuaercs or Monemu (I) TeM, 4TO efi COOTBETCTBYET
NIPOCTPAHCTBO  3JAEMEHTAPHBIX COOBITHH, coOcTOsllee M3 GecKOHeyHoro
(cuerHoro) uucaa rTouek. Ilocaeroparenbnoctu (/. jor ..., j,) NOAYHHEHH
TOMY YCJAOBHMIO, 4TO UHCAA Ji, Joo « <.y j,_, OTJHUYHB OT (HUKCHPOBAHHOIO
uucaa a < n, Ho j, ==a. He cyuecrByer HUKAKMX allPHOPHLIX AOBOJOB
B I10J1b3y TOTO, YTO MpPOLECC AO/DKEH PaHO WJM TMO3JHO NPEeKpPaTdThCH.
[pu UKCHPOBAHHOM 5 MBI ONATL CBSKEM ¢ KAKAbIM 3JAeMEHTADHLIM
cobuiTHeM (fy, fo» ..., J,) BepostHOCTb 1~ 7. JlioGoe u3 uuces jy, jo. ...
evvs Jr—y MOxHO BhOpate n— | cnocoGamu, a f, yke onpelreseHo.
Orciona Jerko Noayuuts AA% BEPOATHOCTH g, TOTMO, UTO TNPOLECC 3a-
KOHUMTCA Ha r-M luare, cjeiyioliiee BbipameHue:
=) = (7.3)

\ n

CyMMupyst 9Ty reoMeTpuyecKyio NPOrpeccHio, HAXOAUM ¢+ gy ... =
= 1. Tax KaKk BepOATHOCTH ¢, LAOT B CyMMe eJHHMLY, TO HeT HeoO-
XOJMMOCTH BBOAUTH 3J/€MEHTapHble COOBITHS, KOTOpble OBl OTBEYANH BO3-
MO¥CHOCTH TOTQ, YTO HH OJMH U3 LUAPOB HE MOMAajier B AWK & (T. &
npouecc HUKOrAa He okoHuutca). Jas BeposaTHOCTH

p=1—(g+...+4q)

TOro, 4To mnpouecc OyAeT nNpOAO/KATbCA NOCAe £-TO IUArTa, HOJYHACM
$opmy.y

* f 1\

p,=(1—~). r=1,2.... 7.4

n

10T pesyAbTAT MOXHO OO NpPeLBUAETb.
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Meduars pacnpedeaenuii {p,) w {p]} onperersiorcs Kax Takue

yHcaa r, AA% KOTOPBIX p, M p. OuiKe BCEro K 5 9TO 03HAuaer, 40

npouecc NpUOIU3UTENBHO € OAHOH U TOH e BEPOATHOCTHIO 3IAKOHUM FCs
N0 r-ro UCHHTaHuA MJAH nochte Hero. [Pacnpenesnenue, ¢urypupyouiee
B npuMepe (3.r1)(«AHH pOWAcHUSA®) HMeeT MeauaHy r = 23.] Ilas sul-
yucieHns Meluansl {p,} nepedgeM K JorapudmaM, Kak 3TO Mbl AeJanu

B (3.4). Eciv r Majgo cpaBHHTeAbHO € 7, TO JErKO TIOKa3aTh, 410 -—
2

P
— log p, 6au3K0 K o OrcioAd BbiTeKaeT, YTO MelMaHa paclpele/eHus

{p,} 6ausxa k (n-2-log 2)", uau npudausurensHo k 6/5 n', Hntepecto
OTMETHTb, YTO MeJMaHA BO3PACTAET /Wb KaK KOPeHb KBaAPAaTHBIH U3

o6bema coBokynxoctd simuxos. HaoGopor, wmeduawna {p’_} 6au3ka x
n-log2=0,7 n wu Bo3pacraer IuHe#HO c pocToM #. BeposTHOCTH

Toro, uro B mougeau (II) mpouecc me 3akonuuTcs KO r-TO Wara, pasHa
1 n
(1 — 7) » Han npubausuressHo e~ t=0,36788. ..

§ 8. Bunomuaasiibie Ko3PPUIHEHTHE

'n
BuHOMHaAbHBIE KOIDGDULHEHTH (r) ObLIM OmpesdeteHsl TOJMLKO A4d
\
LeJbIX MNOJOXHTeJbHLIX 1 W F, HO Telepb YAOOHO PAaCHIMPUTHL 3TO Olipe-

nenenne. Tak Kak r o603HAYAET YUCJAO COMHOXHTeaeH, OHO NOMKHO OHITb
nesbiM. OIHAKO uHCIO

x),=x(x—1) ... (x—r—+1) (8.1

onpene/eHO AAg BceX AeHCTBUTE/NbHHX X MNPH €IMHCTBEHHOM TMpELINOoJo-
MEHMH, 4TO 7 — le/l0e NOJOoKUTedbHO: 4ucao. [Ipu r =0 Mbl noaoxum
(x)o=1. Torna dopmyaa

X X xx—1...(x—r-41

()_(),_ x—1.. (x—r41 8.2)

rl= =

rl r!

onpedeasem OunOMUARbHBLE KOIPPUUUEHMH npU 200X X U 2I00bX
yeavx nosoxcumesvnslx r. Ilpu r=0 nosazaem [max sxe, rax

7
8 (4.4)] (g):l n 0l=1. Jua ompuyametonoix geavlx r LOAONCUM

("): 0 (r < 0). (8.3)

r

X
Mot He Gy0em noav308amvCs CUMBOAOM (r) ecau r He ABAREMCA

Yeabls HUCAOM.
HerpyaHo npoBeputh, YTO MpU TaKOM ONMpeleNeHUN UMeeM, Hampumep,

()= (T)==ve+n. ®.4)
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B lagbHefimem Mbl OyleM 10/b30BaThCi TPeMsSl BaKHBIMU CBOHCTBAMU
6UHOMUIANbHBIX KO3 duuHenToB. [lepBoe: 048 2006020 4ea020 HOA0KH -
meabHo20 N

(:):0, eciu r>n wam r < 0. (8.5)
Bropoe: das awbo20 x u awb020 yeao2o wucaa r
[+ =07 ©.6)

OTH COOTHOIUEHHS JeI'KO BbIBECTH U3 onpenesenus 6UHOMHAIbHBIX KOS(t)-
¢unuertoB. TpeTbe COOTHOLICHHe MPEINOJAraeTcs U3BEeCTHBIM U3 3JeMeH-
TAPHLIX Y4cOHHKOB MaTeMATHYECKOI0 AHAJIUBA: Npu A060M o u 21000M £,
yoosaemsgopawuen ycaoguw — 1 <t <1, umeem mecmo opmyaa

(1+t)“=1+(’;)t+(‘;)t2+(‘§)t3+ 8.7

Ecan @ — uenoe mNOJOKHUTENbHOE YHCJIO, TO BCe U/eHb MpaBo# yacTu
pasencria (8.7), comepikalde creledu f Bbillle %, aBTOMATHYECKH HCYe-
3aloT W QopMyna OKasbiBaeTcs BepHOH mnpu Bcex ! (6uHom HeloToHa).
Eciu a He ecTh uesnoe MOJOKUTEAbHOE YHC/IO, TO NpaBad 4YacTb paBeH-
ctBa (8.7) npeacrasiseT cobolt Geckonednbid psao.

Ucnonbayss cooTHouwenune (8.4), merko yOeluTbCcsl B TOM, HYTO TIpH
a == -~ 1 pasaoxenue (8.7) CBOLUTCH K TeoMeTpUUeCKOH nporpeccuu

v 243y
T—;—t—_l—t—{—t Bttt ——+ ... (8.8)
Jro pasercrBo BepHo npun — 1 < f < 1. HMurerpupya coorrouenue (8.8),

MBl TIOAYYMM APYTYI0 QOpMYyay. KoTOpas Takxe OyleT HCAOML30BAHA
B ZanbHelimieM, a umeHHO pao Tedaopa 041 Hamyparsrozo r02a-

pugpma
log(14 )=t — 5 P sBertih ... (8.9)

dro pasnoxenue Takxe BepHo nupu — 1 <{# < 1. YacTo noabayworcs
IBYMsi ApyruMu ¢opmamu sanucu coortHourenus (8.9). 3amenss £ na — £,

noayuum npu — 1 < £ <1
log o =t 4B g Bf Lt (8.10)

CxaanmiBad ABe nocjelrve (OpPMYJH, MPUXOAUM K Da3.T0XeHHIO

5 log R it L. .11
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Koropoe inmeer MecTo npn — 1 < ¢ < 1. [lpaBas 4acth ¢opmy.ans (8.11)
t

foabwe, ueM f, HO MeHplie, ueMm f—+-£2-+ 4 .. =y_—7 Cueno-

BATe.JIbHO, BEPHO CIeiyIollee NBOHHOEG HepaBeHCTBO:

!
e Ul <l —t< et 0<t <1, (8.12)

Doabmoe KOJIM4ecTBO MO.IE3HBIX COOTHOHIEHMH B TOXAECTB OyieT BLiBE-
feHo u3 (8.7) B § 12. 3mecs MBI TOABKO OTMETHM, UTO TpH JHOOOM
ILeJIOM TO/TOKHTENbHOM £, TOJAOKHUB £ =1, MOJyuuMm

H R HEREN HEE R

Mexny npounM, 3Ta (OpMyJa JIONYCKAeT HPOCTYI0 KOMOMHATODPHYIO
HHTepnperauuio. Jlepas yacTe NPEACTABAAET YMCIO CHOCOOOB, KOTOPBIMH
COBOKYITHOCTb 7 3JEMEHTOB MOXHO pasieuTb Ha iBe I'pymnmbi, 06e3 yueTa
Nopsidka 9/JeMeHTOB B KawxIOW rpynne, ecau o6GbeM MnepBoft rpynmbl
MOXeT uMeTbh moboe 3xauenue B=—0, 1, 2, ..., n. C npyro#t cTOpOHH,
TaKoe JeJeHHe MOMHO OCYIIECTBHTh HENMOCPeNCTBEHHO, YKasaB IJd Ka-
AKAOTO 3jeMeHTa, NPUHAMJIEKUT JIU OR K NEepBOH MM KO BTOPOH Trpymie.
(AHaoruyHble paccymAeHUs MOKa3blBAOT, YTO CYMMa HOJMHOMHAIbHBIX
ko3 duunentos (4.7) pasHa k".)

§ 9. dopmyaa Crupannra

OIHUM ¥3 BAKHBIX MHCTPYMEHTOB aHAIMTHYECKON TEOPHH BEPOATHO-
crTelt gBaseTcs CJAEAYIOIAA Kjaccuyeckas ¢OpMyad, H3BECTHAsi KaK

dopmyaa CrupiauHra:

1

nl~@2r)on" Zo-n, 9.1
31eCb CUMBOI ~ 03HAYAET, 4YTO OTHOIIEHHE HBYX BHIpaXeHuft, coenu-
HEHHBIX OTHM CHMBOJIOM, CTPEMHTCA K eNHHHLUE NPH HEOrPAHHUYCHHOM
BO3PACTaHUu 7.

dra dopMysa HEOUEHUMA BO MHOTHX TeOPETHYECKHX pacCyXAeHHSX
H MOXKeT OBiTb TaKXKe HNPUMEHeHd IJs MOJAyueHHS] TNPUOAMKEHHBIX YHCJIO-
BHIX pe3y/bTaToB. XOTH pasHOCTL NpaBoft M JeBOH YacTH COOTHOUIe-
nus (9.1) HeorpaHnueHHO BO3pacTaeT, AeHCTBUTEJbHBIA HHTepec mpejcTa-
BASET JHIIb OTHOCHTeAbHAs owubKa, KoTopas GbicTpo yOsiBaer. dopmyna
CrupanHra gaeT oueHb TOUHOE MNpuOJHKeHMe K n] Aame NPH MaJbIX A.
He#tcreutenbho, us dopMyas (9.1) mas 11, 2!, 51 noayuaem crenyswouue
npubamkennsie 3Havenns 0,9221, 1,919 n 118,019, OrHocurenbhbie
ouubkn paHsl 89, 4% u 2% cootBerctBenno. Has 10!==3628800
npubankeHHoe 3HaueHwe paBHo 3598600 ¢ ownbko#t 0,89, Haa 100!
orgocuteabHas owubka pasnHa Juub 0,089,
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Hokasareabctso dopuyasn Crupausra. PaccMOTpUM Bhi-
paxeHue

a,=log2+log3~+ ... +log(r—1)4logn.  (9.2)

KOTOpOe OoTauyaercs OT logn! TOABKO MHOMUTeNeM !/, mpu nocienHeM
YneHe B NMpaBoH vactd. Mbl mokaxeM, 4TO @, HpeiACTaBIAeT ILIOILALH

A

Puc. 1. Wamocrpauus sniBoga ¢opmyast Crupaunra u npubimxenue
cyMM uHTerpalamu (y = log x).

JBYX pa3/ANU4HBIX MHOTOYTOJbHUKOB, OTKyAd MoJy4uM Lis logn! sepx-
HIOIO M HIDKHIOW ouenku. Puc. 1 uimocTpupyer mnojoxedue AJad 4acT-
Horo cayyad n=4. 3anucas @, B Buie

a, =1/, {log 1 +-log 2} —}—% {log2+1log3}) 4+ ... +
—+1/s {log(n — 1) +1logn},  (9.3)

3amMeuaeM, 4YTO 4, paBHO MJAOLIAAH MHOrOYroOJIbHHKA, BEPUIMHAMU KOTO-

poro seasiorca touku A;, A, ..., A, kpupolt y=log x ¢ aGcunccamu
x=1, 2, ..., n 4 Touka (n, 0) ocu x. DTOT MHOrOYrOJbHUK JEKHT
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B0 KPWBOH, NOSTOMY €ro M/IOWalb MeHblile, Yem niowans obJiacTi,
orpaHuyeHHOH KPHBOH y ==log x, OCbi0 X #H mpsIMOH X ==n.

C npyro#f croponnl, log & pasen mIomanu TpanelHd C OCHOBAHHEM
kh—1)y < x < k+41/,, orpanuueHHON cBepxy KacaTeabHOW K KpUBOH
B Touke A,=(k, logk). Ortciona caenyer, uro log(n — 1)! Goavuie,
yeM nmnJoulaxb 0O6JACTH, OrpaHMYeHHOW KpuBod y=—1l0og x., OCbIO X 0

BEPTUKAAbHLIMUE TNPAMBIMH X ==3/, n x ==n —!/,. Kpowe To0ro, cosep-

1
IIeHHO OYe€BUIHO, HTO —Q—Iogn MpPEeBOCXOJUT IJIOLIAAb KPHBO/JMHEHAHON

1
TpaneuHu ¢ OCHOBaHHEM n——§<x<n, ", 3HA4YHT, @, TPeBOCXOIHT

3
n.10Wanb MON KPUBOH Mex1y BepTHKAASMH X =5 # X=n. Lpyrumn

¢JioBamy, Mbl NOKasaau, 4TO

flogx cdx < a, < f log x - dx. (9.4
3 1

3

HeonpenenenHblt MHTerpal oT log X paBeH xlogx-—Xx, U TOITOMY
coorHowenue (9.4) cBOAUTCS K ABOHHOMY HEPaBEHCTBY:

(n-}—%—) logn-——n—}—%(l — log%) <Llogn!<<

<(n+%)logn~n—f—l. (9.5)
ITomoxuM, RIS KPaTKOCTH,

3 =logn !~ (n +—})~)]0gﬂ—§—n. (9.6)

Torna 1 —38, npeacTaB/ifieT PpAa3HOCTh MEACLY NPAaBOH 4acThIO HepapcH-
crBa (9.5) ulogn!, 1. e. 1 —3, paBHO naowann Mexay KpusoH y == log x
u noMaHo# aunuen A A, A, ... A,. Orcioaa cienyer, 4to 8, MOHOMOHRO

yOssaem. Yo HepaBencTBo (9.5) mnoOkashBaer, 4TO %(1—1og%)<

<8, < 1. B cuny uasecTHO# TeopeMbl aHA/M3a MOCAEAOBATEILHOCTL {J,)

C 3 3 P
CTPEMUTCA K TNpejeny, 3dK.JIIOYEHHOMY MewnAy 5(1 — log —2—) nl. O6o-
3HAYUB 9TOT INpeles yepe3 logc, mMOMYYUM
3, —loge, rme 2,45 < c < 2,72. (9.7)

B norapudpmuueckux 06o3HaueHusx ¢opuyna Crapiunra czoautcs x dop-

myae (9.7), ecam TOABKO C=(27€)% (1w npubanautesbuo  2,507).

Uneno ® MOXKHO ONpelde T pPA3HBIMA CHOCODAaMi, # /18 HALINX LedeH
c?
BCEro MpoLle H ecTecTBeHHee NOJOKHTh & ==--. Ilpn Takov onpeie.le-

nin gopmyaa (9.7) sksusanenTHa ¢opmysae CTHpaunra, HO 3aTO BO3HH-
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KaeT BOMPOC O TOM, COBMNAJAET M BBEJEHHAs NOCTOSHHAA T ¢ OGLENnpPUHA-
TOH MOCTOAHHOW =, (Urypupyiomell B ApYTHX COOTHOLIeHAX. 3TOT dakt
Oyzet noayded mnonyrHo B ra. VII, nocre yero nokasarenncrso ¢op-
Myabl CrupauHra MOMHO OyAeT CuuTaTh 3aBepUICHHBIM.

Yrtounenue ¢opmyabt Crtupannra. Popmyay (9.1) moxHo ycuauth, noGa-
BHB €L1€ HECKOJbKO 4/CHOB pasjoxeHns. XOTs yTouHeHHas dpopmyaa Ctupaunra
HHTIE HCIOJAb30BAThC He GyNeT, MBI HaMETHM JOKa3aTeAbCTBO ABOHHOrO Hepa-
BeHcTBa ')

1 1 1 1 1 1

= Nto —A4 = At Nt
©@m)%n e PPlopi<c@n)ian Ze M (9.8)

Hdas noxaszareabcrBa (9.8) sametuM, uto

. . 1 Akl 1 1
On+|—bn=(n +§)log’T‘—1—- 3(2n+1)2+5(2n+1)5+..- (99)

. 1
[STO pasaoxenue caeayer u3 Gopmyast (8.11), ecsin B Hell HONOKUTD £ = GrFD ]

Mui yBeqnuuM BCe 4JeHbl B npaBod uyacTH paeencTsa (9.9), samenuB ko3ddu-
1

1 o
LHEHThE 3 N ‘7 , §-, ... Ha '5' [Mocne atoii 3ameun noay4aeTcs reoMeTpuue-

H T03TOMY

1
CKagq nporpeccua COo 3HAMEHATEIEM ————5
porp @n+ D2’

1 1

1
BlEnF) =1 " 12n 2@+ (9.10)

Bpp1— 0 <

1
Taxum 06pa3om, NOCAEN0BATEALHOCTD {Bn -+ m}» MOHOTOHHO yGbiBaer. [Tpenen

37Ol mocaegoBateabHOCTH omnpeleasercs dopmyaoli Crupaunra. OTCI0fa BbITE-
KaeT npasas 4acTb jABoHHOro nepasencrsa (9.8). JleBad yactb 3TOr0 HEPaBEHCTBA
MOJNYYaeTCAs aHAJOTHYHO, €CAH 3aMeTHTb, uTO H3 (9.9) ciaeayeT COOTHOmIEHHE

1 1 1
3O L2 - T2l L1

dopmyan (9.8) maoT 3amenareabHoe npubanmkenue ang n!. Mawe npu n=1
BEPXHSS H HHXHsAS OLEHKH, MOJyueHHbie 10 3THM QopmyJam, pasun 0,9958 ...
u 1,0023. Bepxuss ouenxa Heckoapko ayume [cm. (12.28)]. pu n =2 ona paer
snauenue 2,0007, npu n =5 noayuum 120,01, u npu n = 10 nepsuie narts uudp
BEPHBL.

©.11)

Snt1— 0, >

§ 10. Npumepn u ynpawHeHus ?)

3ameuwanune. Bo Bcex cayvasx mnpeanonsaraercs, 4To BCe KOMGHHAUMH
HMEIOT PABHblE BEPOATHOCTH.

1. CkoabkO MOXHO 06pasoBaTh pa3AMYHbIX HHHIHAJOB, eC/H KaXAblH ueno-
BEK HMEET: a) POBHO 1Ba, 6) He GoJblue ABYX, B) He Ooaplie TpeX HMeH.

) H Robbins, A remark on Stirling’s formula. Amer. Math. Monthly,
62 (1955), 26—29.

2) § 11 u § 12 cozepwxar 3afaud APYroro XapakTepa M pasfnuHbE JONOJ-
HEeHHUS K TeKCTY.



68 Ta. 1. Saementor komBuraTopHo2o anaausa

2, CkoabkuMH CIOCO6aMH MOTYT OBITh NMOCTaBJEHBl HA INAXMATHOH AOCKe
ABE JaJbH Da3IHYHOrO LBETA TAK, YTOOR Kawias MOrJa B3fTh IADPYryio?

3. Byksb a36yku Mopse 00pasyloTcs Kak MOCAEAOBATEJbHOCTH TOYEK H
tTHpe. CKOJBKO GYKB MOXHO COCTaBuTb He Oojee ueM u3 10 cHMBOJOB?

4, Koctu jans urpel B JOMHHO MeTATcsl AByMs uHcaamu. Koctu cummer-
PHUHBI, U IO3TOMY MOPANOK uYHces He cypiecTBeH. CKOJMbKO Pa3jHMYHBLIX KOCTEN
MoxHO 06pasoBarTh, HCNOAbL3YR yHcaa 1, 2, ..., n?

5. Yucna 1, 2, ..., n paccraBaeHst cayyafiHbiM o6pasoMm. Halitu BeposiTHOCTD
Toro, uTo uucia a) 1 u 2, 6) 1, 2 u 3 pacmonoXeHb PAAOM U MPUTOM B IOPAAKE
BO3pACTaHHsL.

6. a) HallTu BepOATHOCTL TOro, YTO CPERM TpeX BbIOpaHHBIX Hayran uHdp
BcTpeTatcs 2, 1, 0 moBropenu#i. 6) PemuTh Ty e 3agady 144 4eThpex BhiGpaH-
HBIX Hayran uuop.

7. Hafitn BeposTHOCTb p, TOrO, 4TO Cpelu r BbIGPAHHBIX Hayraji nudp He
6yser ABYyX paBHbIX. BhluMcauTh 3HaueHue pjp, MCHOAb3ys ¢opmyny CrupiauHra.

8. HaiiTu BeposTHOCTb TOro, 4TO B £ BBHIGPAaHHBIX Hayrax uudp a) He BXO-
aut 0, 6) ue Bxoaur 1, B) He BxoauT nu O, Hu 1, r) ne Bxoaur uau 0, uau L.
[Tycte uepes A u B o6o3nauenbl coGbITHH, ONMHCaHHBE B ,a* U ,6¢“ Bhpasuth
yepes A H B ocranbHble COGBITHA.

9. Ha#iTn BepoATHOCTH TOro, 4TO TpH CJAY4YaliHOM pasMEILEHHU A IIAPOB
[0 n fIIMKaM DOBHO OJAHMH SAIIHK OCTAHETCH NYyCTBIM.

10. IBeHaguath MecT /i1 CTOSHKH aBTOMOGHJEH DACIOMOMKEHH B OAHH PSl.
HexT0 3ameTusa, 4TO Ha CTOSHKE HMeeTCA BOCeMb ABTOMOOMJEH, MpHUYEM 4YeThipe
HYCTBHIX MeCTa CJAEAYIT OXHO 3a apyruMm (o6pa3yioT cepuio). Crenyer au cCuMTath
TaKOe PACHOAOKEHHE HEOXHIARHBIM (yKa3bIBAKOIUIMM Ha OTCYTCTBHE CJAyYanHOCTH).

11, ¥V uenoBeka wuMeeTcl n KJaOYeH, H3 KOTOPBIX TOJABKO OXHH MOAXOLUT
K ero asepu. Ou nociefoBate]bHO HCHBIThIBaeT HX (BoOOp 6e3 BO3BpauieHHs).
droT mpouecc Mowxer KOHUMTbCs mpu 1, 2, ..., n ucneitanud. ITokasarh, 4TO
KaxcIblii M3 9THX HCXOJOB MMEET BEpOsSTHOCTb n~l.

12. Kaxpgas ¥W3 n majJoxk pasnaMblBaeTcd Ha JBE YacTH — JJIHHHYK M
KOPOTKYI0. 3aTeM 2n NOJy4YEHHBIX O0GJOMKOB OOBEAMHAIOTCA B 7 map, Kawias
M3 KOTODHX o0pa3yeT HOBYIO «majiky». Halitn BepoaATHOCTL a) TOro, 4Tro BCe
06/40MKH 00beiHHEeHh B IEPBOHAYaJbHOM Mopsake, 6) TOro, 4TO Bce AMUHHBIE
anKH COeIHHEHB C KOPOTKHMHU ).

13. lpoBepka cTtarucTHuecKod runotesn. Oaun mnpodeccop
Kopheabckoro yunBepcHTeTa ABeHanuaTk pas MTPAadOBaICA 32 HE3aKOHHYIO HOU-
HYI0 CTOSIHKY MalllMHBI, PHYEM BCe ABEHAANaTh pa3 3TO NPOHMCXOAMJIO HJAU BO
BTOPDHHKH uau B uerBepru. Hafltu BepoarnocTh 3T10r0 cobbiTud. (Bblaa Ot
OnpaslaHa apeHia rapaxa TOJbKO BO BTOPHHKH H B YETBEPru?)

14. Mpononxenue. M3 asenanuatru mwmrpadoB HU OJHH HE HpHINencs Ha
BOCKpeceHbe. Coraacyercs JH 3TO ¢ THIOTE30H O CaydadHOCTH?

15. Slmuk comepxutr 90 romubix u 10 OpakoBaHHbix neTanei. Halita Bepoar-
HOCTb TOTO, uTO cpeian 10 BHIHYTHIX M3 siliMKa AeTanell HeT OPaKOBaHHbLIX.

16. M3 coBokynmHocTH mATH CUMBOJOB a, b, ¢, d, ¢ MPoU3BOAKTCA BLHIGOPKA
¢ BosBpameHnuem o6beMa 25. Haiitu BeposTHOCTb TOTO, 4TO B 3TOH BHIOGOpPKE
6ymer comepxarbcA MO NATH CHMBOJOB KaX;lOro Buia (Cp. pesyJabrtaThl ¢ Tabau-
uei caydadupx umces, oroxnectBus uudps 0, 1 ¢ a, uudpo 2, 3 ¢ & u 1. 1)

) Ecau kJ€TKM MOABEPraioTcs Bo3neHCTBUIO BPERHOH paxHalHH, HEKOTOpble
XPOMOCOMBI PACUIETIIAIOTCS U HI'PAIOT POJib «00HOMKOBY». «[IHHHEIMEY 06 BABAAIOTCA
Te «O6GAOMKH», KOTOpHE COJEPXKAT TaK HA3blBaeMble LEHTPOMB. O6beruHeHue
JIBYX «IJAHHHBIX» MJAM ABYX «KOPOTKHX» uyacTef HMPHUBOAMT K rubenn kaeTkd. Cu.
D. G. Catcheside, The effect of X-ray dosage upon the frequency of indu-
ced structural changes in the chromosomes of Drosophila Melanogaster, Jour-
nal of Genetics, 36 (1938), 307—320.
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17. n uenoBek, B ToM uucie A u B, pacnmonaralorcs B psii B cayyaiHOM
nopaake. Halitu BepoatHocts Toro, uro mexay A u B 6yrer cToaTh POBHO
r uenosex. [lokasars, YTO €caH 1 4eJOBEK DAacCMoOJaralwTci He B psl, a B KpyT,
TO 3Ta BEPOATHOCTh HE 3aBHCHT OT r H, CJeJOBaTe’dbHO, paBHa l/(n — ).

18. Haittu BeposTHOCTL TOro, 4TO ABa OPOCAHMS TPEX MIPadbHbIX KOCTEH
I1alyT OXMH H TOT K€ pe3yabTal, €CJIH KOCTU a) OTJUYHMBL APYF OT ApYra,
6) He OTJMYHMBIL.

19. IToxkasate, uto 6oJee BEPOATHO IPH ONHOBPEMEHHOM GPOCAHMH YETHIPEX
KocTed TNOAYuMTb XOTA Obl 0OJHY elununy, ueM Npu 24 GPOCAHHAX ABYX KOCTeH
[ONY4YUTh XOTA Obi OAUH pas jABe eluHHUb. (OTBeT H3BeCTEH Kax MapaloKc
ne-Mepe. Vrpok [leBanbe ne-Mepe cuuTat 3TH BEPOATHOCTH PABHBLIMH U OBBH-
HsJ MaTeMaTHKOB B CBOHMX NPOHIpHIIIAX.)

20. IpousBoantcs BbIOOpKa o6bema r M3 IeHepaJbHOH COBOKYMHOCTH, CO-
croswel u3 n sxementos. Hafitu BepossTHOCTb TOro, 4TO HH OAMH M3 HaHHBIX N
s7eMeHTOB He OyjleT BXOIMTh B BHIOOpKY, ecau Bbibopka mpousBoputca a) 6e3s
so3Bpantenns 6) ¢ Bo3spaiuenueM. CpaBHUTh YHCJAEHHbIE PE3YJbTaThl /8 PasdHbIX
cnoco6oB Bubopa, ecan (1) =100, N=r=3 u (II) n=100, r = N=10.

2. PacnpocrtpaneHune cayxoB. B ropoae ¢ Hacenenuem B (n-+1)
WEeJOBEK HEeKTO y3HaerT HoBocTb. OH nepenaer ee llepBOMY BCTPEUHOMY, TOT €Ile
oaHoMy W T. 1. Ha xawx1om mary BnepBble y3HABIUHMH HOBOCTb MOMXET COOGILHUTH
ee n1060MYy M3 71 4EJOBEK C ONHHAKOBBIMH BepOATHOCTAMH. HaHTtu BeposTHOCTH
TOro, 4TO B MPOJOJ/KEHHE r eJUHHI, BPEMEHU a) HOBOCTb He BO3BPATHICH
K ueJOBeKY, KOTODbIH y3Hasl ee nepBbiM, 6) HOBOCTb He 6yJeT HUKEM HMOBTOPEHa.
Pemuth Ty Xe 3ajauy B IPEINONONKEHHH, UTO HA KAXIOM LIATY HOBOCTH COOG-
maetcs rpynne u3 N cayualino BuiOpannmix moge#. (Ilepas uacth 3anauu
ABJASETCS YACTHBIM ciaydaeM 3Tofl 6oJee obimie#dt moctaHoBkyu npu N =1.)

22. llenb nucem Paccmarpusaercs reHepajibias COBOKYMHOCTb, COCTOS-
was u3 (n-+1) uyenosex. YesnoBek, KOTOPOrO YCJOBHMCHA HA3biBATh «NPAPORH-
TeneM», ITULIET IBa MUCbMa CJAyuaiiHO BHIGDAHHBIM ajpecaTaM, KOTOpee 06pasyioT
«nepsoe nokoJjenHe». Te B cBOW ouepenb AEJAIOT TO Ke Camoe, B pe3yabTate
yero ofpasyeTcsa «BTOpO€ NOKoJgeHue». Boobuie kKawiblit H3 Jiojed, BXOASIIHX
B «r-¢ MOKOJEHHe», MOChliaeT JABa IHCbMa CAyYaHHO BHIGpaHHBIM ajpecaTaM.
HaliTi BeposTHOCTL TOTO, 4TO «NPAapOIMTE]b» HE BXOJAMT HA B OJHO M3 «IIOKO-
JgeHunii» ¢ HoMepamu 1, 2, ..., r. Hautu Meanany pacmpeneaenuns, npeanoJaras n
JIOCTATOUHO GOJBLHHM.

23. Cemeitnas 3anava B HekoTopoMm cemelicTBe ueThlpe cecTpsl IO
ouepeAH MOIOT mocyny. Vs uerbipex pa3buThIX Tapejox TpH pasbuTO Maaniuei,
H I03TOMY ee Ha3bBalT HeyK/okeHd. MOXHO au ee onpaBiaTh, NPHIHUCAB 3TH
Heyjpaun cayuafinoctu. O6cyIuTh CBSI3p €O C/AyuafiHbIM pa3MelleHHeM LIaPOB.

24. YeMy paBHa BEpOATHOCTb TOT'O, WTO a) BCe JHU pOxJIeHus 12 uelsioBek
NPUAYTCH HA PA3HBIE MECHUb roja (NpM YCJIOBHH, YTO BEPOSTHOCTH TONANAHUS
JiH POXKJCHHS Ha KAKIBIH H3 MeCSlEB OCTAKTC PABHBIMH 1As BCEX MECSLEB,
6) nuu poxieHus 6 yeJOBeK NMPUAYTCH B TOYHOCTH HA ABa MecCdAla.

25. HaliTu BEepOATHOCTb TOro, 4TO Aa% AaHHBIX 30 ueaoBek cpeau 12 Mecsaues
rona 6 mecsues comepxaT Mo ABa M 6 Mecaues Mo TpH AHS POKAEHHUS.

26. B uynaHe HaxonuTca n map 6otmHok. M3 Hux cayuaiino Bpi6upaercs
2r GotuHOK (2r < n). HaHTu BepoaTHOCTb TOro, YTO a) Cpelu BhIGPAHHBIX OOTH-
HOK OTCYTCTBYIOT NapHbie, 6) HMeeTcsl 0JHa KOMIUIeKTHas fapa, B) UMeeTcs ABe
KOMIIJICKTHbIC Maph.

27. Ha aBTOMOOGUABHOH CTOSIHKE BHOBb NPHOBIBINAS MAIIMHA 3aHHMAaeT MeCTO
B pany, cocrosmeM u3 N aBToMoGHjell (He B TOM W He B JADYroM KOHIE 3TOro
pana). Korza xo3suH MalnHbl BO3BpaTHJACH, OH 3aMeTws, 4To r u3 N MecT eule
3anaTel. KakoBa BepOATHOCTH TOro, 4T0 06a COCEAHHX MeCTa MyCTHI?

28. 'pynna u3 2N ManpuukoB H 2N XeBoYeK AeJHUTCS HA JBE PaBHME YaCTH.
Hailith BeposTHOCTH TOrO, YTO B KawAOH 4aCTH YHCAO MaJIbUHKOB M JEBOYEK
OJiMHAKOBO. BblyuCANTD 3Ty BEPOATHOCTB, HCNOAb3ysa dopMyay CrupauHra.
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29, lloxasalb, 4TO BEPOATHOCTL HIPOKY A NOJYYHUTH POBHO & TY30B OpH
c1aye KOJOJbl KapT Ajs Mrpbl B OpUIK paBHA BEPOATHOCTH TOro, uto B 13 kap-
Tax, CayuyaiHO BbIOPAHHBIX M3 KOJOIBI, 6yleT £ Ty30B (MHTYHTHBHO 3TO, IOHNTHO,
HO 3aMETHM, YTO HAXOXKEHHE 3THX JBYX BEeDOATHOCTEH NMPUBOAHT K Pa3aHYHBIM
OMBLITAM: BO BTOPOM caydde BuiGupaercs 13 KapT, a B HepBOM ~— pacnpeleasioTcs
BCe 52 KapTh).

30. B ycaoBusx npeibiaymiedl 3amauu J0Kas3alb, 4TO BEPOSTHOCTH TOTO, Y10
Hrpox A MOAYYHT POBHO m, @ UFpOK B pPOBHO 7 NuK, paBHA BEPOATHOCTH TOTO,
4TO B ABYX Ha6opax, no 13 KapT KamxAblil, CONEPIUTCA COOTBETCTBEHHO M H 71 TTHK.

31. Yeuy paBHa BepOsSTHOCTb TOrO, 4TO MoayueHHsie A ¥ B kapTh colepwkar
BMecTe poBHO £ nuk, rae k=0, 1, 2, 3, 4?

32. {lyctb @, b, ¢, d — 4eTHIpe HEOTPULATEbHLIX LEAbIX YHCJIa, TaKHX, YTO
a-+ b+ c+d=13. Ha#itu BepoatHocts p(a, b, ¢, d) TOro, 4rTo mNpU Hrpe
B OpHK MepBHIK, BTOPOH, TpeTHH M 4YeTBEpTHIH UIpOKM MOAYYAT @, b, ¢ ¥ d nun
cooTeercTBeHHO. OmpeieanTs CXeMy pasMelIeHMA KPACHBIX M YepHBIX IHapoB
0o AUlsaM, KOTOpas COXEPXHUI CHOPMYIHPOBAHHYIO 3a/auy B KauyecTBE 4acT-
HOTO cayuast.

33. Mcnoab3ya pe3dyabrTat 3alaud 32, HaHTH yxciAeHHOE 3HAYEHHE BEPOAT-
HOCTH TOrO, 4TO GIMH WIrPOK HOAYYHUT a4, BTOPOH b, Tpetuit ¢ 1 yeTBepThlll d MHK,
ecan a)y a=205, b=4, ¢=3, d=1, 6)a=b=c=4, d=1; B) a=b=4,
¢=3, d=2. (3amertuM, YTO 3TH TPH CAYYas CYLIECTBEHHO PA3JMUHBL)

34. Mycte a, b, ¢, d — Heasle 4ucaa, rakue, 410 a -+ 6 + ¢ 4 & = 13. Haiitu
BepoaTHOCTb ¢ (a, b, ¢, d) Toro, 4TO TNOJAYYEHHBIE HpU HIpe B OPHINK KapTol
cojepxar a muk, b uepsell, ¢ 6y6en u d Tped, u mokasaTb, Y10 3ajaua He
CBOIMTCH HU K OJHOMY M3 CJayualiHbIX pasMelleHud 13 mapos 1o 4 Auuxam.

35. Pacnmpexenenne TysoB B Habope u3 r kapT1. Haiiru Beposr-
HOCTH po (r), pi(r), ..., Ps(r) TOrO, UTO CPEAH r KapT, CAyHaHHO BBIOPAHHBIX
M3 KOJOIB KapT aasg urpet B 6pumxk, scrpetutces 0, 1,..., 4 1y3a coorper-
crBeHHo. [IpoBeputh, uto po (r) = p, (52 —r).

36. [Iporonxenue. BpeMsa oxujganusa M3 noasoir koaodasl mocae-

I0BateJbHO BBIGUpaloTca kKapTel. Ha#tu BepostHoctu f,(r), ..., f,(r) Ttoro,
4TO NepBHIH, ..., HETBEPTHIH Ty3 NOABATCA NPH r-M HCObITaHru. IlonbiTaibes
cHavaja yrajaTb MejuaHbl BPeMEH OXKMUJAHMA NEPBOro, ..., YETBEPTOro MOsiBje-

HHUH, a 3aTeM BHYHCIHUTH HX.

37. HaiiTH BeposTHOCTB TOTO, uTO KamABlH M3 ABYX HaBOpOB KapT colep-
WHT % Ty30B, ecqd 0O6BEM KamAOro u3 Ha6OpOB paBeH r H BhIGOP MPOH3IBO-
JUTCA a) U3 OJAHOH KOJOABI, 6) M3 ABYX KOJOJ KapT jaas urpbl B 6puax. Ilokasars,
4TO mNpH r = 13 BeposATHOCTh B 3ajaue (a) COBNANaeT € BEPOATHOCTHLIO TOrO,
4TO KaAblH M3 ABYX 3aJaHHBIX MIPOKOB B OPHIK MONYYHT R TY30B.

38. Oneuvatku Ha kamxaol cTpaHHme KHHrHM HamneuataHo N CHMBOJOB,
BO3MOXHBl oneuyarku, Kuura comepwur n =500 crpanny u r ==50 omewarok.
[Tokasats, 4YTO a) BeposiTHOCTb Toro, uyto 1, 2, ..., n-4 CTpaHHubl COAEPHKAT
COOTBETCTBEHHO |, Iy, ..., 'y ONECY4ATOK, PaABHA

Ny ( N N ( nN).
"1)\"2 Ay )N P
6) npu Goabwinx N 3Ta BepOATHOCTL NpUOAM3UTENBHO COBNAJA€T C BEPOAT-
HOCTbIO (5.5). 3aklouuTh OTCIOJA, UTO DPACNPEIENeHNe r ONEHaTOK MO A cTpa-
HULAM npuOAU3HTEIbHO COOTBETCTBYET C/AYYaHHOMY pasMEINEHHIO r 1apoB
no n gmukaM. (3amevwanue. ITO CBOHCTBC MOXHO CPOPMYyAnpoBaTb Kax
06ILYI0 Mpesienbuylo TeopeMy maf craTHcTuku Pepmu— dnpaka. Cum. § 5.)
Bameuanue. [lociaenyoliine 3a1a4u UMET OTHOIIEHHE K MaTepuany § S.
39. Hafitn uuciao pasanyuMblX crnocoGOB DACTIONOXKEHHS 1, HEPa3IHYUMbIX

peIMeToB OJHOIO poja H 7y HEPA3JHYMMBIX NpEeIMETOB JADYroro poja no
n dluKaM,
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40. Yemy paBHO 4HCAO PA3AHUHMBIX PE3YJbTAaTOB COBMECTHOI0 OpocaHus
£ NrpadbHBIX KOCTEd M ry MOHET?

41. CKoJIbKUMH PA3AMYUMBIMA cOocoBaM¥ MOTYT OHITh pacnoaoxenus r; Ge-
ABIX, 7y YEPHLIX ¥ ry KPACHBIX MIAPOB?

B 3adawax 4—6 uepes n 0603HA4ACMCA HUCAO S4eeK, Hepe3 r — HUCAO
00 #eKmog, Npeonolazaemcst, 4mo gce 005EKMol PASAULUMsl U 6ce n’ pacnpe-
desenull uMeiom pasole 8¢ POSLMHOCMU.

42. HaiiTu BeposTHOCIL TOrO, 4TO NpH CAYYAlHOM PACRONOKEHUH H2 KapT
a8 Hrpbl B OPMAK HHKaKMe ABa Ty3a He O6yI1yT PACHOIOMEHB PSIOM.

43. iud r. B npumepe 3, B) audt OTUPABAYETCH C CEMBIO MACCAWMPAMU H
octanarauBaercd Ha 10 sraxax. PasjnuHble Pa3MCUIEHHS NIACCAKHPOB MO 3TAWKAM
MOTyT OBiTb 3anucaHul CHMBOJAMH, BOIOOHBIMH cHMBOAY (3, 2, 2), koTOpBIH
O3HayaeT, 4TO 3 MACCaXHPa HANPaBAAIOTCS HA OAMH 3Tax, 2-— HAa APYrOH M
2 na 1peruit. HalTn BeposATHOCTH BceX 15 BO3MOMHBIX pasmemienuii naccamu-
poB 110 sTawaMm, HauuHas of (7) m xonwas (1, 1, 1, 1. 1, 1, ).

44. uy poxieHus. HaliTu BepOSITHOCTH PAa3JMYHBIX BOIMOXKHBIX PaC-
upeneaeHuil anel powaeHus 22 yenosex.

45. Ha#Tu BepoATHOCTb TOro, 4TO B NOKEpPE NOoAydyaTcA Clefylomnue Habopsl

a) AeCsTKA, BaJeT, 1aMa, KOpOJb, TY3 OJHON M TOH e wvacry,

6) ueTbipe KapThl ONHHAKOBOTO 3HAUEHHUS;

B) OlHa Napa M OjHA TPOfKa KapT ¢ ONHHAKOBHLIMH 3HAYCHHAMH;

r) Usth HOCAEIOBATEAbHBLIX K3PT HE3aBUCUMO OT MACTH;

I) TpH KapThl OAHHAKOBOrO 3HAaueHHs NMIOC B JOHOJHUTEJbHbIE KaPTHI
€) IBe mMapsl KapT OANHAKOBOTO 3HAaUCHHS MMAIOC OJHa JApYyras Kapra;

#) ABE KapThi ONMHAKOBOI'O 3HAUEHHA ILIOC TPH PA3NUUHBIE KAPTHL

§ 1l. 3agaun ¥ noNOJHEHHS TEOPETHHYEeCKOro Xapaktepa

1. Umeercs np kpacHblX H ng yepHblx wapos (p-+ g = 1). U3 reHepaabHoit
COBOKYIHOCTH BCeX 1apOB NPou3BOAMTCA BbIOOPKA C Bo3BpatieHuem. [Toxasars,
YTO BEPOSTHOCTb TOrO, YTO B BbIGOPKY BXOAHT K KpacHbIX IApOB, paBHA

( AT (L1

2. NlpeneavHas TeopeMa 148 THNEPreOMETPHUYECKOTroO
pacnpeneaenns. Ecan n seauxo, a n,/n=p, 10 BepoaTHOCTH g, AaBae-

mule popMyaamu (6.1) u (6.2), upubminkaiorca k Boipawxenmio {11.1). Touuee:

e R L (R I

CpapHenne pesy/sbTaTOB 3TOH H NIpeAIlecTBYIOIeH 3ajad NoxasbiBaeT, UTO
npa 00AbUIEX 2EHEPAAbHOLX COBOKYNHOCMAX NPAKMUYECKU Hem pasniysl
MeHcQy ulGOPKOIL ¢ 8038pauienuerm u Ge3 6038 AULEHUSL.

3. U3 reHepaabHOH COBOKYIIHOCTH, COCTOSIIUEH H3 71 3J1EMEHTOB, BoIGupaerca
Tpyuna B r sJeMeHTOB (Ge3 BosBpaiuenus). /loxasaTs, 4TO BepOATHOCTL i, TOTO,
UTO Kawablii U3 N AaHHbIX 3/JEMEHTOB COJAEepPWHUTCH B BhIGOpKE, paBHa

n—N\ 'n
u,s(r’_N).kr). (11.3)
{CooipercTpytoman Gopuyna 1ad Boidopa ¢ Boappawledues iaercs B (11.10)

M He voxeT OTh i0JdydYeHa npavbiMM paccyxiaenusyu. [pyro#t suin dop-
myaws (11.3) ca. 8 3atase 9 ra IV,
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r
4 Mpeneasvuasa Teopema Ecau n—>00 ur—>o00 713K UTO F—»p,

10 1, > p™v (cm. sapauy 13).

3ameuaHnue 3agaun 5—13 cBA3aHB ¢ KJacCHuUecKoH 3anauedt o pasme-
mennu (cratuctukoit Maxceesnna — BoabuMana). QpyruMu closamd, r npeiMe-
TOB pa3MellaloTcd Mo 7 AYeHKaM M KaxA0€ u3 n’ BO3MOKHBIX pacmpeje’eHuii
uMeeT BepOATHOCTb ' 1).

5. BeposTHOCTH P, TOTO, UTO 33/iaHHAR sUeiiKa CONEPMUT POBHO R NpeAMETOB,
onpejeasiercs OWHOMMAJAbHBIM pacnpeneneHuem (4.5). Hauboaee BeposTibim
aBJSETCA lleaoe 4YHCAO v, Takoe, uto (r — n-+ 1)}/n < v < (r+ 1)/n. (Ipyrumu
C0BAMH, YTBEPKAAETCA, UTO Do < P1 << oo < Py 1 K Py >Pya1 > vve > Pr
cM. 3anaqy 15.)

6. IpenenbHan TeopeMma Ecmt n—>o0 u r—->co TakuMm o6pasoM,
YTO CpelHee YHCAO A == r/n MI2pOB Ha sueiKy OCTaeTcd NMOCTOSHHBIM, TO

pk—ae’)‘kk/kl. (11.4)

A10 — pacnpegesenne Ilyaccona, koTopoe mnoipoGHO wuccaenyerca B ra. VI
cM. 3azauy 15.

7. lMycts A (r, n) — uncno cnoco60OB PACHOJIOKEHHs r IPEAMETOB N0 1 AYeii-
kaM, TPH KOTOPHIX HeT NycThix siueek. [ToxasaTb ¢ mOMOIIBK KOMGHHATOPHBIX
paccyxaeHuit, 4To

r

A(r,n+1)=2(2)z4(r——k,n). (11.5)
k=1
BuiBecTy OTCI0O4a, YTO
n

Ar, ny= 2 (_-1)V( § ) (n—v). (11.6)

v=0

Yxasanue, Bocmoabsosathcs uuayknueit. Ilpeanonaras dopmyay (11.6)
BepHOH, Buipasute A(r—k, n) B (11.5) uepes Bmpawenne (11.6). Uamenntn
fIOpAI0K CYMMHPOBAHUS H, BOCIIOJbL3OBAaBIIHMCh GHHOMOM HbIOTOHA, NPENCTABUTH
A(r, n}1) B Buse pasHOCTH IBYX HPOCTHIX CYMM. 3aMEHHTH BO BTODOH cyMMe
v+ 1 HOBHIM MHIEKCOM CYMMHMPOBaHHA W TpuMmeHutsb (8.6).

3ameuanue. Qopuysa (11.6) npedcmagasiem meopemuyeckoe peurerue
nocmasnennol 3adauu, HO, KOHewrO, OblA0 Ou HeOrazodaproii szadaueri
ucnoav3osams ee OAsL BbIMUCACHUS, C(KAXCOM, 8eDOSMHOCMI X mMOZ0, YMO
8 Oepesne ¢ Haceaenuem n = 1900 uesosex raxcOstii Oens 8 200y sneasemcs
4buM-mo OHeM poocOenust. B § 2 za. IV mMu soiseden gopmyary (11.6) dpyeun
MemoOOM U NOAYHUM OAS Hee npocmoe npubauscenue (3ma @GopMyAQ NOKAIbL~
saem, Hanpumep, wmo npubausumenrsuo x = 0,135).

) 3anauu 5—19 HrpalOT HEKOTOPYIO POJNb B KBAHTOBOH CTATHCTHKE, TEODUU
doTonaacTunoK, cueTunkos Iefirepa— Mioanepa n 1. n. B cuay storo Hexoro-
pbie GOpPMYyaBl MHOTOKPATHO OGCYXAaMMCh H 33aHOBO OTKPHIBAJNNCH B (usnueckolt
JKMTEPATYPe, 3a4acTyld 6€3 BLIABJEHHUS HX KJACCUUECKOTO M COBEPIIEHHO 3/~
MEHTapHOTO Xapaktepa. BeposTHo, Bce 3TH 3anaun UMeIOTCH (XOTH M B M3Me-
HEHHOM BHJe) B KHHI¢ BUTBOpTa, IMTHPOBAHHOH B CaMOM Ha'aje IJaBbl
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8. MokasaTh, YTO 4HuCAO pacnpedeseHull, OCMABASIOUUX POSHO M SHeeK
nycmelMU, pasHo

Ep(r, n) = (,’;)A (r, n—m)= ( Z\H—Em(_l)v (" ’”) (n—m—. (117)
| \

9. MokazaTh, He onupasch Ha MpeAbLIAYUINE PE3YALTATH, UTO 6€POSIMHOCMb
Pm(r, n)y=n""Ep(r, n)

moz2o, «mo POBHO m s4eex oxamymc;z nycmeimu, ydosﬂemsopﬂem ypasueuuro
n—m m—1
P+ 1 1) = P (0, 1) ==+ P i (1 ) ——. (1.8

10. HMcnoap3ys pesyabraTel 3anad 7 H 8, MpaAMbIM BHIUHCJIEHHEM NOKa3aTb
yrto paBenctso (11.8) crpasemnnBo. [Tokasarb, 4TO 3TOT METOA HpPEAyCMaTPHBAET
HOB8biTE 861800 (undyryuell no r) popMmyan (11.6).

11. M3 dopmyabnt (11.6) u 3agauud 8 BBIBECTH, YTO 82pOSIMHOCML MOZO,
4IMO m UL 60ACE FHEEK OKANCYMLS NYCMbMU, PABHA

n—m
n\\ sfn—m\/ m-+vY m
(m)Z‘ (" J1—255) il (119)
v=0
(Ilpp m >n 370 BhHIpaXeHHE CBOJMTCS K HYJO, 4TO MHTYUTHBHO OYE€BHIHO.)

12. Beposmruocme mozo, wmo xascdass u3 N 3a0annsix f4eex oxaxicemcs

3aHAMOIL, pasHa
,

u(r, n)= n"’Z(;)A(k, N)(n— Ny -F, (11.10)
k=0
Boigecmu omcioda, umo
3 y{ N v
u(r, n):)_é(—l) ( \ )(1— n). (11.11)

[BocnoabaoBatees dopmynoi Guiioma Helotona. [Tpu N = n umeem u (r, n)=
=n"" A(r, n). Bamernm, uto popmyaa (11.11) ananorununa dopmynre (11.3) mas
Bb6opa ¢ Bo3pauleHueM '). Jlpyroii BboiBox cM. B 3anaue 8 ra. IV.}

1y Bamerum, 4TO u (£, n) MOXHO HHTEPIPETHPOBATh KAK BEPOATHOCTH TOTO,
410 Npu BhiGope Ge3 BO3BpAllEHHMs BpeMs OXUjaHHs MOMeHTa, Korga N-# sie-
MEHT IPHCOEJMHHUTCH K BboGOpKe, MeHbme r. Pe3yabTaT MOXKHO [IPUMEHHTb
K cayuaineiM undpam; B stom cayuae u(r, 10) —u (r — 1, 10) — BeposiTHOCTH
TOTO, UTO MOTpPe6yeTcs IOCJeNOBATENBHOCTh W3 r SJAEMEHTOB [As TOTO, YTOOGBL
noayuntb Bce 10 uudp. ITOT pe3yabTaT MOWKHO HCIOAB3OBATh LA IPOBEPKU
cayvafisoctv. Tpunsyn [B. E. Greenwood, Coupon collector’s test for ran-
dom digits, Mathematical Tables and other Aids to Computation, 9 (1955),
1—5] rabynupoBan 5TO pacOpefeleHHE W CPaBHUI €ro ¢ pesyabTaTaMH, KOTO-
PHE JalOT €0OTBETCTBYWIIME BPEeMEHA OXUAaHHA L1g TMEePBHIX 2035 AeCATHUHBIX
3HAKOB 4Hcaa = ¥ MepBbX 2486 mecATHUHBLIX 3HAKOB yHC/Aa ¢. Memnana BpemeHH
OMHAaHust noJHoro nabopa nudp paBHa 27. BeposTHOCTb TOFO, UTO 3TO BpeMs
oxunanus Gouviue, uem 50, npesocxoautr 0,05 u 6oabime, uem 75, paBHA NpH-
Gauszureasno 0,0037.
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13. Mpeneabnasn Teopema [Ilpu npeleanliom Nepexoie, OHHCAHHOM
B 3ajgaue 4, noayuum

u(r,n)—>(1 —e ).

3ameuvanue. 3adazu 14—19 umerom mom e cmuca, 4mo u enute.
HO meneps Myl npeonoAazaeM, 1mo npedMems Hepasiuiumsl u 4mo 8ce paj-
AUHUMBLE PACNOAONCEHUS pagroseposmuot (cmamucmuka boze—3Ilinwumenna).
14. Hoxasaib, 4TO BEPOATHOCTb HAJHYMA B 1aHHOH gueiike pOBHO & upej-

METOB paBHA
/n—}—r—ku—Q)_(n——{—r—-l

w=""", l. (11.12)

r /

15. Tlokasaip, w10 npu 7 > 2 HYJAb SABANETCA CAMBIM BEPOSTHBIM UNHCAOM
[IPE/IMETOB, [IONABIINX B IAHHYIO Aueliky, HaH, 6oJee TOUHO, gy > g, > ¢y > ...
(cp. ¢ sapaueii ).

16. lpeneavuan teopema. [lycms n u r HeozpanuueHHo 803pa-
Cmaom, npuyem cpedree HUCAO F[n 4yacmuy, APUXOOSULXCST HA O0HY SHelxy,
cmpemumes & L. Tozda "

9y

[[TpaBas wacTs H3BECTHA TOJ HAMMEHOBAHUEM 2E0MEM PULECKOZO PACNpedeseHus.)
17. BeposatHOCTb TOTO, 4TO POBHO m sYeeK OCTATCH MYCTHIMU, paBHA

[ n r—1 v n+r—1
Pm:l\m)(n——m——l)'( r ) (1114

18. BepostHOCTb TOrO, UTO B 3a1aHHOH TIpyIIle H3 7 GYCEK OKAKETCA B LE-
J0M j 06beKTOB, paBHA

qj(m):(m’;}-—j—l)(n——m+r—j—l):(n—}—r——l). (11.15)

—1 r—j r

19. MpenennHas TeopeMa. Ilpu npedersnom nepexode, ORUCAHHOM
6 § 4, noaywum

;1 j
g (m)»(m;n”il )(TI%'"T’" (11.16)

(ITpaBasi yacTh NpEeACTABJASET YaCTHUHLIH CjayuaH OTPUIATENbHOrO OGHHOMHAL-
HOro pacrpejeieHusi, KoTopoe 6yner BseleHo B ri. VI

Teopemb o cepusix. B sadazax 20—25 Mot paccmampusaem pacno-
Aoxcerue ry 6yKs a v ry OyK8 B, npednoiazas, 4mo 8ce pacnoOiONCeHUs] PaBHE-
seposimul [cM. npumep (42)]. Ima epynna 3adau csnzana ¢ § Sa.

20. BepoaTHOCTL TOTO, UTO PACHOJOKEHHE CONCDPKUT POBHO R CepuH, pasha

ng=2(r‘_1)(’2_1):("+’2) (1L17)

v—1 v—1 ry
npu uetHoM £=2v un

Poa={(" TG CI TR ane

npu HeuetHoM kR =2v-4{ 1L
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2l. Tpononxkenne BopecTn, uto Haubojsee BEPOATHBIM YHCAOM cepuil
SIBJSKETCS LEN0E YHCA0 K, YIOBIETBODPAIOUIEE HEPABEHCTBY Fir, < k<
ry1rp

2r.ry

— + 3. (Ykazaune PaccMoipeTs OTHOUIEHHS
=7

Pyya: Py ot Poyuy: Py, 1)

22, BeposATHOCT TOFO, YTO pPACHOJOXKEHUE HAYIHAETCA € 2-CEPUU 1JIHHbBL
v>0, paBHa (r\),ry:(ri+7y),xy. (VKasanue. v GVKB o n o1Ha Gyksa 3,
KOTOpas cJaelyeT 3a HIMH, (HkcHpoBaHel.) KakoB cMBICA 3TOH TEopewnl upu
v =0?

23. BeposTHOCTb HaAMYHA POBHO R a-Cepuil paBHa

GO}

YVkaszanue 3ITOT pe3yabTar sBAAETCH MPOCTHIM CJAEACTBHEM BTOPOH YacTH
aemmbl § 5. Kpome rtoro, ypapuenue (11,19) moxuo noayunts us (11.17) u
(11.18), vo Taxoii cnocob NOBOJABLHO 3ATPYAHHTEJEH.

24. BepoATHOCTH TOTO, UTO n-i# OYKBE o APeXIIecTBYET B TOYHOCTH m OYkB 3,

paBHa
(r,—}—r?—n—m)(m—{—n—l):(r,—[—rg). (11.20)
rg—m ) m ry
25. BeposatHocts TOTO, 4TO OYyKBBI o 06pasyioT & cepuil, U3 KOTOPBIX &,
umeioT nanBy 1, ky— aauny 2, ..., k, — aauny v (npuuev k- ...+ &, = &),
paBHa " i
: ( Iy it "2)
RN N N (\ k )( reo ) (11.21)

§ 12, 3agaum M TOWAECTBA,
cBsi3aHHbie ¢ OMHOMHAJLHBIMH Ko3dduuneHTaMu

1. Ons ueaoro n> 2

1—(’11)+(’;\)—+ =0

(’11)+2(/’2’)+3(g) Fooo=n2tl
(’;)-—2('2)+3(’;)—+...:0; 2.1
2.1(;)+3.2(2j+4.3(2)+ o =n(n—1)2""2,

(Y xazanue Wcnoassosats dopmyny Gunoma HeioTona.)
2. Hoxasath, 40 NpH AOOLIX LEJbIX MNOJOWHTEbHBIX 1, R

GG =()GZ+E)EZe) = = (U)o o

\
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ITO0 COOTHOIIEHHE ABASETCA UACTHBIM Cayuaem 6onee o6lEro TOmaecTBa ')

E(f)(g::)fv=(',:)(l+f)k- (12.3)
3. oas moGoro a >0

(';“)=(— 1)"(“"’2“’). (12.4)

IloxasaTb 5TO HENOCPEACTBEHHO, a TAKXKE C [OMOLbIO PACCMOTPEHHS TEOMETPH-
4ecKOH Nporpeccuu Z *=q ——x)_l.
4. Jlokasats, 4TO

2n - __ N\ (—1/2\
(rz)Q = (—1) n ) (12.5)
5. Ilpn HeOTpUNATENLHBIX UEJBX 22 H r ¥ mo6oM NeHCTBUTENbHOM @
n
=003
pa r r—+1 r+1)’ (12.6)
“=0

[V xasauue BocnoabsoBatbest ypaBHeHneM (8.6). OcofeHHO 4aCTO HCMOJD-
ayetTca 4acTHhI cayua#l 31oit dopMyasl npu n=a.}
6. Tpu npousBoJbHOM a u nesnoM n >0

2(—— 1) (f):(—l)”(“;‘l). (12.7)
v=0

[Y kasauue BocnoabsosaTthes opmyaoi (8.6).]
7. Tlpu nefblX NOJOXHTEABHBIX © U R

N (AT =R, 129

v=

a) YcraHOBHTb 3TO, HCNOJAB3Ys ypaBHeHnue (8.6).

6) Iokasats, uto (12.8) sBasercs yacTHbIM cayuaem (12.7).

B) [TokasaTp MO HMHAYKIHH, uTO, MCHOJB3YS ToxnecTBo (12.8), MoxHO 1aTh
HOBOE€ [0KAa3aTenbCTBO NIEPBOH 4acTH JeMMbl § 5.

8. B § 6 mbp oTMewanu yxe, 4TO CyMMa YJEHOB THIEPreOMETPHUECKOro
pacnpeseaenus paBHa enuHule, T. €. AR MoOBLIX NOAOKHTEAbHBIX LEAbIX YHce.d

G R A P R A

Ilokazatb 3710 mo uHaykuue. (Y kasawnue. JoxkasaTh cHauaaa, 4to $opMmyaa
(12.9) Bepna npu a=1 u Bcex b))

') Yurateaio caeryer BCIOMHHTh coraaienue (8.5): ecau v npoGeraer Bce
Leabie 9HCA4, TO TOJLKO KOHEWHOe 4YHcAO unaeHoB cvMmbl (12.3) orauuno or
HY 1.
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9. Mpoaoaxenue CpaBHusas ko3dduuueHrst npu " B o6eux yacrax

paBeHCTBA
A+ (1 +8° =Q 452", (12.10)

nokasath, 4to ¢opmyna (12.9) BepHa npu MpPOM3BOJbHBIX @ U b (U LeaoM 7).
10. BocnoabsoBaBmuch (12.9), nokasatsb, 4TO

(8)2+(?)2+(;)2+ +(Z)2=(2:). (12.11)

11. BocnoabsoBaswiuch (12.10), nokasath, 4TO

eyl (Qn\?. (12.12)

I
.{) GN2(n—ur  \n

12. Hokazath, yro aas ueanix 0 < a < b

Yt (16T =) (1213

Vikasauue HWcnoassys (12.4), mokasatb, uto (12.11) aBaserca 4acTHHIM
cayuaem (12.9). Ipyroe noka3aTeaAbCTBO COCTOMT B CpaBHeHHH KO3(duLHEHTOB

npu 27! B TOMWIECTBE
A—02(1—8 2= —p20-2

13. BuiBectn u3 cootHomenus (12.9) TommectBa

(Z)—(kil)+-... :(T):l:(“;l) (12.14)
u
P 1)“(3)("7V)=(Z:f), (12.15)

KOTOpbIE HMEIOT MECTO, €CIN £, n M r — Ledble MOJOXUTeNbHblEe uucaa. [Y K a-
3auue HMcnoabzosars (12.4).]
14. Wcnoabays coorHowenue (12.9), noxasaTs, 4o

] e ) e D 2

[Vkasaunue [saxan npumeHutb ypaBHenue (12.4).] PaccmoTpers Bax-
Hble YaCTHBE CaAyYaW, COOTBETCTByWIue &= 1,2

15. Ob6pamasce k 3azauam § 11, oTmeruM, urto dopmyan (11.12), (11.14),
(11.15) u (11.16) ompenensiloT BEpOSTHOCTH, HOTOMY CYyMMa COOTBETCTBYIOLIMX
BeJuuHH paBHa einHuue. Ilokasate, 4TO OTCIONA CAeNylOT cooTHomenus (12.8),
(12.9), (12.16) u dopmyaa 6unoma HeioToHa.

16. W3 ompeneaenns Beauyud A(r, n) B 3amaue 7 § 11 cuaexyer, uro
A(r, n)=0npu r <n u A(n, n)=nl. IpyruMu clroBamy,

n
E(— 1)”““’(’;)1#:{ 0. ecan r<n, (12.17)
v=0 ’

n!, ecau r=n.
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a) Hokasars (12.17) menmocpencTBenHo pepyxuuefi or n k n— 1. 6) lats

npyroe aokasateanctso (12.17), uccaenys r-io npoussonuyio dymkuuu (1 — ef)”
B touke f=0. B) O606wurs (12.17), ornpaBasiace ot (11.11), a ne or (116).
17. llokasath MO HHAYKLuH, 4TO npH Jiobom ueaom r >0 u 0L N < n

i(——l)\'(t’)(n —_ v),=(f:x) rl, (12.18)
v=0

(3aMeTuM, 4TO BBIpaxeHHe crnpaBa oOpailaeTcd B HyJb, ecid r < N uiu ecau

r>n.) Mposeputs (12.18), paccmarpusas r-10 nponssoanyio dyuxuun 2=V (t—1)V
B Touke f=1l.
18. JlokasaTh no HHAYKNHM (ncrioab3ys ¢opmyay 6uuoma Heiorona), uto

O T S

n)n

n-1
Iposepurs (12.19), uuterpupys TOXIECTBO 2 A=t ={1—0—8" L
0
19. IlokasaTb, 4TO mpu JAOGOM LEJIOM MOJOKHTEILHOM m
' om!
by an= N T ey, (12.20)

rpe CyMMHPOBaHWe TNPOM3BOAHTCA [0 BCEM HEJNbIM YHCJAM &, b, ¢, TaKuM 4TO
at+b+c=m.

20. Bocnoab3oBaBmuck dopmyaoit Crupannra (7.7), 10KasaTb, 4TO
(2:) ~ (mn)~Chig2n 12.21)

21. lokasaTh, 94T0 119 JOGBIX NEAbIX H NOJOMHTEJbHHIX @ H b

@+D(@+2...@@a+n b 4y ‘
C+DG+D) ... (bFn) ~ar” (12.22)

22, 'amma-byukuua onpegedsercs caeiymwoiieil Gopmydnoi:

T (x) = f Zlm%yz, (12.23)
0

rie x > 0. TMokasats, uto T (x)~ (2m)2e *x* "'k [3amernm, uto mpm x = n,
rie n-——uexaoe yucno, I' (n) = (n— 1)!]

23. TlycTb @ H 7 — OPOU3BOJIbHBIE IONOMHTEIbHBE UHCAZ, 4 7 — HOJOMKH-
TeapHoe Neaoe wicao. [lokasark, uTo

a(@+ry(a+2ry ... (a4 nr)y~ Critiptti@intih —n (12.24)

[Mocrosnnas C papna (2=)"2/T (a/r).]
24. Bocnonp3oBaBIINCh DPE3YJbTATOM IIPEAMIECTBYIOWEH 3aKauH, NOKA3aTh,

410
a(atr) (@42 ... @4nr) TGN a-nr
b(b-f-ry(b+2r)... (b4nr) T (a/r) :

(12.25)
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25. Moayuuts caexywomuit Bua dopmyns Crupaunra:
nl~ (2r) (n 4 17,) 1 o= (nt1a) (12.26)
26. Mponoaxenue. C nOMOUIbIO HCIONB30BAHHONO B TEKCTE MeTO1a

nokasatek, 4TO

! ! 1 1 1 1 1
1 — n+—)-124{n++ = 1\rt5 ni =
o) k”‘l‘jg_')ﬁ? ( 2) ( 2)<n!<(2n)2(n—f—7) z, ( ) .(12.27)
27. Ytounsst dopmyay Crupauara, A0xasaTb, 4TO
1 1

?.)- ﬂ+7 1 1
nl~@r) n  lexp {—n+m—m+... (12.28)

[



FTJABA III*

KOJMEBAHHUSA NNPH UrPE C BPOCAHHEM MOHETbDI
U CIHYYAHHBIE BJAYXJIAHUS

DTa raasa npecjeiyeT ABe Lead. Bo-nepBhiX, 6yleT NOKa3aHO, 4TO
YpesBHYAHHO TNPOCTHIMH METOLAMM MOXHO TOJMYYMTb Na/eKO HAYLIHE U
Ba)XKHblE pe3ynbTaThl. BO-BTOpHIX, B He#l Mbl BIePBHIE BCTPETUMCH C TeO-
pPeTHYECKHMH 3aK/IOUEeHHSMH, KOTOpble He TO/IbKO HEOXUIAHHBI, HO, Ka-
3anoch O, MPOTHBOpEYaT JOTMKe M 3APABOMY CMBICAY. Mpl yBUAUM, uTO
OOLUeNPUHATOE MHEHHE O XapaKTepe CJayya#HbIX KOeGaHHH JMINEHO OCHO-
BaHKH M YTO BBLIBOABI M3 3aKOHA BOJbUIMX YHCEJ HACTO HCTOJKOBBIBAIOTCSA
HeNpaBuAbHO 1),

DTH BONPOCH PpacCMOTpeHbl 34eCb TOJNLKO IOTOMY, YTO OHH BIO.IHE
saeMeHTapibl. OcHOBHAas JMHUA KHUr'M OyAeT npoaoixena B ra. V. Kuura
B LI€JIOM He 3aBUCHT OT HacTtosiueft raasbl. HexoTophie opmy.sl Brnocael-
CTBHH TOSBATCA B pa3fefaX, NOCBALIEHHBIX HCCJAEI0BAHUI0 BpeMeH mep-
BOrO JAOCTHXEHUS M BO3BpAlleHHs, OJHAKO OHYM OyAyT BbIBeleHbl 3aHOBO
aHanuTHYeCKUMH MeToAaMi. CpaBHeHue MeTONOB NOMKHO OKA3aThbCA HHTE-
pecHBIM H NOy4uTeJbHHIM. Hacmoswan 2aasa mooxcem Osmb npouu-
Mana, RO YCMOMPEHHIO 4UMAMENs, UAL He3ABUCUMO, UAL NAPAL-
NEABHO OCMAAbHOE wacmuy Kruzu. ['71aBy MOXHO YHTaTh B 084 npuema,
OCHOBHOH TeKCT HameuataH oObludbIM 1WIpudTOM. Menkum wpudToM us-
JOXEH NOMOJHUTE/IbHBIH MaTepHnas (OTHOCSILMACS TJIaBHBIM 06pasoM K Bpe-
MeHaM MNepBOro NOCTHXKEHHS W Bo3Bpallenus). Ero MOXKHO MNpPONYCTHTb
np¥ nepBoM uTeHuu. B § 7 npuBeleHB HEKOTODble ONBITHBIE AAHHBIE.

*) DTa raaBa moxeT OHITh ONyLIEHa MJAH MPOYHTAHA ONHOBPEMEHHO C MO-
cAelyoIBMH raaBamu. Bauskue Bonpoch 6yayT paccmarpuBathbes B ra. X (3a-
KoHbl 6oabmux uncea), X1 (Bpemena nepsoro goctuxenus), XIII (pekyppetTtHble
cobuitus), IV (cayvaiinsie Gayxnadus), HO MaTepHaJ [JaBbl HUTAE B MOCAEAYIO-
€M HENOCPEACTBEHHO HCIOJb30BaTbhcs HE OynerT.

1} Xors MBI (OpMaabHO MMeeM JeN0 JHIIb ¢ OpOCaHHAMH MOHETBI, OCHOB-
Hbl€ 3aKAI0UYeHHMs] MUpOoKo npuioxuMbl. JeHcrauteanno, Cnappe AHnepceH ciedan
3aMeYaTeNbHOe OTKpPhITHE, YTO MHOTMe (haKThH TEOPHH KOJebaHHH CYMM HE3aBH-
CHMBIX CHYYaHHBIX BEJHYHMH MMEIOT YHCTO KOMOGHHATOPHYIO NPHPOAY M ABAAIOTCA
OOIHMH 1A IIHPOKOrO KJaCCa TaKuX BeduudH. Tak, B 4aCTHOCTH, CIIPaBeAUBLI
IBa 3akoHa apkcunyca, CM. Mathematica Scandinavica, 1 (1953), 263—285 u
2 (1954), 195—223,
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§ 1. OcHoBHbie TIOHATHA

YauBUTEJbHO MHOrO pe3y/JbTaTOB OTHOCHTENbHO CJYUYalHHIX KoJeba-
HUR BBIBOLMTCA M3 CJeAYlOlled He NpHBJAeKaloWe# BHUMAaHUA JEMMBI, OT-
MeuenHoli Beprpanom B 1887 r. 2Ty JjeMMy MOMXKHO CBS3aTb C paccMa-
TPHUBAIOLIMMHCA B KOMOUHATOPHOM aHaause 1) 3adauwamu o Gassomuposre
(ballot problems). ITpenmojoxuM, uTo Ha BmOOpax kauauaar P co-
6pas p 2020c08, @ Kandudam Q-—gq 2040c08, 20e p > q. Beposam-
Hocmb, 4mo 8 mevwenue 8ce20 spemenu P 6oia snepedu Q pasua

P-~-Qlp+ 9.

Ha MaTeMaTHuecKOM $3bIKE Mbl 3JeChb HMEeM 1eJo C paccTaHoBKaMU

X == p—+ g CHMBOJIOB &,, €, ..., E,, U3 KOTOPHX p paBHnl — 1, a ocTaib-
Hbie ~— 1 (roJoca, nogaHHele COOTBeTCTBEHHO 3a P u Q). YacTHas cymma
S,=¢;+¢e—+ ... 4¢&, eCcTb Pa3HOCTb YUCJA TOJOCOB, NMOAAHHEIX 3a P

u Q nocre T0ro, Kak molaH k-f ronoc. §lcHO, 4TO S, =p—gq U

S

—$§y=g==x1, =0 (=12 ..., x) (1.1
O6paruo, kaxaelfl HaGop {S,, Sy, ..., §,} LeJABIX YHCeJN, YLOBJETBOPAI-
mux (1.1), npeacraBnser BO3MOXHBIH MCXOL roJocoBaHus. Mbl Gyzem
N0JIb30BaTbCA FeOMETPHUECKON TepMUHOMOrHeH H H300paxaTh TaKo# Habop
JIOMaHoON JauHUEH, [-# OTPE3OK KOTOPOH MMEET HAKJIOH & U {-1 Bep-
muHa — opAuHaty §;. Takue auHuM 6yleM HasbIBATb MYTAMM.
Onpeneneunue. ITycms x>0 u y— yeavie wucaa. Ilymenu

{$1. So» ..., S} w3 Hanwaaa roopounam 8 (X, y) Ha3weaemca 10-
MAHAR ¢ BepuluUHaAMU, Komopsle umeom abecgucens 0, 1, 2, ..., x
u opouHamsl Sy Sy, ..., S, Yoosaemgopawuue ycaosuam (1.1) u

maKue, 4mo S, =y.
B paccmarpuBaeMoM caydae, ecad p CpelH CHMBOJOB €; IOJOXH-
Te.IbHBI, 4 ¢ OTPHUATeJAbHb, TO

x=p+4q, y=p—gq. (1.2

Ilpoussoabuas Touka (¥, y) MOMeT GHITb COELMHEHA NyTeM C HAYaJIOM
KOODAMHAT TOrAa M TOJbKO TOTI4, Koria x u y uMmeior Buf (1.2). B sTom

) Mcropuio Bonpoca u autepatypy cM. A, Dvoretsky and Motzkin,
A problem of arrangements, Duke Mathematical Journal, 14 (1947), 305—313.
Kak orMevaloT atu aBTOpH, 60JBMIHHCTBO (GOPMAJBHO PA3NHYHBIX AOKA3ATEAbCTB
ONMUPAeTCA B JEHCTBUTEJNbHOCTHM Ha NMpHHNHN oTpaxeHus (Memma 1 § 2). Oamaxo
6e3 reoMeTPHUECKOH MHTEPNPETAUHM B8TOT NDPHHLMI TEPSET CBOK IPOCTOTY H
BBINIAAMT KYpPbE3HBIM TploKOM. JIBopenxku#i u MOUKHH JalOT HOBOE NPOCTOE H
H3SIIHOE JOKa3aTeJbCTBO. OHH 06061aloT 6a110THPOBOYHYIO 3a1a4y, NOTPe6oBasB,
4TO6B Ha KamjoM mary P HMenl no KpaiiHedl Mepe o-K0 ZOJI0 T'OJOCOB, HOJAH-
Hpix 3a Q. dra paborta 6niaa nposoaxena M. T. L. Bizley, Derivation of a
new formula for the number of minimal lattice paths, etc., The Journal of the
Institute of Actuaries, 80, 1, 354 (1954), 55—62.
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Ciydae p NOJOKNTCIbHBIX €; MOXKHO Pa3MeCTHTh HA X =—— P ~+ ¢ BO3MOK-

HbIX MeCTax
=)=

pasaunbMu ciocobami.  YaoGuo doonpedeaums N =0, ecau x
u'y ne uneiom gopuy (1.2). Torna cywecmsyem pogno N, , pas-
AuuHblX nymetfi u3 Hawaaa xkoopluxam 8 mouxy (x, y). Jlemma
Beprpana ycranasinsaer, uto npu y > 0 cywecrsyer (¥/x) N, , nyTei,
YAOBJETBOPAIOUIMX  YCa0BUAM & >0, >0, ..., §,_,>0, s, =y.
9rto Oymer nokasano s § 2.

[Mpumep. Puc. 1 u3o6paxaer nyte B Touky N, = (5, 1). Hmeerca
10 rtakux myTed, M3 KOTOPwX 1ABa VAOBAETBODAT veaosuio §; >0 —

Puc. 1. ManocTpanis noJOXHTEALHBIX MyTeH U 10Ka3aTeabCTBa
1eopembl 2 § 2.

—{1, 2, 1, 2, 1} n {1, 2, 3, 2, 1}. Ha pucynxe — nepsbift u3 HuX.
Mpl MOXEM [OJYYHTHL OUYeHb HHTEePeCHbIE CJACACTBHA M3 JeMMBbl BepTpana,
ecau oTOPOCHUM MpPEeANONOKEHHe, YTO KOHeuHas Touka (X, ¥) myTn QUKCH-
posana 3apatee. Toria cyulecTByer 27 pasiaMuHbIX MNyTel u3 Hauasa
B rouxy (n, y) ¢ npou3Bo.1sHOH opiamHatoit y. Kax paszbacuserca B § 3,
3T 2" nyTeH MOKHO WCIOJbH3OBATH ANA MpeNCcTaBieHUd 2”7 BO3MONKHBIX
MCXOI0B 7 MOCJAeIOBaTeIbHBIX OpOCAHUH MpaBHAbHOH MOHeTH. B Kaaccu-
YECKOM U3J0KEHNHM BBOAMTCH BoOOpamxaeMblil Urpok IleTp, koTOpHH npu
KaXI10M HMCHBITAHMM BHIMCphLIBAET WM TepseT oaud pyOab. YHucaa
{$1, 83 ..., s,] npedcmusasiom mozda nociedosamendvibie HUCMbLe
soruzpoiueyy Iempa, T. e. pa3HOCTH MeXAy HOJHBIM 4HC/IOM repGoB H
pelIeTox.

Ecau s,=0, 70 uuCTH{ BBLINTPBEILI MOCJAE R-TO HCOBITAHUA paBEH
HYJQI0 U uMeeT MeCTO HHubd. YacToTa HMYLMX CTOJb Maad, YTO OHM He
OTpamATCA Ha OOLLelt KapTuHe, HO NOCTOAHHOE YHOMMHAHUE O HHX He-
HeJaTebHO. YCJIOBHMCS TMOYTOMY TOBOPHTb, U4TO NOC.AL€ 7-20 UCHbIMA-
rnua Ilemp naxodumes 8 suwuzpuitie, ecau uau s, >0, wau s, =0,
HO §,_;>0. ®paza «Ilerp naxonurcs B BHHUIpbIE MOCAE 7 UCHLITA-
HUM» O03HAYaeT TEOMETpPHUECKH, YTO f-H OTpPE3OK TYTH JEKUT BhIlUE
ocu Xx.

BanaoTuposouHas 3alada OTHOCUTCA K MYTAM, PAacnoJOXeHHbIM BbllIe
OCH X, T. €. K UIpaM, NpPU KOTOPHIX OAMH U3 MIPOKOB BCeria HaXOIuTCH
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B suiurpsime. C/elyolluM 1ArOM SBJASETCA UCCJAe10BaHHE BOMPOCA O TOM,
CKOAb AOJTO O/lIH M3 HFPOKOB HAXOIHMTCH B BLIWTpBIUE. B 3TOH cB:3u
Mbl NpHIEM K BHBOAAM, KOTOpble pa3pylaT HamIH MHTYUTHBHBIE [Ipei-
craBJjeHus. B caMom jeje, 0ObLIYHO N0JAraloT, 4TO NPH AOCTATOYHO IH.THH-
Holi cepuu OGpocauuf npaBuabHOM Mouersl Iletp OyaeT B BBIMTpbLILIE
OKOJIO MOJOBUHBl BCEr0 BpeMeHH. ITO, ONHAKO, COBEDIICHHO HEBEPHO.
Ecau monemy Gpocams 20000 pa3, mo npuCau3umessrno 8 88
pa3 6oaee sepoamuo, umo llemp 6ydem wnaxodumecs 8 goLuzpsiule
nocae KaNcd020 UCABMAHUA, Hem Hmo OH Oy0em Haxo0umvcs
6 sotuepbiue nocae 10000 ucnormanuiz. Boobuwe, anaepctso B urpe
Menserca 00.ice peIKO, YeM HOACKAa3hiBaeT MHTyuunsa. Kax Obl LJIuHHBI
Hu Oblim cepuu Opocanitil, cauoe BepoAmHOe YUCAO CMEH Audepcmsn
ecmsy O, TOUHO TaK e OIHA CMeHa Jjuiepctsa Gosiee BepOdTHA UEM ABe,
ape uem Tpu u T. A. Kopoue rosopd, ecau Gbl pe3y/bTaTEH AOCTATOUHO
JJAMHHBIX Wrp ¢ OpocaHHeM MOHeTHI ONUCLIBAJ COBPeMeHHBIH aZBOKaT HJl
NCHXO0.10I, OH OBl kJacclipuunpoBan OOJLUINHCTBO MOHET KaK HeNpaBu.lb-
Hple. Ecan HECKOJLKO MOHET NMOAOPOCHTb 72 Pa3 KaXAYI, TO YIMBUTEJLHO
60binas 1049 3TUX MoHeT OyieT BecTH cebs TakuM o6pasoM, Y4TO OAUH
U3 UTPAICIIMX OKaXKEeTCs MOYTH BCe BPeMA B BLIUTPHIE ¥ B OTHOCHTE/NbHO
HEMHOTWX CJAyYasX JHAEPCTBO OyIeT MeHSATbCH U Ko.1e6aThecs TaK, KaK
9TO0 OOBI4HO 0XKMIAETCS OT NPABUJILHON MOHETHI.

At1o obpaseu 3ak/J0OYCHHS, NOJYYEHHOIO H3 3aKOHA apKCHHYca (CM.
§ 5 u npumepst § 7). C. AuuepceH NoKasas, YTO 3TOT 3daKOH LIHPOKO
NPUMEHHM B CUTYAUMAX, CXOJHBIX ¢ ONHcaHHO#. DoJbluMHCTBO ciayyait-
HBIX NPOIECCOB B (H3UKe, SKOHOMUKE M 0ODA30BaHUH NOAUMHEHB STOMY
3aKOHY, M Halld BHBOLB ILOJOKHBI MOCIYKHUTb INpPeIyNpexACHUEM TeM,
KTO CKJOIEH 710[uYepPKUBATL pa3Jauuue Mexay oble#dt teugeHuued da oT-
KJOHEHUAMH OT CPeIHHX HODM.

Ha a1y curyanmio MOXHO B3CASHYTb M C HECKOABKO HHONR TOUKH 3peHHA.
31paBblii  CMBICJ HOACKa3bIBaeT, YTO €CJAM He NDHHUMATbhb BO BHHMaHue cayuafi-
HbiX koaebanui, To, 6pocas MOHETY uepe3 paBHbIC NMPOMEIKYTKH BPEMEHH 3a JIBa
AHA HTPB, MBI TIOJYYMM B JBa pasa 6oJblie HHYbUX, U€M 33 OZUH AeHb. Jpy-
THMH CJOBaMH, MBHl OXHI2€M HHTYUTHBHO, YTO HHCJO HHYBHX MPHOAHU3UTENLHO
IPOMOPIIHOHANLHO IIPOAOJKHTENbHOCTH Urpbl. ITapomokcaibHO, 4TO 3TO HE Tax
Yucao nuwoux so3pacmaem Kax KOpeHs Ksadpamusiii u3 spemeru. Tpu 10 000
6pocauuii Mejyaua 4ucha HUubuX pasHa 67, wo npu 1000 000 Gpocanuit oHa 5O3-
paciaer TOJbKO A0 674, THIHUHAR «OauHa 80AHH> yBeanuusaetcs ¢ 150 go 1500.
C yseauvenuewm “ucAa UCNHMAHUL CPeOHAA <OAUHA 80AHb» pacmem (§ 6 u
§ 8). Popmyanl, Ha KOTOPHIX OCHOBAHBI 3TH 3aKJIOUEHHS, MIPAIOT BAXHYIO POJb
IpY U3YYeHNM BPEMEH NepBOro JIOCTHXKEHHS W HEePBOr0 BO3BPALLEHHs B OOLIER
TEOPHU CAY4YaHHBIX OayxAaHud W Teopuu pubdysuun.

Teopema 3 § 2 cloHI HECKOABKO B CTOPOHE O OCHOBHOH TeMbl FMABEl U
B JajphnedmemM Hurjie He ucnodabsyercd. OHa npejciaBiager BapuaHT 6aanotu-
pOBOYHOI 3ajaun, COOTBETCTBYIOUIEH 10MY CJydal, xoraa oba KaHauaata co-
O6paan oiauHaKoBOe 4HCIO n rogocoB. Toraa A HaxomuTCd BIEPERH MOCJE yeT-
HOro yucaa 2k Typos, a @ —nociae oCTaBuxca 2n— 2k TYpoB. Mul omaTh
omnbencs, ECAN CKaxeM, UTO KaWAbH U3 KaHAHAAT1OB JHIUPYET NPUBAU3UTEIBHO
NONOBMHY Bpemenu (T. €. 2% 6amsko k n). B geficTBuTENbHOCTH, B 5TOM Cayuae
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Bce n-+1 so3mooicHbx pacnpelesenull spemenu Audepcmsa (@ umenwno: 2n: 0,
2n—2:2, 2n—4:4,..., 2:2n—2, 0:2n) umeom 00ny u my e seposm-
nocms (n-1)"1 70T peayabTar 3aMETHO OTAMYAETCA OT TOrO, KOTOPHH 6bia
onucaH Beime. TaM KOHEUHBIH pe3yabTaT He Obla (DUKCHPOBAH 3apaHee H Kpaii-
Hue pacnpenefenus BpemeHu aunjepctBa 27:0 u 0:2n uMean Hauboabuyio
BEPOSTHOCTb.

I. Xomwec!) orMeuasn, 4To 3Ty TEOpeMY MOMKHO HCINOJAb3OBATh B CTATHCTHKE
Al NOAYHEHUS NOPROKOssX Kpumepues. JIna mIMOCTpanky 3TOH TOUKH 3pEHHS
npHBeIEeM NpHMED.

Mpumep [HonmycTum, 4T0 HEKOTOpas BeAHUMHA (CKa)eM, BBHICOTA pacTe-
HUS) H3MepeHa ANs KaXJoro us n 06beKTOB, NOABEPrHYTHX ONpeleIeHHOMY BO3-
NeACTBHIO, a TakXe IJf KaXIoro M3 n1 KOHTpOabHbIX 06bexToB. Has onpenenen-
HOCTH TPEATONOKHUM, UTO PE3YaAbTaThl HabGMONeHHH B KaK 10H rpyIIe PacloI0XeHbl
B TIOpsiKe yOmiBanua: 4, >da,> ... >ap ¥ by >0, > ... > b, Ob6benunum
3TH 1B TNOCAEIOBATENbHOCTH M HaNMIeM 2n 4YuCeN a,, ..., b, B MOp4iaKe yOul-
Banusa. Pe3yapTupyomyo NOC/IEXOBaTENbHOCTb 7 CHMBOJOB @ H N CHMBOJOB b
MOXHO paccMarpHBaTh Kak OTUET O BHIGOpAX, Ha KOTOPBIX KaMABIH M3 KaHIMIa-
TOB mOJAyuua mo 7 rojocos. Ecau Boapelcrsue oueHb 3(pGdeKTHBHO, TO Bee @
JIOJIAHBE IpENIIecTBOBATh BCEM b; BO3JAEHCTBHE, AuIIeHHOe Mmoboro addexra, npu-
BeJeT K CJHyyaiHOMY PAachoJOXEHHI0 CHMBOJOB. Y CIOBHUMCSl TOBOPHTH, YTO CHM-
BOJB @ AHIMPYIOT POBHO 2k Pas, ecAd & PasiHuHLIX 4 NPEILECTBYIOT b C TeM XKe
HOMEpOM, T. €. eCJU HEPABEHCTBO &; > b; BBHINOJHAETCA Aas & uHAekcoB. Ecan
NPEANOJIOKHUTL CAYUalHOCTb, TO BEPOSTHOCTL 3TOro coObiTus paBHa 1/(n-+ 1),
a 38HAYMT BEPOATHOCTb TOrO, 9YTO & JHAMPYET He MeHnee 24 pas, paBHa
(n— k- 1)/(n-+1). Knaccuuecku#t npumep Takoro poja apryMeHTOB (HMCIOJb-
30BaHHBIX KaueCTBEHHO, 6e3 3HaHHSl TeopeTHueCKuX BeposTHOCTeH) man Ianto-
HOM, KoTophiii B 1876 r. mpuMeHHN 3TH PacCYXAEHHMA K IaHHBIM, COOGINEHHBIM
emy Yapabzom Mapsunom. B ero upumepe 2n 6nisno pasuo 30, 1 cuMBOAH a4 Au-
nupoBaan 26 pas. 'anToH 3axmouud, 410 BosaeHcTBHE G110 3¢ dexTuBHEIM. OnHaxo
Jaxe NpU OTCYTCTBUH BesAkoro sddexrta CUMBOJMBI @ AUAHpPOBain Obi He MeHee
26 pas B TpexX M3 MIECTHAALATH NOJOCHBIX SKCMEPUMEHTOB. JTO MOKA3BIBAET, YTO
KaueCTBEHHBIH aHaJu3 MOMET ObThb LEHHBIM JOMOJHEHHWEM K HalleH XOBOJAbHO
waTKoh H}gTyHuHH. (Bausknli  KpuTepuii, ocHOBaHHHIH Ha TeopuH cepuH M
B ra I, § 5a)

§ 2. 3apaun o pacnoomennu

Myete A=(a, 2) u B(b, §)— Touku ¢ uUeJIOUUC/EHHBIMH KOOpAH-
HaTaMH, PacmoJOXeHHLle B NMepBOM KBaipaHte ¥ >a >0, a >0, B > 0.
Toury A’'==(a, —0a) HO308eM OMpadNiCeHUEM MOYKU A OmMHOCU-
meavno x (cM. puc. 2). [Tyms u3 mouxku A 8 mouxy B onperensercs
Tak e, Kax # B § 1, ¢ Tem oTaAMuMeM, UTO PO/b HAYAJIA BHINOAHAET TOYKA A.

Jemma?), (Ilpunyun ompascenusn). Hucao nymed u3z A s B,
Kontopsle KACAIOMCA UAL REPECEKAIOM O0Cb X, PABHO HUCAY BLeX
nymeid uz A’ 8 B.

) Hodges J. L., Galton’s rank-order test, Biometrika, 42 (1955), 261-~262.

?) BeposiTHoCTHast JuTepatypa NPHIHCLIBaeT aToT Mero; AHap? [D. André
(1887)]. B Texcre oH cBOAHMTCA K JeMMe o cayudaHmbix OaympaHuax. Knaccn-
YeCKHE Da3HOCTHHE YPABHEHHS LIS CAydYaHHpix Oaywianuit (ra. IV) recwo css-
3aHbl ¢ AuddepennuaabHLIMM YpaBHEHHAMY, M NPRHIEN OTpaxenus (Laxe B 6onee
cuapHOH dopme) XOpomo u3BecieH B 3TOH TEOPHH Kax MemoO Ompadgxicerlis
Keaveuna.
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JoxkasaTeabcTBo, PaccMOTPHM NYTh {§, =2, S,4q, ..., S, =0}
13 ToukH A B TOUKY B, OlHa HJIHM HECKOJbKO BEPUIMH KOTOPOro Jexar
Ha ocu x. Ilyctb ¢ — abcuncca nepsoli Tako# BepuuHB (CM. puC. 2),
1. e. ¢ Bebpano Ttak, uro $, >0, ..., §_;>0, s,=0. Torna
{(—Sg —Spqrs oo — Sy 8=0, S;41, S4190 ..., S} —0yTb U3
toukn A’ B Touky B, nepecexaouuit ock x BUepsHe B Touke T =(f, 0).
Yuactkn AT u A'T s1uX nyTefl nOJAydyarOTCs OAMH M3 APYroro OTpaxe-
HUEM OTHOCMTENLHO OCH X, TAK UTO YCTAHAB/IMBACTCH B3aUMHO OAHOBHAH-

8

Puc. 2. ManocTpanus npuHuHIa OTpaxeHus.

HOEe COOTBETCTBHE M@XIY BCEMH NyTAMH, coerunsiomumu A" u B, u ny-
Tamu U3 A B B, HMelollUMM BepUIMHY HA Ocu X. JlemMMa noxasada.

Teopewma 1. Teopena o 6aanomuposre. Ilycms x >0, y >0,
wucao nymeii {S;, So ..., S,=Y} u3 wucsa Koopouxam 8 mouxy
(x. ), maxux, wmo $;>0, $>0, ..., 5,>0 pasuo (y/x)N,,

JokasareabcTBo. Tak Kax sl-—- +1,"10 118 KaQXI0ro M3 nony-
crumbix myTedt s, =1. TlosTomy ofilee 4MC/IO NOMYCTUMBIX MyTeH paBHO
uyycay nyre#t us toukd (I, 1) B Touky (X, y), KOTOpHle He KacaiTcs
ocu X — 1 W He nepecekant 3Ty och. CoraacHo npepmecTByOIed neMMme
3TO UHCJIO DaBHO

pt+ag—1 b4 —1
Nx—l,y—-l“Nx—l,yﬂ:( —;_1 )‘( —;—_q_l ):

=55 (72 )= 3 Nay @0

[TpHHOHT ABOACTBEHHOCT . [TOUTH BCAKYIO TEOPEMY O NYTAX MOKHO
nepeOpMy IUPOBATH TaK, YTOGH MOAYYuTb POPMANLHO OTIHUHYIO ABOHCTBEHHYIO

Teopemy. Paccmorpum nyth {S|, ..., S,} © OYyTh, nonyquHbm U3 Hero mame-
HeHuMeM fnopsaaka €, Ha oOpaTHbIH, T. e NOYyTb {31, ey sx}, rae s1 =g,
* *
Sy=c¢,tep =40+ e o, uaM

* * * *

S0=0, §| =8, — Sy 11 erus =S, =Sy _yreers S =S, (2.2)

3TH IBa NYTH KOHTPYSHTHB U NONYYAOTCA OXUH U3 APYTOTo MOBOPOTOM Ha 180°,
OHH HUMEIT o6llme KOHIUEBLIE TOuKkW. Kaowdoid meopeme o nymsax coomsem-
cmgyem meopema 06 06 pawenusix nymax (2.2).
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Hanpuvep, Teopema 1 naer uwaM uncao obpamieHHmX nyTeif s;. si},
COCNMHSAIONIHX HAYAJIO KOOPIHHAT C TOukoH (X, y) W YAOBJICTBOPAIOUIHX yCAO-
BHAM §; =0 npu [=1, 2, . x. Ho 310 osunavaer, ¢ apyro#t croponm, uto
Sy>Sy_papu i=1, 2, ..., x—1 [lostovy cnpaseiiHBa CAexymas TeopeMa
aBolicTBenyans teopexe L

Teopema 1™ Yucao nymei {sy, So ..., Sg} w3 (0, 0) 6 (x, y), maxux,
4MO S| < Sy Sg < Sy vy Sy < Sy (20e 5=y > 0), pagro (y/x) Ny,

Ha sssixe FCOMETPHUH 3TO 0O3HAYACT, UYTO TeopeMa 1 otnocurea My THM,
"eRIS KOHUEBAas TO0TKa KOTOPHIX CaMast HU3Kasg, a TeopeMma *—x nyTsaM, y KO-

5

o/

ot ray —

Puc. 3 Mamocipanus nepsoro OCTiDKEHUs U BO3BPAUIEHHS B HAYAJO.

TOpHIX NpaBas KoHIEBas Touka camas ssicokas. (CMm. puc. 3.) Teopema 1*
UCMOJb3YETCA NpHU HCCJEAOBAHHH BPEMEHH NEPBOro IJOCTHXKEHHA B CJlY'-IaﬁHOM
GayHIaHUH.

Teneps NPUCTYTHM K M3YYEHHIO MNyTef, COCAMHSIOWINX HAual0 KOOp-
ouHaT ¢ Touxkon N =(2n, 0), pacnosoxeHHo# Ha oOCHM X (BEpPLWIUHBHI
¢ HedeTHOW abcumnccol He MOryT ObITh PacnOJIOXEHL HA OCH X).

[1010:KUM 119 KPATKOCTH

1 2n
——7\( \ (2.3)
nj

Loy = n-+1

2
Teopewma 2. Cpedu ( :) nymed, COCOUHAOWUX HALAA0 C MOY-

®oli 2n, no ocu X, cywecmsyent
a) posHo Lo, o nymel, maxax, umo

5> 0, 5> 0, .0y 85,0, > 0 (s, =0); 2.4)
6) posro L,, nymel, marxux, 4mo
s 20, 5,20, ..., 55,720 (5,=0). (2.5)

(Apyeunu carosanu, cyuecmeyem CmMoabko e nymell U3 na-
4aa0 KOODPOUHQM 8 MOUKY 21, 8Ce BHYMPenHile 82 PULUHEL KOMOPHLX
AeCam Bbllle OCU X. CKOABKO cyujecmayem nymeid 8 moury 20 — 2,
Y KOMOPbLX Hem 8epuiun Huxce 0CL X.)
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Hokasarteascrno. (Ca. puc. 1) Kawaw#l nyts, yaoB/ieTBOpSIO-
wnit ycnosmio (2.4), npoxoaut uwepes Touky N, =(2n—1, 1), a no
teopeMe 1 uMca0 nyTe# M3 Hauaaa KoOOpAMHAT B TO4Ky N, TaKHUX, uTO
5, >0, ..., 8,_9>0, pasro

gt ()= (20 = Lae (2.6)
n—1\n—1, ni\n—1)

D10 noxaswvizaer (a). TIycTe nmyTh ONAre yAOBIeTBOpsAeT ycaosuio (2.4).
BuiGpackias mepsblf u [0CIeIHHH OTPE3KU, MO.IYYAM MYyTh, COEIHHSIO-
mih touxn O, =(l, 1) 1 Ny=(Zn —1, 1), npuyeM uu oaAxa u3 €ro
BEPLUHH He JexHT Hmke .JuHun y ==1. Ilepenocs Hauai1o KoopauHar
B Touky Oy, yOemaaeMca, uro uyTs u3 O B N, [3Ta TOUKa HMeeT Teneph
KoopAunate (21 — 2, 0)] ynosaersopsier ycaosusam (2.5). WMrak, ycrano-
BJEHO B3aUMHO ONHO3HAYHOE COOTBETCTBHE MEXIY TAKUMH MYTAMH U
BCEMM MyTAMM, yAOBIeTBOpPsOLMMY yCaoBuio (2.4). Teopema nokasaua.

B § 1 6pin0 ormeueno, uTo caejyiolnas TeopeMa CTOHT HECKOJAbKO B CTO-
poHe u B JaJbHeiizeMm He 6Yy1eT HCNO.JAb30Bala.

Teopema 3. [Tycmo Ly, o — wucao nymeii u3 Hawaia Kooplunam
8 MoKy 2n, maxkux, 4mo 2k CMOPOH Aeycum @biile OCU X, @ OCMaAdbHbie

2n — 2k — nuoce (R=0,1, 2, ..., n). Tozda Ly 4, = Ly, He3asucumo om k.

Jokazateanctro [lpu n==1 yreepxicine TPUBUAIBLHO, U Mbl TIpEX-
NOJNOMK UM 110 MHAYKIMH, 910 Ly 5, = Ly, mpu v=1, 2, ..., n—1 u O A V.
Mbl XOTIHM COCUMTaTL YMCAO OyleH {S,, Sa ..., Sz =0}, y KOoTOpHIX pOBIO 2k

CTOPOH Dd4CNOJOMKeHbl Bhile ocu x. CHawana npeamoaowum, uto | L k< n— 1L
Takue nyTH nepecexaw’ ocb x, W Mbl 0603HauuM uepes 2r aGcuuccy TOYKH Hep-
BO O nepccedenus. PaccMoTpuM Tenepn ABa kjaacca IyTed.

IlyTe nepsoro kaacca monoxutensen mexny O n 2r, a ero wacts, pacnono-
WEHHAA MEKIAY 2r U 21, COAEPKHT POBHO 2k — 2r CTODOH, JEKAUIHX BHILIE OCH X,

3aecy k > r. Tlo Teopeme 2(a) cywecTByeT PoBHO Ly, , NyTeH {8y, ..., Sgr_1,
$yr == 0}, a7 kotopmeix s, >0, ..., Sy,_; >0, a Mo OpeaNONOXKEHHIO HHAYKIHH

umeetest Lop_os 0n- 2r = Loy o, UYTEH, coeaunsiomux touku (27, 0) u (21, 0),
W TaKuX, 410 POBHO 2k — 2r CTOPOH pacloJOXeHbl Bblme oc x-o0B. [lostomy
CywecTByeT Lg, 4Ly, _,, NyTell nepBoro Kaacca.

[lyte BTOpOro kaacca orpunatenen mMeway O u 27, a ero 4acTs, pacnofo-
KEHHAs MEWAY 2r ¥ 27, UMEeT POBHO 2k CTOPOH, PAaCNOJOXKEHHBIX BbIIIE OCH X.
AHaNOTHYHBIMH DACCYMICHUSIMH YCTAHABJMBAEM, 4TO CyulecTBYeT Ly, _p,Lyp gy
nyTeH 3TOro Kjacca, HO Tenepb n—r > A.

Ortcona caeayer, uto npu k=1,..., n—1
n-k
Log, on = 2 Lypslon.ar + E Lyr—sLop—ar (2.7)
r=1 r=1

') Buepsbie ata TeopeMa Oblia 10Ka3aHa C IIOMOWIbIO 3aNYTAHHBIX aHAAMTH-
geckux paccywaenuit B pabore K. L. Chung and W. Feller, Fluctuations
in coin tossing, Proceedings National Academy of Sciences USA, 35 (1949),
605—608 (cm. Taxxe nepsoe M3lanye Hacrosmed kuurn, ra. X1, sanaua 4). Maaui-
HOe KOMOUHATODHOE 0Ka3aTenbCTBO Obla0 Jano XojpkecoMm (cM. mpumedanue 1
Ha cTp. 84).
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3aMenns HHIEKC CYMMHMPOBaHHA p==n—r-} 1 U uMes B BHLY, 9TO BO BTOpOi
cymme Ly, oLy _or = Loy gLy, o, TONYywaEM

n
szy an = 2 LZp-2L2n—2ps (2.8)
g=1

a 370 BBHIpaMeHHE OT R He 3asucum.

IlyTs, y KOTODbIX BCE 271 CTOPOH pACHOJONKEHH BHIIIE OCH X, PACCMATPH-
BauuCh B TeopeMe 2 (3), n B cHay 3ToH TeopeMbl Ly, o = Ly, U3 coobpaxe-
HHi CHMMeTpuHM noayyaeMm Takxke Ly, o, = Ly, [losHoe uuclio nyted, coenu-
HSOIIMX HAYajo KOOpIHHAT ¢ ToukoH (2n, 0), pasHo (n--1) Ly, orciona cpasy
caenyer Lop, op == Loy npu £=0,1, 2,...,n

B wravecrBe caedcmsuss Mbl noayuaeMm TOMJIECTBO

n
Lyy= Z L2p—2L2ll—~2p' (2.9

g=1

[MpaMoe anamuruyeckoe 1oKasarenbcTBo coorHoluenus (2.9) npuseneno B § 8 (a).

§ 8. Cayuaiinoe 6aywuaHue W Urpa ¢ 6pOCAHHEM MOHETHI

Ilycte npoussoantcs N Gpocanuit npaButsHo# MoHeTh. [loaomunm
e,==-1, eciu k-e UCOHTAHME T[pUBEJO K BHOaLeHUIO Tepba,
u e,=—1 B nporusHom cay4ae. Torma s,=¢ ¢ 4 ... +¢,
€CTb P43HOCTb MEXIY 4YHC/IOM repbOB H YHCJAOM PeLIeTOK [ocie k-ro
KCNBITaHus. B KaaccuyeckuX TepMMHAX MIpbl B OPJSHKY $§, — «UYHCTHH
poiurpeit Iletpa nocie & urp». Kaxao# Boamowubi#t ucxon N 6poca-
HUH TPaBHILHOH MOHETH MOMXHO HWHTEPAPETHPOBATH KaK HEKOTOpBIH
NyTh M3 Hayaja KOOpAMHAT, M 0OpAaTHO, KAXKIOMY TAKOMY NYyTH COOT-
BeTCTBYET BO3MOMHLIR ucXol N ucnuTaHuf,

OTO HABOAMT Ha MHICIL 866 pamb 8 Kauecmse nPOCMPAHCMBA dAe-
menmapusx cobsmul 2" nymed {$3» - -+, Sy), Hamunawwuxcs
8 Hauaze roopduram, u Cc8A3AMb ¢ KAHOLM U3 HUX 8epo-
amuocms 27N,

Takoe coObiTHE, KAK «NEPBBIE [BA HCMBITAHUS NPHBEJH K BHIIALEHHIO
repba» HYXHO HHTEPNPETHPOBATH KAK MHOXeCTBO Bcex nyrte# {s), s, ...

.. Sy}, mas xoropux s =1, s,==2. Takux nyre#i mweercs 2" %,
U, 3HAUNT, BEPOATHOCTh COOTBETCTBYOLIEro CcOGHLITHS paBHa 272, uTO
MOXHO OBLTO OXuIaTh 3apaHee. Boobuie ecanm & <N, T0 cyulecrsyer
posro 2% paznmummx nyre# {s,, Sy ..., Sy}, Takux, uto nepsuie k&
uucesn {8y, Sy, ..., S} buxcupopansl. OTciona clelyer, uTo cobamue,
3asucauee om ucxoda nepssx k ucnotmanull, umeem seposmuocms,
romopas He 3asucum om N. IIpakTuuecku 5TO O3HAYaeT, YTO HHCJIO
N ne wurpaer HMKakoH pOJHM, ecAu OHO AOCTATOUHO ' BeauKo. Jlydme
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Bcero Obl0 Obl paccMaTpHBaTh KAXKAYI0 KOHEYHYIO MOC/IeN0BATENALHOCTDH
HCHLHITAHHH KaK Hayano OeCKOHEYHOW cepud, OAHAKO 3TO HpHBeJO Obl
HAaC K HECUETHOMY NPOCTPAHCTRY 3J/EMEHTapHBIX COOBTHR. [T03TOMY Mbi
GyleM paccMaTpHBaTh KOHeuHBle INOC/AeNOBaTeNbHOCTH, Tle N Gosblie,
yeM YuCa0 ONHTOB, urypupyioomux B ¢opmyaax. Becrnomunars 06 stom N
B HaJbHeHlIeM HaM MOYTH He NpPHALTCH.

[Tosteano umeThb B 10MO/HEeHHe K YNOTpeG/JseMOMY HAMH TeoMeTpH-
YeCKOMY $3BIKY ellle ¥ APYrod cnoco® BuipaxceHus. Ml NMpenNoJ/oxKuM,
yro GpocaHus TPOUSBOIATCS Uepe3 paBHBIE MNDOMEXKYTKH BDEMeHH, TaK
4YTO n-H ONBIT TPOUCXOIUT B MOMEHT BpeMeHH n. [lerp Moxer orMe-
YaTh CBOH CyMMApHBIH BHIUTDBILI MOCJAE KaXJAOTO HCHBITAHUS C HOMOIULBIO
GuUIKY, KOTOPYI0 MBI YCJIOBMUMCS HasbiBaTb wacTuuelt. YacTuua nBu-
HeTC MO BEPTHKAaAbHOW oOCH, BBIXOZS u3 HYJAd. B MoMeHT BpeMmeHu
1, 2,... oHa [ABMXKeTCHd HA OAMH IUAT BBepX, €C/JM MOHETa Bhimanaer
rep6oM, W Ha OJMH IAar BHU3 — B NPOTUBHOM caydyae. Mu 6yneM roso-
pUTb, UTO YACMUUA COBepuwiaem CUMMeMPUuECKoe caydaldnoe 0.ay-
woaHue (PU3UKM paccMaTpUBalOT 5TO OJayXAaHUE Kak MNpOCTeHINyIO
Moleab OXLHOMepHOH auddysun; cm. ra. XIV).

B MOMeHT BpeMeHH A uacTHLA PaclioNO¥kKeHa B TOYKe S, BePTUKAJIbHOR
ocu. ITyms {s,, Sp ..., Sy} ecms npocmpancmsenno-8pemenHol
epagpur caydalinozo GayncoanHus, TNpUYEeM OCb X HIPaeT poJb ocd
BpEMEHM.

YuuThiBas BCe CKasaHHoe, Mbl OyleM INOJb30BATbCA CAeLyiolled Tep-
MUHOJOTrHeH.

TepMuHonorus, bydem 2080pums, 4mo 8 mMoMenHm spemenu n
uMeem mecmo:

Bosspawenue 8 navaso xoopounam, ecau s, ==0.

Ilepsoe so3spaujenue 8 Hawtaaro KoOpouHam, ecau

5,0, 8,+0, ..., 5,_4#0, 5,=0. 3.1
Ilepsoe docmuoienue mouxu r >0, ecan

511, 8§ o, Su <P, S, =T. 3.2)

Btopoe, TpeTbe M T. IN. BO3BpAlleHHS B HAYAIO KOOPIMHAT M MepBOE
dOCTmKeHUe Touku r < 0 omnpenensioTcs aHAaJOTHUYHO. 3aMeTHM, 4YTO
BO3BpAlLeHNHe B Ha4ya/10 KOOPIMHAT MOXKET NMPOU3OUTH TOILKO B 4emHsle
MOMEHTHl BPEMeHH, [I03TOMY COOTBEeTCTByIOUIMEe (OPMYJB OYAyT uacro
OTHOCHTbCS TOJBKO K UYeTHHIM MOMeHTaM BpeMeHu. Ha wrpomoM ssmike
BO3BPALIEHHE B HAYaJ0 KOOPAMHAT O3HAYaeT, YTO IHOC/AE HEKOTOPOTO
HCNILITAHUA #uCcA0 2ep008 cmaao pasHo sucay peuwemorx. (Ha puc. 3
NpeAcTaB/JeHEl [Ba MyTH, HANIOCTPUPYIOLINE IepBOe AOCTHXEHHE U BO3-
BpauieHue B Hauano KoopauHaT., OcoGeHHOCTBIO BTOPOrO NYTH ABJASETCH
TO, YTO OH NOJMHOCTBIO pAacHo/OXKeH B OTPHLATEJbHOH MOAYIIOCKOCTH.)
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§ 4. HoBas dopmyaupoBka KOMGHHATOPHLIX Teopem

B srofi raase OyayT MCno.ab30BaThbed caenyiouine o603HaueHH:

uan(Q:)Q'Q", n=0,1,2,... (4.1
"
1
fo=0. f,,= 37 ban-  =1.2,... (4.2)
HeTpynHo npoBepuTb, 4TO
f2n=u2”_2—u2n, n=1, 2,.... (4.3)

Teopesma 1. Haa awb6ozo n>1

gy == P {59, =0}, (4.4)
Ugy =P {50, $,5£0, ..., §,,0), (4.9)
By =P (5,30, §,>0, ..., s, >0}, (4.6)

uasuw CROBAMU: CAEOYIOWUE MpPpu COOGLLMUS UMewm OOHY u My e
BePOAMHOCTs Uy,. (d) 6 MOMEHM 2n umeen mecmo B038paujerue
8 Haweaao xooplunam, (6) 00 momenma 2n (8KA04UMEAbHO) Ha-
cmuya Hu pa3y He 803BPAMUAACL 8 HAXAA0 KOopOuHam, (B) nyms
Heompuyameased 8 unmepsase 8pemenu smercdy 0 u 2n.
Haazee,
Joa=P 5,0, ..., 8,_1%+0, s,, =0}, (4.7)

f2n=P{81>O' e SQn—2>O' S9n—1 <O}’ (48)

m. e. 08a colwmus: (a) nepsoe BO3BPAUEHIE 8 HAUAL0 KOOPOUHAM
npousowno & momenm 2n u (6) wacmuya snepgoe 0OCMU2AQ NOUKY
—1 8 momenm 2n—1, umeiom 00wy u nmy owe sepoamuocms f,,.

Hokasareabcrso. Kak Ob1o ycTaHoBiaeHo 8 § 3, 10cTaTouHo
UCCJENI0BATh BEPOSITHOCTHOE MPOCTPAHCTBO, COCTOfIee U3 NyTel dukcupo-

panno#t aaunpt 2n. Cormacno (1.3) cyuiecTnyior (2:) nyre#l, coeanus-

ICIUX Hayagl0 KoopauHaT ¢ Touko#H (2n, 0), u sTo nokaseiBaeT (4 4).
Ilo Teopeme 2 (a) § 2 cymecrByer L,,_, MyTefl, COENMHAOMINX TOUKH
(0, 0) u (2n, 0), Takux, uyro § >0, ..., S,_, > 0. TMosromy cyuie-
CTByeT B ABa pasa OoJblie NyTe#d yaOB.IETRODAOIMMX YCaAOBUHAM (4.7),
U COOTBETCTBYIOAA BEPOSATIIOCTE pABHA 2L2”_22“2"=f2n. Teopema
2 (6) § 2 coBeplIeHHO aHAMOTHUYHO [OKa3biBaeT (4.8).

BepoatHocts TOro, 4Tto B TeueHue pacCcMATPHBAEMOTO IPOMEXYTKa
BpEMEHH 4YacTvua (1M pazy He BO3BPATHTCA B HAYa10 KOODIAMHAT, paBHA
€IUHHLE MHHYC BEPOATHOCT: TOIO, YTO HepBOe BO3BpAlIEHHE B HAUAIO
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WMeeT MeCTO He mno3ke MoMeHTa 2n. Hcmousbsya (4.7), sty pasnocTsb
MOMHO TMepenucaTs CJIeAyioluM o6pasom:

l—fo—fo— o —f0=

=1 — 0 —u)—(uy—uy) — ... — (Ug,_ g— Uy,) =1y, (4.9)

yTo 10KaswBaer (4.5). AHajornyno mnpasas uacTh B (4.6) pasua enu-
HHlle MEHYC BEPOSTHOCTb TOTO, YTO 4YACTHLA BMEpPBHIE NOCTHTHET TOUKY
—1 He noske MoMeHTa 2x1, W ucrnodab3ya (4.8), 3Ty pasHOCTb MOXKHO
onaTh mnpenacraButh B Buie (4.9). D10 3aBepluaeT I0KAa3aTeIbCTBO
TeopeMbl.

Caencrsue. Ilpu n>>1

Uyy = 21 f2ru2n—2r' (410)

HoxasaTeabcTBo. Ecan yacTiua BO3BpaludeTcs B HAYAJ0 KOOD-
IMHAT B MOMEHT 2n, TO TepROe BO3BpAallleHHe [NOJDKHO NPOH30HTH B He-
KOTOpbIH MOMeHT 27 < 2n. Mbl TOJBKO YTO YCTAHOBMJM, YTO UMC.IO
nyreft, coenunswownx touku (0, 0) u (2n, 0), 1438 KOTOPHIX B MOMeHT 2r
HMeeT MeCTO [iepBO€ BO3BpAlIEHME B HAYaA0 KOODAMHAT, pAaBHO

22’f2,22”'2ru2n_2,. CymMupya no r, npuxoauM k ypasHenuo (4.10).
(TTpsivoe  anaJAMTHUYECKOE JOKa3aTe.bCTBO MOXHO Halith B § 8 (a).
B ra. XIII, § 3, M yBuauM, uro cootHowenue (4.10) sBasercs cne-
LHAJLHBIM  YACTHBIM C/y4aeM OCHOBHOIO YPaBHEHUst TEOPDHH PeKYpPpEHT-
HbIX COOBITHH.)

Teopema 1% § 2 ornocurcs K MyTSM, BIEPBBIE JOCTHUTAOUIUM TOUKY ¥
B MomeHT x. CymMa x -y jgomxHa OblTb YETHOM, M NOITOMY YAOGHO MOJNOMKHTbL
x =2n—1y. Toraa teopemy 1* Mowuo nepedopMyIUpOBATE CJACAYIOMHM 06Pa3CM.

Teopema 2. Beposmuocme mozo, umo mouxa y >0 enepssie docmu-
2aemcsi 8 MOMEHMmM 2n — Yy, pasHa

n

) y (Qn_y ~2n+y

fg”_.m 2 , nxy>0 (4.11)
Y 1uBUTEAbHA TPOCTOTA, C KOTOPOH INPHHUMN ABOHCTBEHHOCTH MO3BOJAAET

NOJAYYHTb 3Ty BAXHYIO TEOpeMy Kak mnpsaMoe CJelcTBHe TeopeMbl 0 6anjoru-

porke. Ilpamoe aHaautuueckoe 10Ka3aTeabCTBO cooTHoweHHsa (4.11) Tpyauee

u TpeGyer NPUMCHEHHS HCKYCCTBEHHBIX NPHEMOB.

B upunnune, BepoATHOCTH f‘z‘,'l) MOXHO OblI0 6bl BHIUMCJIATD HHAYKIHEH

no y. IlyTs, A48 KOTOPOro B MOMEHT BpeMeHH 2n— y — 1 uMeeT MecTo nepsoe
nOCTHKEHNE TOUKu y — 1, MOwHO pa3buths Ha ABe uHacTH (CM. puC. 3 aas y = 4).
[NepBblit yuacTOK €cTb NyTh H3 Hauyajka KOOPIMHAT IO TOYKH NEPBOIO JOCTHMKE-
HUA , KOTOpOE NPOHCXOIMT B HEKOTOPBIT MOMeHT 2v—y <2n—y—1. 3a
3THM YYacTKOM cCJelyeT BTOPOH yuactok iuHbel 2n— 2v— 1, KOoTOpHIH Bech, 3a
HCKJIOYEHUEM TIOC/IEIHEer0 OTpe3Ka, paclmojJOXeH Huke yposHA y. Jpyrumu cio-
BaMI, €CJH JIEeBHH KOHEI| 3TOr0 yYacTKa MPHHATL 3a HAavalo OTCUeTa, TO fpa-
Buifl xoHen Oyzer Toukoil mepsoro gocthxeHus 1. INTo onpenenenuo, cymecTsyer

g%~y f()? BOIMOXHBIX myTeir nepsoro tnna u 22~ gD groporo, u
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KOMOuHauua AOOLIX ABYX M3 HMX NA€T NyTb, LA KOTOPOrO IHepBOE NOCTHKE-
Hue Touku y-+1 mpoucxoaur B MomeHT BpemeHH 2n—y-—1. Tlostomy
n-1
1 1
= I o ny+L (4.12)

vy

$opmyaa (4.8) mokasbiBaeT, YTO BEPOITHOCTb JOCTHUrHYTb TO4Ky —I1 (a 3Ha-
4uT, U -+1) BHepBhie B MOMEHT BpeMeHH 2n-— 1 paBHa fy, T. €.

I =fo, n>1l (4.13)

Cootnomenus (4.12) n (4.13) onpeaeasiioT pexyppeHTHO Bce fg’;,), HO coBCeM

He TPOCTO mpoBepuThb, uto M3 dopmyast (4.11) caeayer (4.12), n HaoGopor.
dopmyabl (4.12) — (4.13) no3BoJsIOT clesaTh HOBble 3akJioueHus. Mz (4.13)

BHTHO, 4YTO f(gln) €CTb BEPOATHOCTb BNEPBHIC BO3BPATHTBLCA B HAYaJO KOOpAHHAT

B MoMeHT 2n. 3afbiBag Ha BpeMsl O IpexblAylied Teopeme, onpejelnm f(zyrz

KaK BepOATHOCTb TOTO, YTO B MOMEHT 2n HMeeT MeCTO y-& BO3BpalleHue
B Hauaio xoopxausar. Bocmoabsyemcs wuaeedl npelbliyliero J0KasaTelbCTBa.
PasbuBas nyTb, A48 KOTOPOrO B MOMEHT BpeMeHM 2n nMmeeT Mecro y -+ l-e
BO3BpalllecHHe B Hayalo KOOPAHHAT, HA IBe YacTH: NepBHIH YUacTOK — A0 TOUYKH
y-TO BO3BpalleHHs B Hauyaj0 KOOPAHMHAT U BTOPOH — MEXNY TOYKAMH Y-TO
d y-+1-ro Bo3BpaiieHus, JeFKO YCTaHOBHTb, 4TO cooTHomeHue (4.12) BbI-
TOJHEHO.

Tak KaK 3TO COOTHOLIEHHE OJHO3HAYHO Ompelenser Bcef%'z), MBI TIPHXOJHM

K ciexyoieil tTeopeme.

Teopema 3. Beposmuocme mozo, wmo 8 MOMEHM 8PeMEHU 2n umeem
MeCmo y-e 8038paujeHue 8 HA4AA0 KOOpOuwam, onpedeasiemcst gopmy-
a0 (4.11).

IlpuBeneM ellle OIHO, 4uCMO 2e0MempuuecKoe OOKA3AMEALCMEO BTOH TeO-
pembl. PaccMoTpHM  NyThb, A8 KOTOPOrO B MOMEHT BPEMEHH 2n—y
BIepBHIE IOCTHraeTcs Tovuka y (Ha puc. 3 HMpeAcTaBJeH cayyad y = .
2n— y = 15). Iloctpoum HOBBIH MNyTb, BCTABHB B NPEXbIAYLIHH NyTb Y HOBHIE
OTPe3KH € HaKJOHOM —] Tak, 4TOBH HX JeBble KOHLbI COBNANH COOTBETCTBEHHO
C HayaaoM KOOpPJHHaT H € TOYKAMH MNEPBOTO MAOCTHIKEHHA cocToAnud 1, 2, ...

.., y—1. 3101 nyrs, cxameM, {0, g5 ..., Gg;}, COCTOMT H3 27 OTPE3KOB.
Slco, uto o, <0, ..., 95, < 0, 95, =0 1 poBHO y—1 BHYTPEHHHX BEpIIMH
Jaexar Ha ocd x. O6parHo, Jwb6oH nyTb {3y, 9, ..., Sp;}, YROBJIETBOpS-~

OMmHUE 3THM YCJIOBHAM, MOXHO MHOAYYHUTH C MOMOLIbIO OMTHCAHHOH KOHCTPYKUHH
H3 0yTH, BNEpBble JOCTHIAWOUIEr0 TOYKY y B MomeHT 2n-—y. Ecau fg’,’,) ompe-
feNleHo, KaK B TeopeMe 2, TO CyLIeCTBYeT pOBHO 22”_"f§’2 nyreit {sy, gy, ...
veoy Opp), TaKuX, 4TO0 0; <0, 99, =0 u y—1 BHYTPEHHHX BEpIINH JE€XKAT Ha
ocu x. Kaxnpiii Takod myThb MOXHO pasburb Ha y yacte#t Tak, YTOOBl KOHIIBL
KQXJOro yyacTka Jexand Ha ocH x. Mlamenssn 3HaK o; Ha OXHOM MJAH HECKOJBKHX
TAKMX YUYacTKax, MOXHO MOJAyYuTb 2Y pasjuuHblx 1yTeH, Y KOTOpHIX y—1
BHYTPEHHHX BEpIIHH J€XAaT Ha OCH X H Sy, = 0. [loatoMy obuiee YHCIO TakHX

nyTeii pasno 2°7f{)), 4to u nokasviBaeT TEopeMy.

§ 5. Ilepehiit 3akon apkcuHyca

Mpbl OyaeM roBOpUTb, 4TO 4acmuya npogodum spems om k—1
00 k Ha noaoxcumesvHoll cmopore, ecau k-l ompesox ee nymu
Aejcum sbiile ocu X, T. €. eCJId MO Kpallnel Mepe OLHA U3 BeplUMH
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Sp_y H S, DOMOKUTEAbHA (B 3TOM CJyuvae JApyrad BepIUMHA [OJOXKU~
teabHa uau 0). B TepMuHax urpsl B «OpJSHKY» 3TO 03HayaeT, 4TO KaK
nocjie (& -— 1)-r0, TaKk u nocje R-ro UCHbITAHU# CYMMapHBIH BLIMTPHIN
IleTpa HeoTpHLATE/EH.

ITapanokcaioHbie CBOHCTBA nyTe#f, O KOTOPBIX Mbl ynoMuuamu B § 1,
OyAyT NOJYYeHbl H3 CJAeAYIOLEro HpelloXeHHs:

Teopewma 11). [Tycms Pop op — BEPOAMHOCME 1020, 4MO 8 UH-

mepsase spemenu om O 0o 2n uwacmuya nposodum 2k edunuy
BpeMEHI HQ NOA0HCUMEANbHOU cmOpoHe U 2n—2k—nHa ompuya-
meavrold cmopore. Tozda

Dok, 9n = Uaploy o (GHY)

(3aMeTuM, uTO TMOJMHOE BpeMs, APOBENCHHOE HA MOJOKUTEbHOH CTOpOHE,
006s3aTeJqbHO YETHO.)

LokasareabcTso. BepodTHOCTs TOro, YTO 4acTHLA OCTAETCA HA
N0JOXKHTENbHON CTOpOHE B TedeHue Bcero Bpemenu ot 0 no 2n, naerca
popmynofi (4.6), m MH BHIUM, UTO p,, o, == Uy, B cOrJacHu ¢ (5.1).
Ma coobpameHull cuMMeTpuu CHeAyeT TaKke, UTO Py o, == Uy,, NOITOMY
ocraercs nposepurb (5.1) rtomsko npu 1 Lk <n—1. C 370 ueanio
MBLl MOBTOPHM paccykIeHusd, KOTOpble npusead Hac k (2.7). Yacruua,
KoTopas mpoBoauT BpeMs 2k >0 Ha TNOJI0XKUTEJIbHOH CTOpOHE W
2n — 2k > 0 — Ha OTpUHATEJbHOH cTOpOHe 00f3aTeNbHO MNPOMAeT Yepes
HyJab. [1ycTh 2r — MOMEHT MepBOTO BO3BpallileHUs B Hyab. Toria nyTe
ApHHANJICKUT K OLHOMY M3 CAEAYIOUHX IBYX KJ4CCOB.

[NepBhift KJacc xapakTepuayeTcs TeM, 4YTO 4aCTHLA 1O MOMeHTa 2r
OCTaeTCAd Ha MOJOXHMTE/IbHOR CTOPOHE, a B TeyeHHe IPOMEXYTKa Bpe-
MeHH OT 27 10 27 NPOBOLUT HA NOJOKHTENALHON CTOPOHE POBHO 28—2r >0
enunun Bpemenu. Cymectsyer 22°f, nyte#t anuHBl 2r, BnepBble BO3-
BPAlLAIOLIUXCS B HAYaJ0 OTCYETA B MOMEHT 27, M3 HUX IMOJOBHHA JCKHUT
B BepxueH# mnoaynaockoctd. Kpome TOro, mo ompelejeHdio, CyLIeCTBYeT
294 _9:Pok—2r, 9n -9, TYTEH JIMHBL 27 — 2r, BLIXOAMWIAX H3 TOukH (2r, 0)
u uMewomux 2k — 2r cTopoH Bbme ocu x. [103TOMY TNOJAHOE YUCJIO
nyTed nepBoro k/aacca paBHO

1
2r 92n-—-2, — 92n—1
5 22 f o 22 oy _or, an—0r = 22" o Pop—9r, an—ore

ITyTh NpPUHALIEHKUT KO BTOPOMY KJACCY, €CJH YacTHUA 10 MOMeHTa 27
HAXONUTCA HA OTPHUATENLHOH CTOPOHE, a B UHTepBale BpPEMeHU OT 2r
10 2n mnpoBOIMT 2k eIMHHL BpEeMeHM Ha TNOJOXKHTeJbHOH CTOpOHe.

) BnepBble 3Ta TeopeMa Oblia JOKA3aHAa C NMOMOLIbIO 3allyTaHHbIX aHAJH-
THueCKHX paccyxaenuit B pabore K. L. Chung and W. Feller (cM. npumeua-
HHe Ha cTp. 87 W IlepBoe u3ganue nacroawed kuury, ra. XII, § 5 u § 6). Teopema
6ni1a HaBesHa pabotoil E. Sparre Andersen (cM. mpumeuanue Ha ctp. 80).
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3mecy 2k < 2n—2r 1 paccyxJeHus, AaHAJOTHYHBIE TOJbKO YTO NpO-
BeJEHHBIM, [I0Ka3bIBAIOT, 4TO HUCJAO NyTe#f STOT0 KJacca PaBHO

22n~]f2rp2k. 2n-2r
Orciona caenyer, yto npu 1 <{r<{n—1

R n-k
I 1\

Papon =75 24 forPop-or,0m-2r + 5 2‘ forPar, 2n—r (5.2)
r=1 r=1

IpeanonoxuM Tenep, MO HHAYKUMM, YTO COOTHOWICHHE Py o) ==
== Uy,lly,_q, HMeeT MecTO A7 v=1, 2, ..., n—1 (ana v=1 ono
Tpusnaibo). Toraa gopmyay (5.2) MOKHO NMpPUBECTH K BULY

R n-k
1 \Y 1 "
Por,on =5 u?m—?k)‘ Farttop—or =+ 5 U Z fortionsp_g  (5:3)

r=1 r=1

B cuay towaectsa (4.10) nepeas CyMMa DaBHA 4o, @ BTOPAR — Uy, _gp,
M MO3TOMY BHINOJHsIETCH COOTHOLIeHue (5.1).

WuTyunus nonckaswiBaeT HaM, 4To 0048 8pemenu kin, Komopoe
wacmunga nposodum HQ BepxXHeid CcmMOpoHe, N0MxKHA OwTb Oau3Ka

1 ~
K — . OiHaKO BepHO OBGpATHOR: HAUMEHEe BEPOAMHO, HMO BeAUHUHQ

j 1 y
OMHOWenUA RN 6auska K - U, HaoGopom, Kpalnue 3HA4eHUA
kin=0 u k/n=1 userom Hau6oabwuyi 8epOAMHOCHMSL. DTO CBOHCTBO
MOXHO TPOBEpPHTH, Onupasicb Ha coorHowenne (5.1).

Tabauua 1 wanoCcTpupyeT napajokc. B TepMuHax urpbl B «OpPJAAHKY>»
OHa yCTAHABJMBAET YIMBUTEeAbHBIH ¢akT: npu 2n ==20 6pocanusx mpa-
BUJISHOR MoueThl ¢ gepoamuocmeio 0,3524 menee yoauwauswii uzpox
HuKoz0a He O6ydem snepedu. B OoabuiMHCTBe cayuyaeB (C BeposiT-
HocTb 0,5379) cyMMapHBIH BHIMTPHII MeHee CYacT/JHBOrO Urpoka OyreT

NOJIOXKHUTENbHEIM He Oo0Jiee OAHOTO pasa. Has CpaBHEHHNA 3aMeTHM, 4YTO

BEPOSATHOCTL COOLITUA -5:10: 10 pasHa Bcero 0,0606.

Tabruya 1
Pacnpenenenne nngepctBa npu 20 6pocaHHAIX MOHETbI
£oh P hole A | AT | k=1
Dy 20 = 0,1762 0,0927 0,0736 0,0655 0,0617 0,0606
Py gy = 0,3524 0,5379 0,685! 0,8160 0,9394 1

pk_ 20~ uku20 €CTh BepOATHOCTb TOro, 4ro k OTPe3KOoB MyTH JEHKAT BbHILUIE OCH, T € «Herp

Obln Brepenn mocne B 13 20 ACObITaHMHA»
o €CTb DEPOATHOCTB TOO, YTO OAMH M3 MTPOKOB HIMPOBA] HE MEHEE deM nocde & uc-

nuiTanul, a Apyroi —ue foaee uem nocie 20— HCABITAHUIA,
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Xors dopmyaa (5.1) u spaserca TouHOH, HO oHA He OdYeHb y.u00HA
# MPELMOYHTAIOT MOJIb30BATECA HPOCTHIM ACHMITOTHYECKUM BLIDAKCHHEM.
1,
C noMowbio opmyast CTHPAMHTA JIETKO NOAYYUTb, HYTO Uy, (7n)” —> 1
apu n->co. (ro cocrapaseT codepxaHne 3anaun (12.20) ra. IL)
Orciona BHITCKEET, 4TO
1

Paweon ™ i iy

(5.4)

fie oTHOIeHue oOeUX wacrel CTPEMUTCR K €AMHHIE, eCclH A —>00 u
n — k— 00. BepodATHOCTb TOro, Yl0 10J BPEMEHH A/n, NMPOBEJEHHOTO

1 1
Ha TNOJIOXKHUTEJbHOH CTOPOHE, JEKUT MEXKAY 5 ua 7 <L a<<1], pasna

—

3 1 N\ k R\172
L Por,on ™ 75 }J {;(\1 _7)} . (3.5)
—é‘n<k<an 1n<k<mn

7z

CnpaBa CTOUT CyMMa Pumana, annpoKcuMupywoulas HHTErpan

3

- dx — -1 Rrg— 1
- 1fm_2m arcsin o'k — 5. (5.6)

Yz

1
M3 coobpaxenit CHMMETPHH BEPOATHOCTbL 1070, YTO &/n < 3 CTpeMHTCS

1
K 5 HpH 1—> 0. [TpubaBass 3Ty BepOATHOCTL K OGEHM YaCTAM COOTHO-

metus (5.5), NpuxomuM K caeayioliedl Teopeme.

Teopema 21). (ITepswmit 3axon apkcunyca) lpu durcu-
posatron a (0 <la << 1) u n-—>o0 geposmuocms mo20., umo A0afl
Rin 8pemenu, npogedeHHoz0 HaCmulell HA NOAONCUMEABHOU CHO-
pPOHE, MeHbE o, CMPEMUNC K

I3

- d'x - i ‘2
T 1fm_——_—2n Varc sin a'k, 6.7

3]

Ha npaxruxe ¢opuyaa (5.7) oBecneunsaeT npeBOCXO1HOe NpHbAHIKe-
HHe Yyike NpW TaKuX suavenusx n, kaxk n==20. [loaunrerpaabnoe

1) P. Lévy, Sur certains processus stochastiques homogénes, Compositio
Mathematica, 7 (1939), 283—339, 01Kkpbla 3aKOH apxcHHyca IS HEKOTOPBIX He-
HpepbBHbLIX AHP(Y3HOHHLIX NPOLECCOB M YKasan Ha CBA3b ¢ urpofl B Opashky.
OG6wHuA 3aKOH apKCHHYCa NS 4HCAA HOMOXUTENbHBIX UYacTHHIX CYMM B mocJje-
LOBATEALHOCTH HE3ABUCHMBIX CcaydaiHulXx Benuuund Oma aokasaH P. Erdos
and M. Kac, On the number of positive sums of independent random variables,
Bulletin of the American Mathematical Society, 53 (1947), 1011—1020.
E. Sparre Andersen OTKpLIA KOMOUHAIOPHYIO NIPHUPOLY 3aKOHA APKCHHYCA H BOJ-
MOAHOCTL €0 MPHAOWEHHA K OOUIHM KjaaccaM CJyuaiHbIX BENHYHH.
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soipaenue 8 (5.7) rpadmuecku mnpenacrasaser coboit U-oOpasuywo kpu-
BYIO, KOTOpas yXOIUT B GeckOHeuyHOCTb B Todkax O u 1. Dro ybeaurens-
HeHwuM 00pasoM MOKasbiBaeT, YTO [IOAA BPEMEHH, MPOBEIEHHOrO 4acTy-
el Ha MOJOXUTEILHOH CTOpPOHE, 3HAUUTENBHO 4Yallle OKazbiBaeTcs GaH3Ka
k 0 1 1, 4eM K <«HOPMaALHOMY» WM OXUAAEMOMY» 3HAuYeHHIO 1/,
Puc. 4 uamocTpupyer ckasaHHoOe.

Ta6ruuya 2
L , UnmocTpauus
Fo=gorcant? K 3aKOHY apKCHHYca
JOF = smmmem i e p iy
L bty () 09 153,95 nua
L S R h 08 126,10 nus
/4 ol 0,7 99,65 ama
7 Y 0,6 75,23 amua
0‘“___ A 0,5 53,45 aus
a4 R \ w Lo 0,4 34,85 nua
_______ ! ! ' ! '
b Co 03 19,89 aus
o ---- : ! ! v ): 0,2 8,93 s
ot -/ ! Lo {i 01 2,24 mus
A 0,05 13,5 uaca
A 0,02 2,16 uaca
e 5 5 s o 0,01 324  Mun.
I3 ] 5 w2 R Vg MoHery noabpachiBaioT uepes
Sy W W < A TN KAKAYI CEKYHAY Ha NPOTHKEHHH

365 1medt. IlycTh Z 0O3HauaeT 4vacTb
BpeMeHH, B TEYeHHE KGTOPOTG MeHee
YRAYAUBBII WTpox Obla  Buepend.
Puc. 4. 3akon apKCHHyCa. Torna ¢, ecThb TakKoe 4YHUCAO, 4TO

BepOATHOCTD cobpiTus Z < tp papua
apHGAH3RTEABRO P

C sepoamuocmeio 0,20 wacmuya nposodum we nmenee 97,6%
gpenenu Ha 00HOE cmopowe. B odwom u3 decamu cayiaes 4ac-
muna npogodum wa 00Hol cmopore He menee 99,49 scezo spemeru.
Taba. 2 cOmepXUT AaHHbie APYroro pona.

B Tabanne nmpuBeleHbl BEPOATHOCTH p TOTO, YTO MeHee CYACT/IMBHIA
urpoK OyIeT HaXONMTLCS B BuIATpbIe He Gonee uem £, nHeR B roay.

BsaB, k npumepy, mMOOHMBIA cTaTHCTHKaMu yposenb sHauumocTu p=0,05,
ML BULHM, uTO 8 00HOM 3 Osadyamu cayiaes 6Goaee Yoawauswill
uzpox Gydem 8 swuzpsiue He ienee 364 Oned u 10 uacos
8 200y. Maao KTO nOBepHT, 4TO OpOCaHUA NPABUJABHOH MOHETH MOryT
NpUBECTH K TAKOM NOCJeNOBATEAbHOCTH MCXOLOB, KOrla OIMH M3
MrpOKOB BCe BpeMd HAXOJMTCA B BHIMIDBIILUE, OLHAKO W 3TO BNOJHE
peailbHO.

B caeayoumem naparpade Mbl OGCYAMM APYTO# aCMEKT STOrO fBJe-
wud, a 6 § 7 NpuBeleM SKCNepHMEeNTa/bHbie IdHHDIE, WAMOCTPUPYIOMUE
TEOpYUIo.
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§ 6. Yucao Bo3BpiweHHH B HAYAAD KOODPAMHAT

O61psicHeHHe 3aKOHA apKCHHYCAd COCTOHT B TOM, YTO HPOXOIMT CJAHUIKOM
MHOTO BpEMeHH, MPEeXIe YeM 4YacTHUA BO Bpa'laercd B Hauajic KoopauHat. Ha
A3bIKE TeOMETPHH, NYTH Mepecexait’ ochb X OYeHb pelko.

WnTyuumna nojickaseisaer waM, 410 ecau [lerp u [lasea npoussoisr 6poca-
HHSl IP2BUJBHOH MOHETBI I0CTATOYHO 10ATOE BpeMs 21, TO YUCAO Hu4bux (MOMEH-
TOB BPEMEHU, KOTAA CYMMapHblii BRIUIPBIL OJUMH M TOT e y 0O60UX HIPOKOB)
HOJIKHO OblTh npulAu3umensHO NPONOPULOHAALHO 2n. [Ho amo He max.
B NCHCTBUTEABHOCTH YHCAO HUUBHX BO3PACTAET 110 BEPOSTHOCTH Jub Kak (272)7,
T. € C YBEJIHUEHHEM IPOIO/KHTEIbHOCTH HIPbi OTHOCHTEJbHOE YHCIO0 HHYBHX
6bicTpO yObIBAET, @ «BOJHLI» BO3pacTaoT MO KiuHe. /Iag aHaiusa 310ro Bompoca
Hal10 HCCJeJOoBarb YMCHO BO3BPAINEHUH B Hauano koopauHat. Cretyer YACHUTH,
YTO YHC/IO MOMEHTOB BPEMEHH, KOTJa 4acruia MepPexoIHl ¢ HOJOHKHTEeNbHOM
CTOPOHBI HAa OTPHUATENbHYI0, HJIH HA06ODOT, PaBHO NPHOJHIKEHHO ROA0BUHE
uMcAa BO3BpalleHHiL.

Teopema 1. ITycms zg’,z)waepo;zmuocmb mo20, wmo 3a speMsi 2n uac-

muya posHO r pa3 8038pamumcsi 6 Hauano Koopdunam. Tozda

1 21— 1
z&:iﬁj( E n> 1. (6.1)
B wacmnocmu, 25) = 2=y, u
=2l > > (6.2)

pyrumu caoramu, gopmyaa (6.2) ycraHaBaupaer, 4yTo HE3Q8UCUMO OM NPodOa~
sHcumessHocmu 2n uzpsl GoAee 8ePOSIMHO UAUL OMCYMCMBUS B8038PAUEHULL,
UL POBHO 00RO 8038paujerie, HeM A000e 0pyzoe ux 1ucio.

HoxasateabcrBo. Coraacio ¢opuynam (4.4) w (4.5) cyuecrByer
CTOABKO e nyTeH AJnHBl 2v, BO3BPAUIAOUWMXCA B MOMEHT 2y B HayaJo KOOpHH-
HAT, CKONLKO CYIECTBYET yTeH JIHHBL 2v, BOOOUIe HE BO3BPAIIAIOMKXCA B HYAb.
PaccmoTpum Temepb nyTb TJAMHBL 271, JJI KOTOPOTOG r-2 M nocJaejHee BO3Bpa-
nieHHe B HAUaJA0 [POMCXOIHT B HEKOTOPLIH MoMeuT 21— 2v < 2n. YuacTok
MIHHBL 2V, HAUUHAOUWKACT B TOUKE [OCAEIHErO BO3BpAILEHUS, MOXHO BHOGPATH
CTOAbKHUMH CIOCOBaMH, CKOJIbKUMHM MOXKHO BbIOPAaTh 1IyTh 1IOCTOAHHOrO 3HAKa,
coepuHsionni touku (2n—2v, 0) u (2n, 0). HpyruMu caosamu, 8epostmuocme
mozo, umo 00 MoOMeHma 2n npou3olidem POSHO I 8038PX eHULL, PABHA 6€ POSIM-
HOCMU MO20, ¥Mo 8 MOMeHm 2n npouzoudem 6038paujeHue u 4vmo eMy Gydem
npedwecmeosams no Mmenvwel Mepe r 8o3spauenuii. 1o teopeme 3 § 4 sto
03Hauaer, yTo

)= S D (6.3)
rie f8) onpeneaserca popmynoit (4.11). Jlerko mposeputs, uTo
, 1 2n—y 1 2n—y —1

£ = 92—V ( n )_ DIy 1 ( n )’ ©h

¥ CYMMHDYst 9TH COOTHONIeHusl qast y =r, r-+1, ..., Mo npuxoaum k ¢op-

myJae (6.1). HepasenctBo (6.2) tpuuajibHO BhiTekaeT u3 (6.1), Teopema noxasaHa.
CHOBa eJaTenbHO 3aMEHHTb TOUHYI0 dopmyay (6.1) Gosee npocTeiM Npu-
G6amkenuniM BoipaxenueM. C atoit ueabio nepenumen (6.1) caeiywouium obpasom:

@—%@_%m@—ﬁﬁ)
SR ]
T o T %) U T "o

(6.5)
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[pu 7oKa3aTenbcTBe sakoOHA ApKCHHYCA Mbl OTMEUAAM, Y10 iy, (7n)72-> 1, ecau
n->o0. 1o $popmyae Tedaopa aas log (1 -+ 2), (8.10) ra. 11, log (1 — v/n) ~ —v/n
¢ omnbkod nopaasa (v/n)2. Oicwpa caelver. uro ¢ owunbkoH nopsaaxa rif/n?
HMEE[ MECTO ciierylomee npubiinKeHHoe PaBeHCTBO:

rol
ISR N re
Nt o LN 5
log (23, I & 57 g VR ol (6.6)
v=1
UK
2(2'2 ~ n“/zn 1/ze fz/-ln‘ (6.7)

BepositHocTh Toro, dro mnpousofiier ue Oonee & BO3BpamieHnH, a HMEHHO

2<2(Zz)+ zgln)—f— R z(?"; U, MOWHO OHEHNTh, HenoAb3ya hopuyay (6.7). MMoaygen-

o — —x2
Has CyMMa SABJAETCA CyMMON Piyana a4a unrerpana ot = le~*"! pacnpoctpanen-

Horo or O 10 k/n, orTHOCHTesbHas owmubka ©plr sroM 6yleT BeJHYNHOH
nopsiaxa £3/n% OKOHYa1eJBHO HPHUXOIUM K CACAYIOUIENl TeopeMme.

Teopema 2. llpu durcuposannomn o >0 8eposmuocms moo, 4mo
8 meuenue unmepsgarn gpemery om 0 00 2n wacmuya 8038pamumcsi 8 HA4AAO
xoopdunam ne Gosee o(2n)': pas, CmpeMumcss npu n->0 Ko caedyiowel
seAusune ')

f(a)z(%)%fe 2 4. (6.8)

/
Y]

“ 3 - H

B wacmnocmu, geposmuocms moeo, 4ymo npousoidem ne Goaee 06745 (2n) 2
8038paujeHull Gauska kK 1,

B ra. VI § 2, untateab MoxeT HaHTH Tabauny HoOpMadbio#d $yHKIHH

1
pacnipesenenns @ (o) = 5 {1 4~ f(n)}; u3 nee BeauunHy f (2) MOKHO HOAYYAlb

no gopmyne f(a) = 2 { (i (a —%)} npu a > 0.

[Tycth MoHeTa 6pocaercs 10000 pas. C Beposiinoctnio 5 npousoiiner He

6onee 68 BosBpaulenuil B 104Ky x = 0, U3 KOTODHX [0JbKO KLOJOBHHA COOTBEI-
CTByeT ACHCTBUTEbHOMY U3MEHEHHIO JiigepcTBa. ApyriMu cJaoBaMu, ¢ BeposT-

HOCTbHIO Cpeandaa AJAHHA <«BOJIHBI» MEXHIY NOCAeNOBATCALHBIMH MU3MCHEHUAMHU

2
aufepcTea papHa npubausuteapno 300. pu 1000000 wcnertanuil mMesuana
uypcaAa BO3BpauCHUR BospacTaeT aump B 10 pas, W L03TOMY CpeiHsss .lauHa
«BOJHbI» Oyier Oamska k 3000. Yem nponomwureabnell cepus Opocaiid, Tem
pexe BO3BpalleHnss B HYyab U JUIMHHEE BOMIBIL

Bepossmnocms mozo, umo npu 10000 Fpocanuld npasunsnoll MoHemol
AulepcmBo He Gydem mewstmecst, paBHa npubuisuteabno 0,0085, w ¢ tod Ke
BeposTHOCTBIO mpu 1000000 Gpocanuit uucao mepemMeH juiepcTna O3 1el He
6oace 10.

1) Unrartenefl, 3HakOMBIX € LEHTPalbHOH NpejeibHOH TeopeMoii, npejyiipe-
WIAEM, YTO UHCAO BO3BpALLEHHMH HMEeT pachpelcdctue, OTIAWYHOE OT HOpMalb-
Horo. B (6.8) nospasercs ompaxceritoe HOpMAILHOC PACHDEICIEHHe CO CPeLHIM

1

3Hauennem (2/7)° u ancuepcuedt 1 — 2w,
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§ 7. JxkcnepuMeHTAJAbLHBIE NAHHbIE

Pucyxok & npexacrtaBaser coOGofi peay/bTaT 3KCOEPUMEHTA, OTBEYAlO-
mwero 10000 6pocanusv npasiibHOH MOHEIB, COOTBETCTBYIOUIHE YHCJIO-
Bble Jauilble HpHBelensl B npuMepe 6. B ra. 1. BepxHisg ualte rpaduka
COOTBETCTBYeT HepBHM HO0 OpocaHnsam, Ha ABYX APYIHX PIiCy HKAX H30-
Opaxenbl peayawiatst Bcex 10000 wucnwmTaHuét B MedbuieM macuitabe
BLOJIb OcH X. Macwral BIOAL OCH Y OIHH 1 TOT we y oBoux rpa-
(PUKOB.

Barssuys pa rpaduk, MHOTile OBIBAIOT Y/A'IBTeHBl JLTHIIAMH  BOJH
MCHAY MOCJeT0BATEeIbHBIMI MCPECEUCHHSIMH OCH X (T. €. [0(.1e/10Ba-
TeNbHBLIMUM U3MencHuaMu angepcersa). O1Hako rpaduxk npetcrapasger coOo#
CPaBHiTeIbHO yMepeHHu# cayuafi. OH Ovl1 BHOpaH Kak caMblil \MepeH-
HBIH U3 TpeX rpagukoB, HMEBLNIXCA B HauleM pacnopshketi. Yuraremo
PEKOMEHAYC ICS B3MJISHYTb Ma TOT ke rpadik B oOparHOM HANpAB.Ieiuu,
T. €. HOpIrusTb €ro KOHEW 32 HaYaJbHYIo TOuky. [AHaauiwyecku o6Gpa-
IWEHHBIH nmyTh onpenedsercd opmyvaavu (2.2).] Teopernueckn nocteno-
BATeJILHOCTH 4WCIbl1aHNH, o1Beualole rpaduky ©  ero obpauieHuio,
SKBUBAJEHTHBI, W Kax1ad W3 HHX TpeAcTasideT cayuafinoe OayxaaHie.
O6pauicHiioe cayualinoe O.1v:kialiie B HAalleM CJyude UMeeT CJAeAyioUiHe
xapakrephciuki. OTnpaBidsch M3 Hauyajga KOOPH'IHAT

uacmaya» oCMmaemcsa Ha

OMPUAMEAbHOL CHOPOHE NOA0MUMEABHOL  CMOPOHE
nepsvie 7804 waza credywuue 8 ua208
caedyoujie 2 uwaza caedviouue 54 waza
credyoujue 30 wazos caedywmue 2 waza
caedyoujue 48 wazos caedyouue 6 waeos

caedyioujue 2046 wazos

8 yeaom 9930 wazos 8 yeaom 70 wazos
doas gpemern: 0,9930 doasn spemenu 0,007

310 Kaocemcs abCypAHBIM, HO TEM He MeHee BUPOSTHOCTb TOTO,
uto npu 10000 Opocanuli oxHa H3 CTOPOH HAaXOANTCS B BHIUCPHILIE
6onee uem nupu 9930 wucneitanusix, a aApyras — MmeHee uem npa 70,
HeckoJbK0 Soavme 0,1, Jpyrumy caosamu, B cpelileM 6o.uee uen
00uH sKcnepuMenm u3 decamu npugedem K pe3yivmamanm, KOmo-
pole «Xyoce» MOABKO HMO ORUCAHHBIX. 3aMeTHM IS CDaBHEHuUS,
Y4TO BEpOSTHOCTb MOJYUUTH «Jyulliee» COOTHOILIEHHEe BpPEMEHH JIUAePCTBa,
yeM Ha puc. 5, Mensure (oxono 0,072).

[Ty, usobpaxenHelft Ha puc. 5, coxepxuT 142 BosBpameHus
B Ha4ajo, U3 KOTOpHX 78 mnpencTaBifi0T [AeHCTBUTEJbHOE H3MEHEeHHe
augepcrea. OOpanieHHas cepus, ONMcaHHas Bbllle, colepxuT 14 Bo3-
BpalleHuit, U3 KOTOpHIX 8 oTBevaloT uBMeHeHHI0 JaudepcTsa. Ompoc
CNelLnaJuCTOB MOKasa], uTO Jaxe ONBITHbiE CTaTHCTHKH cyurtaiTt 142
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nonoxenus papHosecus npu 10 000 6pocanuit HeOXUZAHHO MAAbIM YHUCIIOM,
a 14 BooOie BHXOIAWIMM 33 BCAKHE PpaMKH BO3MOXHOro. B mefictei-
TeJbHOCTH BepOSITHOCTb Goaee ueMm 140 BO3BpalleHH# B Hauyaao pasHa
npubansutesbHo 0,157, B TO BpeMst Kak BepOSTHOCTL He Oosee 14 Bo3-
Bpallenuit cocrasaser mnpumepno O0,115. Hrak, Bonpeku wuHryumum,
noayyenue Juitb 14 [0J0KeHUH paBHOBeCHS BOBCe HE HEOWHIAHHO,
C TOYKH 3peHHs YUc/Ia U3MeHeHWN juIepcTBa oOpauleHHas Cepus sBJseTCH
napHoOH ¢ HauaJAbHOR cepuelt puc. d.

§ 8. Pasauunble mOTMOJHEHHH

a) AHAJMTHUYecKOe MAOKA3aTe/NbCTBO HEKOTOPHIX TowaecTB, He-
TPYAHO MNpPOBEPITh, YTO

1

2
n

u2n:(_’l)n ’ an:(~'1)nrl(\ (81)

Ocnopuoe TowaecTBO (4.10) MOXHO Tefepb pPacCMaTpHBATL KaK YaCTHLIM

cayvait ypasuenus (12.9) ra. Il npu a=-5, b:—f' Ta xe camas

n
¢dhopMyia NMOKA3LIBAeT HApstLy € ITHM, uTO 2’0 Ug,ty, o, = 1.
r=

dopMyay (2.8) MOokHO nepenwcaTh B TePMUHAX fo,. NOCHE 4Yero OHA
1
CBOJHUTCS K YaCTHOMY cJuyyaio coorHomenus (12.9) ro. Il npu g = b = 5
Kpome Ttoro, dopmyay (2.8) moxno Bueectn u3 (4.10), ucnoabsys
-1 -1
oueBMHOE TOWAECTBO nr=l(n —r) "=r~ 14+ (n—ry .
6) MosoxeHue MAKCHMYMOB: BTOPCH 3aKOH apKcHHYyca, YcioBuMmca
rOBODHTb, 4TO nymb {Sy, Sy ..., S,} umeem nepsoil MaKcumY M

8 moyre k, ecau
S, >0, 8§, >8, cuu, S8, Sp 2 Spyps --e SpS,. (8.2)

B wacthoCTH, MepBuift MakcMMYM Haxoautcs B Touke X =0, ecam s; <O
npu 1 < j < x. Coraacto dopmyse (4.6), BeposaTHOCTL TOFO, YTO MY Ib
AJUHBL X == 271 MMeeT CBOMM TEPBBIM MaKCUMyMOM TOuky x —0,
paBHa u,,. AHaJOrHUHOE MpEeANOJONEeHHEe HMeeT MeCTO M IS NyTH NMH-
HoMt x ==2n — 1.

CofpiTie «MepeBif MAKCUMYM HA MOC/JAENHEM MecTe» O3HAYAer TO Ke

camoe, uTO M CHCTeMa HepaseHcTs §; <s, mpu j==01, ... x—1.
Ilns  obpawennoro mnytu (2.2) B "sTOM caywae noayunm s, > 0,
s; >0, ...,8,>>0, a BepoaTHOCTL 3TOrO onpeneascercs popmyaon (4 5).

Ona pasHa ty, MpU X =121 W TaKKe NpH x =21 -+ 1,

L
2
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[lyTs maunbl 27 ¢ mepBbIM  MAKCHMYMOM B R COCTOMT U3 [IBYX
YUYaCTKOB: HauaJbHBIA yUACTOK HMMeeT NepBhii MakCHMYM B HocC/aenHeH
TOUKE X == R, 4 BTOPOH 14aCIOK HMeeT NepBLIH MAKCHMYM B HauajabHOH
rTouke. OOpaTHO, KOMOMHHDPYS 1Ba nyTi, O00Jalawoulie TakuUMu CBO#-
CTBAMH, BCeria MOXKHO TNOJAYUMTbL NYTh € TNEPBLIM MAKCUMYMOM HAa R-M
Mecre. HMTtax, nokasaHa

Teopema. Bepoamuocms moeo, ¥mo nyms Oauns 2n umeem
nepsvili MAKCUMYM 8 MOUKEe X ==V, PA8HQ

1 ecan v=2%k (R=1, 2. ..., n),

T hulan 1 (k=0 1, ... n— 1), &9
u u, ecan v=>0.

3amMeuaTeNbHO, UYTO BEPOANMHOCHL NOANUUMb NePBbLE MAKCUMYM
8 mowxax 2k uau 2k -1 pasna sepoamuocmu Py, 5, [cm. dop-
myay (8.1)] moeo, wmo uwacmuya nposodum 6 GepxHel nNOAYNAO-
ckocmu 2k u3 2n edunuy spemenu. OTCIONA BBHITEKAET, YTO MpUME-
HuMa npubiakenHas GoOpMysa 3aKOHZ APKCHHYCA M, 3HAYMT, CYILECTBYET
CUNBHAS MEHOCHUUST K PACROAONCEHUI) MAKCUMYMO8 864431 HAUA Nb=
HOU HAu KOHEUHOU MOYex NYymi. ¢

Heoxunannas 6/430CTh MEXKAY BEPOSTHOCTAMHM paclipele/ieHHs Bpe-
MeHU JMAEPCTBA M [10.10XEHUT NePBOro MakcHuyMa He sBageTcs ocobeu-
HOCTBIG Mrpbl ¢ GpocalueM MOHeThl. AHaJOrM4HAas Teopema Obljia ROKA-
3aHa AullepCceHOM JJs1 IMHPOKOro K.aacca caydalHbiX peauudd, U KomOu-
HATOpHBIE OCHOBAHHSI €ro [0Ka34aTelbCTBa AHAJNOTHUHBL  APTYMEHTAaM,
KOTOPBHIMU MBl TOJBKO UTO IOJML3OBAMUCE.

8) [IpenesbHas Teopema s BpeMeHH NepBOTO JOCTHXEHHSA M BO3-
BpalleHuss B Hayano KOOPAMHAT'). OleHKY, KOTOPBIMH Mbl NOJb30BAJUCH

B § 6, MOXKHO HCTOJB3OBATH IJdsi TOTO, YTOOLI MOKA3aTh, UTO BEPOATHOCTL f3,)
[cM. (4.11)] ynoBaeTBOpsieT BpPEIEABIOMY COOTHOINEHHIO

Yey?
( 2\Ys y o, v
75, ~(—) — e Y, 8.4
2n = (2’1 y)k/l ( )

rie 3HaK ~ O3Uayaer, YTO OTHOWIEHME JABYX BEJHYHN, COeAMHEHHBIX 3TUM 3Ha-
KOM, CTDEMHUTCH K €IMHHUIE NpH 71 —> CO. 1\/1€T0,'1b1, KOTOpbl€ MPUMEHAJUCH MIPH
BLIBOJE NpefeJbHBX TeopeM § 5 1 6, MO3BOAAIOT TCHEePb MPHHTH K cleaymeMy
3aKA0YEHII0. Beposmuocms moeo, 4mo y-e 8038 paujeHue 8 HA4aA0 KOO pOUHam
(uau nepsoe docmudicenue y) umeem Mmecmo 00 MoMenma ty?, cmpemiumes

npu sospacmanuu y & 1— f(¢7'2), 2de f (o) onpedersiemcs ghopmyroi (6.8).
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1) Jlas NOArOTOBJCHHONO uuraTeas saMeTiy ato qopmysa | — f(z7%)
NpelICcTaBiIfeT Tak Ha3bBacMOe IMOJOMHTENAbHOE yCTOHUHBOE pacnpejeneHue

[T

¢ NapaMe1poM « =
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OTcroa Caenyer, uto ¢ 8¢ POSMHOCNGI0, OAu3koid K ', y-2 8038paujerue
8 HYAb npousondem nocae uchsimanust ¢ noxMmepom (2.21 ...)y?% Taxk wro
CPeUHee 8peMsi MeiHcOyv NOCAe008AINEAbHBIMI BUIBPALICHUSIMI 803 pacmaem
NPUBAUSUIMEALHO AUHEUHO OMHOCUMEALHO Y. 3AKJKYEHHE TaKOlO pola CoBep-
[MSHHO HEOXMIaHHO tis (U3UKOB, kO1Opbie OBLIYHO pPacCMaTpPHBAOT Cpejnee
JHAYEHIIE ) «M3MepenHii HEKOTOPOH BeMMUIHB» KAK NPUGIMKEHHE K «HCTHH-
AOMY> 3HaueHnio. B Hauew cayude TiaTeabHbli aHAAM3 TOKA3BIBAET, YTO ¢ 60AbIION
BEPOATHOCTbIO OJHO U3 y haMepetluil 6yl1er HMeTs TOT ke HOPsA10K, 4TO U BeJd-
YHHA BCEH CYMMbl, HMEHHO Y2



I'JIABA IVY

KOMBUHALIMY COBbITHHA

B sro#ft rnase Gyner HATH peub O coOmTHAX A, omperenseMblXx NpH
MoCpeicTBe HEKOTOPHIX Apyrux cobwru#t A, A, ..., Ay. Tak, npu
urpe B Opulk coOpitne A «no KpalHed Mepe OINMH M3 HIFDOKOB HMeeT
NOJHYIO MacTb» SIBISETCA COeIMHEHUEM YeThipeX COOhTHH A, «k-#t Urpok
uMeeT MOJHYI MacTby (kR ==1, 2, 3, 4. O1HOBpeMEHHO MOryT NpOH-
30lTH OAHO, ABA nau Oouee coOwTuit A,; BBUIY TAaKOro HX B3aMMHOrO
HAJOMKEHUS BEPOATHOCTH COOBITHS A He paBHA cyMMe d4eThIpeX BepoAT-
nocreft P {A,}. Mu nokaxeM, KaK 3Hag MHOXKeCTBO cOObITHH A,, ..., Ay,
BLIYMCIUTh BeposTHOCTU mossiaexusa 0, 1, 2, 3, ... u3 Hux.

Marepuali, U3A0KEHHLIR B 9TOH IJ1aBe, U Pa3HOOOpasHLle TPHAOMNEHHS
comepxarcs B Moworpaguu M. &pewe?), K KOTOPOH MBI U OTCHlJIaEM
yyTatesd 3a LadbHEHIUUMU CBeAeHUAMH.

§ 1. O6benunenue cobbiTHi

Eciu A, u A,— 1Ba cobuitusa, To A= A; U A, ob03HauaeT cobuiTHe,
cocrositiee B mosiBiaeHuu 1460 coOmTHS A;, aAn60 cobeiTHa A, 160
oboux 3TuX cobuitnit. Ilo dopuyae (7.4) ra. [ umeem

P(A)=P(A)+P(4) =P (A4 (I.1)

O6o6wuM 31y dopmyny Ha cayuaht N cobwmrult A, A, ..., Ay, T. e.
BBIUKCAUM BEPOATHOCTH TOTO, HYTO MPOU3OHAET IO KpaiiHe# Mepe OJHO
us cobertiifi A,. CuMBOIMUeCKH 3TO CcOOBITUE 3allMCHIBACTCA B BHAE
A=A, U4,U...U Ay Hng named ueau HeLOCTATOYHO 3HATL BepOAT-
HOCTH OTHAEeNbHBIX COOBITHH A,; MBl I0/DKHB OBITb TaKXKe MOJHOCTBLIO
OCBEIOM/IEHH O TOM, KaK 3TH COOBITMS MOTYT MePeKpPLIBATHCS. DO 3HA-
yut, uto Aas ool mnapel (4, j), mobo#t Tpohkn (I, j, R) u 1. 4. MH
JOJKHBL 3HATH BEPOATHOCTb OAHOBPEMEHHOTO MOAB.IeHUA COOLITHR A;

'y Martepuan 3TOH raaBbl B JaibHEHIIEM HEIOCPEACTBEHHO HCHOJb30BaThCA
ue Gyner. Toabko mepBas Teopema NpeACTABAAET NPUHUMNHAALUBIK vHTEpeC.

2y M. Fréchet, Les probabilités associées a4 un systéme d'événements
compatibles et dépendants. Actualités scientifiques et industrielles, Ne 859,
1940, Ne 942, 1943, Paris.
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u A; coburu#t 4, A, w A, u 1. 4. aa ynoScrea GyneM oSosHauats
3TH BepPOATHOCTH OyKBaMM p C COOTBETCTBYIOLIMMM WHIekcaMu. Hrak,

p;=PA); pi’j=P{AiAj}; pi'j’kzp{AiAjAk}, (LD

[TopsiloK HMHIEKCOB HeCyllecTBEH, HO paiu eiAnHOoOoOpasus Mbl Bcerla
OyneM nucams UHOEKCH. 8 B03PACMAOWEM RHOPAGKe, Tak, Mbl
MUIIEM P37 1y, @ HE P, 5 4. HBa MHIeKCAa HuUKOrAa He cosnanaint. JLisa
CYMMBl BCeX BEDOATHOCTEH p, HMEIOIMX 7 HHIEKCOB, MB BBeleM 000-
3HaueHHe S,, T. e. MH IIOTOXKUM

Si= 2 pi Sz=2p,—,;; Sszzpi,j,k; (1.3)

3nech i < J<k<...<N, 1aK 4TO Kax/Jas KOMOMHAUWA WHIEKCOB
MI0sIB/AAETCS B CYMMaxX ONHH U TOJBKO ONMH pas3; MO3TOMY S, CO1epimur

N
(r) yaeHoB. [locaenusis CymMMa SN CBOJHMTCA K €IUHCTBCHHOMY

YICHY Py 9,3, ..., n» fABIAIOLIEMYCH BEPOATHOCTHI0 OIHOBPEMEHHOTO MO-

aBaeHud BceX N coOuitu#t. [lpn N =2 uMe0Tca TOMBKO ABe CyMMbl S,
u Sy, u dopmyna (1.1) Moxer ObiTh 3anucaHa B BHle

P(A)=S,—S,. (1.4)

O6o6uienne Ha cayuait mpou3BoabHOro 4ucaa N cobuiTult naet caeayiomas
Teopema. Beposmuocms P, nossaeHus no kpalined mepe
00HO20 u3 cobumui A, A, ..., Ay pasHa

P,=S —8 +8,—S,+ ... £S,. (1.5)

Hoxasateabcrso. [Joxawem dopmyay (1.5) Tak HasbiBaeMbIM
METOLOM BK.JIIOUeHUs M HckmoueHus. Jlag BuluuciaeHds P; Hy:xKHO cJo-
KUTb BEPOATHOCTH BCeX TOYEK NPOCTPAHCTBA 3JEMEHTAPHBIX COOLITHH,
colepkalluXxcs NO KpaHHe#r Mepe B OIHOM U3 cOObiTHH A,; mpu 3TOM
Ka:XAYI0 TOYKY HYXKHO OpaTb 1o OIHOMY pasy. byreM neHcTBOBATbH
CHCTeMaTHYECKU: BO3bMEeM CHayajga TOYKM, BXOIALUHE TOJbBKO B OIHO
U3 coOBTHH A; 3areM TOYKH, BXOAfllHe pPOBHO B B2 COOBITHS K3
uucaa A; ¥ T. A., HaKOHel, TOUYKH, BXOAflMe BO Bce A, (ecau Takue
Touku Ha#ayrcs). Ilycre E — kakoe-TO 3jeMeHTapHOe COObITHE, cOAep-
Kaweecs B n u3 N cobutuft A, He napymas oGiIHOCTH, MOXKHO 3amy-
MepoBaTh COOBITHst Tak, uTOOB TOuKa E colepxkanace B COOHITUAX A,
Ay ... A, u He colepxanack B cobwrtuax A, ., A, ... Ap
Torma P {E} Oyser cararaeMbiM B TeX BEPOATHOCTAX P, Pis Pijp
HHIEKCE KOTOPHX MeHsioTcs oT 1 10 n. Ilosromy P {E| BoHner n pas

n
B cocraB S, (2) pa3 B cocras S, u T. A. B urore, BHpaxas NpaBylo

yacte ¢Gopmyan (1.5) uepe3 BepOATHOCTH 3JEMEHTAPHLIX COOBLITHH, MBI
y6enumMcs, uro BepostHocth P {E} BxoauT B P, ¢ Koadduunentom

n—(;)+(g)t...i(z). (1.6)
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Jlas noKasdaresbCTBa TeOpeMbt OCTAETCH HOKA3alb, UTO 9TO WICJAO paBHO 1.
Ho B stoM soxmuo yOeanises, cpasis gopmyay (1.6) ¢ pasioxenueM
unoma (1 — 1)" [em. gopmyay (& 7y 1 1. Dio pasnoxenne Hauu-
HaeTcs ¢ 1, 3aTeM B HeM caemyiol waensl (I 6) ¢ oBpaTHbiMH 3HaKaMmH.
TMosromy Aaa aw06010 n > 1 suipameunne (1.6) pagno 1, 410 1t J0Ka3H-
BaeT TeOpeMmy.

[Ipumeps. a) OGosnaunm uepes A, co0biTHe, COCTOsIEE B TOM,
YTO QpU Urpe B ODHK UFPOK € HOMEPOw i UMEeT MOJHYIO MacTby.

Torna pt-_—:é}/ co0LiTHe, 3aKmoualwileecd B IOABTEHHH [0O.IHOH

13 )
MacTd V IABYX MIPOKOB ¢ HOMepaMmMu [ u jJ, MOKeT mpousoliry 4.3 cro-

cobami M HMEET BEPOSTHOCTh  p; ;== 12 (?g)(?g) AHaJIOr HYHO

52\(39Y/ 26
pi,j, k:24/( 13)( ]3)( 13 ) . Haxoneun, P, 9, 3’4:[?1,2’3, TAK KaK €CJau

;

TPH HMrpoKa HMET MO NOMIOH MACTH, TO H YeTBePTHH HrpoK umeer
NOAHYW MacTh, [T03TOMYy BEPOATHOCTL TOTO, YTO KAaKOW-TO WIPOK uMeer
NOJHYI0 MaCTh, paBHa Py ==4p, —6p, o4 4p; o 53— Py 9 5 4 VICN0b3YS

-10
dopmyay Crupiaunra, nogyvaeM, 4to npuOMKeHHO Plszlo .

B nannom cayuae P ouenb OAM3KO K CyMMe BEPOATHOCTeH coOuiTHH A
HO 3TO CKOpee HCKJIUYEeHIle, ueM HpaBHJjo.

0) Cosnadenusn. Caenywluas 3anaya, uUMeKOLas MHOrO BapHAHTOB H
NOJyyYaoas HEOXHIAHNOE pellicHe, BlepBeie cpopMyanposaHa Mol-
moptom (1708), a sareM oOobOuiasack JiamaacoM #@ MHOTHMM APYTHMH
aBTOpaMu.

MMcroica 1Be 0AMHAKOBBIE KOJO1B KapT, cocrodllive kaxnas uz N
pasgauyHblx KapT. KapTet kaxno#l KoJOAB pacionaralorcs B CaydaHHoM
nops.ike, TMOC/JE 4Yero CpPaBHUBAIOTCH pPACIOJI0.KEHHS KapT B KOJOAaX.
Ecau kakaa-Hu0ynb kapra 3aHuMaeT ONHO i TO e HMOTOXKeHHe B OOeHX
KOJ01aX, TO MBI I'OBOPHM, YTO UMeeT MecTo cosnadexnue. CoBnaieHus
MOFYT MPOUCXOAMTb Ha J060oM u3 /N MeCT M HA HECKOJbKHX MeCTax
ONHOBPEMEHHO.

Tako#t cxeMOH MOXHO ONHCAaTb MHOIO WIYTOUHEX 3anady. Hanpuwmep,
IBE KOJIOLBI MOXHO MpeACTaBUTb Kak rpynny u3 N [HCeM # UX KOH-
BEPTOB, TMpHYEM CBOCHPABHBIA CEKPeTAPL YCTAHABAMBAET CJAydaiHoe
cootBeTcTBUe. Mau MoxHO BOOOpPA3uTH, 4TO B rapiepobe IUWjsinbl Noce-
THTEJedl OKa3aJuch MePENYTaHHBIMU U PACTpeleseHb MeXIy HUMM Cay-
uaiino. CoBnaseHue NMPOUCXOAMT B TOM CaAyuae, KOrJa KTO-Ju6O mojyuaer
cBOW coOCTBennyw waany. [loyunteabHo NONBITaTbCA yralaTb, KakuM
06pasoM BepOATHOCTb COBNaLeHHs 3aBici1 OT N: KaK OTHOCHTCS BeposT-
HOCTb MOJy4eHHs XOTst Obl KeM-HUOYAb W3 10CTeH CBOEH INJsinel npw
HaMMYUM BOCbMM TrOCTEH K COOTBETCTBYWOUIEH BepOATHOCTH B COOpaHud
u3 10000 uenopex? KaxeTcs CTpaHHBIM, Y10 3Ta BEPOSTHOCTH NPAKTH-
yeckH He 3asucut or N uw Oauska kx 2/3 (bBosee cepnesHble 3amaud,
OTNUCHBAEMblE M3JOKEHHOH CXeMOH, cM. B salduax 10 u 11.)
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BepoarHoct noayunts posso 0, 1, 2, 3. ... cosnalennfl 6ynyr
poiunciaedl B § 4. 31ech MUl BHLIUMCTHM TOJLKO BEPOATHOCTH XOTH OB
onHoro cosnanenus. Jlag ynoOcTBa mepeHyMepyeM  KapThl  UHCJaMu
1,2, ..., N B TOM MOpAike. B KAKOM OHI pACMOJIOXKEHH B ONHOH
U3 Kouaoa. BeposTtHocth mo00H TepecraHoBKH KapT BTOPOH KONOAL
O6yaem cyntatbh pasnodt I/N!. Ilycte A, — cofuiTde, cocTofilee B TOM,
YTO COBMAeHHe TPON3OLITO Ha k-M MecTe. IJT0 O03H4UdeT, 4TO KapTa
€ HOMepOM A& HAXOIMTCY Ha /k-M MecTe, TOTAd Kak OCTaplluecs
N —1 kapr MoryT ObTb pacno/o¥eHs Npou3soapHo. OueBuaHO,
Pr=(N-—NDYN!l=1/N. Anatoruuno ana moGoh xomOunanuu i, j
MBI HMeEeM pj‘i:(Nm‘Z,\I/N!:1/N(N—~1) uw 1. n Cymma S,

COJEPKUT (r\) UJeHOB, KamAb# U3 KoTophX pasen (N —r)YNL

Orciona S, ==1/r!, 1 no (1.5) noayuaeMm HCKOMYI0 BepOATLOCTL B BHIe
Pl:l——QT‘*ﬂWi"._I—A]\T!—. (17)

3ametuM, uto 1 — P, npeacrasaser cofolt cymuy neppux N 41 useHos
pasJoxeHus

1 1 1
3_1:1W1+”§!———3!—‘§——1!—t.... (18)

[TosroMy ¢ xopowiv npuO.TIKEeHHEM TO0TyyacM

Py~ 1—e1==063212.... (1.9)

Crenenn TOYHOCTH OPUBDKEHHS BHTHA M3 CleAVIOUEH TabJadIlbl HCTHH-
HBIN 3HaucHUi Py

N = 3 4 5 6 7
P, =0,66667 0,62500 0,65333 0.63196 0,63214

§ 2. Npunoxenne K Kiaaccuueckoli 3azauve o pasMemeHuu

BosspatuMmcs Terepb K 3azaue O caydyalHOM pasMelleHAH 7 11ApOB
Mo £ AUIMKAM, CYMTas, 4TO K210l pasMellleHye MMecT BepOATHOCTL n~',
Ha#tnem Beposinocis  p,, (r, 1) TOFO, UTO M SUKKOB OCTAHYTCA
mycThivMi ).

Mycte A, -— coOnlTHe, COCTOAINSE B TOM, YTO SILUK C HOMEPOM &
nyct (B=1, 2, ..., n). Hpn codutun A, Bce r 1AapOB PacnoaQMKeHbl
B OCTAIbHBIX 72— 1 €IUMK3X; 510 MOmel ObiTh cAenano (n— 1) pas-
JHYHBIMH  cnocoBaMu.  Aua.uoruuno cyuiecTsyoor (n —2)’ pasMeuieHuft,

') J1a BepoATHOCTH OBIIA BhIYHC/AEHA COBCEM JAPYTCHMU chnocobamu B 3a-
naue (11.8) ra. il. Cm. Takke npumep § 3.
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OCTABIAOIUNX MYyCTBIMH [Bd CbHKCMpOB&HHLIX awuKka, H T. A, Coorser-
CTBCHHO
3

p,=(1w~,1;)r, pi,=(1—~%)'. pl,k—_—(l—;)'. e (2.1

olxyaa aag Jawboro v<n

Sv:(”)(l — l)'. 2.2)

v n

BepoaTtHocTb TOrO, YTO MO KpalHe#i Mepe OIMH SLIMK IYCT, MOXKHO
onpeteants no ¢opmyae (1.5), u mosTOMy 8eposmHocms moz0, 4mo

sce ruura 3aname, pasHa 1 —S8,+8, ... wm
n
N N AT
Po(rs m)= ¥, (—1) (’j)‘\l - (2.3)
v=0

PaccmoTpum  Terieph pasMeuleHHe, IPH KOTOPOM M ALIMKOR OKa3anucb
‘n
NyCTHMU., OTH M ALIMKOB MOTYT OBITH BHOpPaHbI l m ) cnocobamu. r wiapos

pacnpeneq01cd N0 OC1aBUIMMCSL 7 — m SLIUKAM TaK, YTO KaXIL 43 3THUX
FUIKOB 3aHAT UMCIO TAKMX pacnpeienenuft pasuo (n— m) py(r. n—m).
Heaa Ha n”, Mbl HAXOLUM BEPOSAMHOCHbL MO20, YMO NPU CAVLQAUHOM
pa3meujernuy m AUUKO8 OCMAHYMCS RYCMbMU:

m

putr = g (1= por n—m) =
~(Y (M- e
v=0

Mpl yxe nOAb30BANMCH CXeMOH M3 7 cayuadiHbX Uudp AMT KO-
CTpauuu cayuallHOro pacnpenesenus r npeaMeToB Ho 7 == 10 smukam.
[lycroiM dlipkaM B 3TOM CJaydae COOTBETCTBYIOT OTCYTCTBYIOLIMe LU
€CJaH M SIUKOB NYCTH, TO B A2HHOH IOCJ€A0BaTe bHOCTH BCTpEYaeTcs
10 —m pasauuHbiX Uudp. YHCACHHYO W/IIOCTPAIMI0 MBI NPUBOAUM
B Taba. 1.

flcHo, uyTO  HemoOCpelNCTREHHOE BHUUC/eHHe BepoartHoctelt  (2.4)
BO3MOKHO JHIUb B CJAydyae OTHOCHTeNbHO Maawx n u r. C apyro#t
CTOPOHBI, 3aja4ya O pasMellleHUU MpeiacTaBisgeT OcOObI HHTepec UMeHHO
npy OGoabuiux n. KakoBbl HIAHCH HAWTH CBOOOAHLIK fILIMK, eCJaH
10000 wmapos pasmewatorcs B 1000 suumkos? Kaxosbl waHce HafiTd
leHb B roly, He SBAAICIIMACA RHEM pPOKIAeHHs HH i OLHOTO Juua u3
rpynnsl B 2000 uenosek? K cuacThlo, Ha nomoGHEE BOMPOCHL MOMKHO
OTBETHTb C MOMOUIbI0 3aMeuaTejJbHO NMPOCTOro NpubJHAKEHHOrO BBHIpaKE-
Hag aaa P, omubka KOTOPOro CTPEeMMTCS K HyJaio npu n-—co. Kak
3T0 TnpubaumKeHue, TaK M NPUBOAAUIME K HeMy pacCyXAeHUS THUIHYHbBI
A5 MHOTHUX npedesbHblX meopem TeODUU BEPOSTHOCTEH.



§ 2 [lpunosenue k xiaccudeckod sadaue 0 paszmetyenuu 109

Ta6auga 1

BeposiTHocTH p,, (r, 10),
nojaydeHnle no dopmyae (2.4)

m r=10 r=18

V) 0,000363 0,134673
1 0,016330 0,385289
2 0,136080 0,342987
3 0,355622 0,119425
4 0,345144 0,016736
5 0,128596 0,000876
6 0,017189 0000014
7 0,000672 0,000000
8 0,000005 0,000000
9 0,000000 0,000000

P (r, 10} — BepOsTHOLT: TOTO 4YTO poBHO m uudp 0,1, ., 2

He MOABATCH B NOCACAOBATE 11 HOCTH H3 r CAYUaHHMIX NHPp

Hrak, Hama uenb — HalTH NpedeabHbilt BUX GOPMYaB mad p,,(r, n)
npu n->00 u r—00. CooTHOWIEHHE Mex1y 7 M 1, BooOuiE roBOpH,
NMpoOu3BOABHO, HO 4pobb r/n npenctapaser coBOH cpenvee uucaO TNpel-
METOB Ha ONMH fIMK Ec/in OHO upe3MEDHO BeAMKO 10 Mbl He MOXEM
0XMAaTh HaJuuyusi CBOOOAHBLIX HU(MKOB, B 3TOM CJvuae Polr, n) 6/1U3K0
K enuHuue, a Bce p,(r.ny c m>1 mars C npyroél cTopoHbl eciu
opo0b 7/n  CTPEMHTCS K HYJO, 710 MPakTUYeCKH BCE SIIMKKW 70 DIHBI
ObITh MYCTHIMH, H B 3TOM cayuae npu moO0M PusCUPOBAHHOM M AOMKHO
OuniTb  p,, (r, n)— 0. Tlos1oMy neACTBUIEJBLHO UHICpECeH Jillb TpOMe-
XKYTOUYHBIR cayuai.

Chauana BbiBedeM npubaukeHHoe Bolpaxenue it S, Tak Kak
(n—v)" < (n), < n', 10, OUEBHIHO, HMeeM

v v
w1 =3
Hcnoabsys nBolinoe uepasenciBo (8 12) ra. Il npu £ ==v/n, Mb noayuum

[ne-0 pia=v) < VIS, < |ne 8} (2.6)

v+

n

T<vis <1 =2 2.5)

[TonomuM Terepp N8 KPaTKOCTH
ne-rn —=X\ (2.7)

M NPEANOJONKUM, YTO 7 W r BO3PACTAOT TAKAM 06pAa3OM, 4TO A ==ne~'/"
ocraercst orpanuueHHeiM. Toraa aaa  a00oi0  PUKCUPOBAHHOTO ¥
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oTHOWIeHWe KpaHHnX WIeHOB B (2.6) crpeMuIcs K eMMHIUE. H MBI
3AKII0UAEM. Y10

2 1.,
Sv<”\7” —V—!}\ﬁsv'>0. (2.8)
Orciona BHITEKAET, UTO
\\ , N
py(r, n)— z(wl) 10 (2.9)
v=0

wmt po(r, ny—e *—>0. Kpowe Toro, mnowureib npu p,(r, n— m)
B (2.4) MOXHO mepenucarb MNPoOCcTO Kak S, MO3TOMY npu modov dilk-

CUPOBAHHOM M
ym

pm(r! n)be ! (210)

‘ml

Tem cambM 10Kaszana Cjenyoulasn
Teopemal). Ecau n u r gozpacmawm maxui o6pas3on. 4mo

hN==ne 7" ocnmaemcs 02PaILU4eHHbIM, MO LpU AW OOM (DUKCUPOBAH-

HoM m umeem mecmo coomuowenue {2.10).

ATNNpPOKCUMHPY I0lUEe BBIpaXKetue

N IR
pm; B)y=e"’ T (2.1

onpenesaseT Tak Ha3blBaeMoe pacnpedesenue Ilyaccona, KOTOpoe nMeer
00JblIOE 3HAYEHHE H ONMCLBAET pasHoolpasuble gBaeuus. Ouo Oyner
noapo6Ho Hccae10BaHO B ra. VI

[lpakTHuecKl p(m, 1) MOKHO UCHOALIOBATL KAK  NPHOTUKEHHOE
Bpipaxcenne a9 Py, anm,  npu Goabwoy  #. TIpu neGo.smmx
3HAUEHUAX 7 HyXHA OLeHKa owuOxku. Mbl, o0l1Hako, He OyjleM 39THM
3AHUMA1bCA.

[Tpumeps. a) B rta6a. 2 npuseneds npub.anmkennbie 3HAUEHUS
BEPOATHOCTEl TOro, YTO m SAHWIHKOB OKAXYTCH NYCThHIMH Npu  o6ieM
uicae swnkos, pasioM 1000, m uncae npeameros, menswwmemes ot 5000
no  9000. Oaa r==5000 weanana?) wiic1a nycTLiX SIIMKOB paBHa
wecTH: MWecTh W fodee MyCTBHIX SIIMKOB NMPUMEPHO TAK e BEPOATHHL,
KaK IeCThb H.JM MeHee TycTHX suukos. Jawe npu 9000 npeameros

1) 3aumcreoBano u3 xuurm: R, Mises, Uber Aufteilungs- und Besetzungs-
wahrscheinlichkeiten, Revwe de la Faculte des Sciences de I Université
d’ Istanbul, N. S, 4 (1939), 145—163. [dokasareabcTBO H3MEHEHO.

2) Ecau Kakad-TO BEAHYMHA MOKET NPHHMMATL PAN 3HadeHHH X, < Xy <

L a3 .. < xp C BEPOATHOCTAMH Py, Py, ..., Py TO MENMAHOH 3TOTO paAsa
HA3bIBAETCH TAKOE 3HaYEHUE xXp, UTO

17
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Yz v X p> s — Mpust. ped.
=1 t=Fk



{lyacconoscroe npuéaummenune (2.11) nas seposgtTHocTel (2.4) HallTH POBHO m NYCTHIX STUIHKOB.

€CNy r NpesMeTOB caAyvyaidHo pacnpepgenedsl 1o 7 = 1000 sauwxHkam

Tab6auya 2

pun, h
r A

m=0 ( m=1 ‘ m=2 m=3 [ mer | m-s ( m o6 m =7 { mos | omoo mo m=11
5000 | 6,74 | 0,0012 1 00080 | 00269 | 00604 | 0,1017 | 0,1371 | 01540 | 0,1482 | 0,1249 | 0,0935 | 0,0630 | 0,0386
5500 { 4,09 { 00167 | 0,0685 | 0,400 | 0,1909 { 0,1951 | 0.1596 | 0,1088 | 00636 | 00325 | 0,0148 | 0,0060 | 0,0023
6000 | 248 | 0,0838 | 02077 | 0,2575 | 02128 | 01320 | 00655 | 0,0271 | 00016 | 0,0030 | 0.0008 | 0,0002
6500 | 1,50 | 02231 | 0,3347 | 0,2510 | 0,1255 | 0,0471 | 00141 | 0,0035 | 0,0008 | 0.0001
7000 | 091 | 04027 | 0,3661 | 0,1666 | 0,0506 | 00115 | 0,001 | 0,0003
7500 | 0,55 1 05777 { 03163 | 00873 | 001621 0923 | 0,0003
8000 | 0,34 | 07126 | 0,2406 | 0,0414 | 0004Y | 0.0004
8500 | 0,20 | 08187 | 0,1637 | 00154 | 0,0011 | 40001
9000 | 012 | 08860 | 0,1064 | 0,0004 | 0,0003
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B 1000 swmkax Mbl 1MeeM OAHH Wwauc u3 9 3a TO, UTO Halmercs
nycTrof AluK.

6) B crarucruke AHeH powaeHusi n ==365 M r paBHO uucay mojeH.
Has r==1900 mb npubmuxeHno Haxolum r=2 Bepoamnocmu P,
Hatmu m Ounell 8 200y, He ARALOWIAXCA OHAMU podcdenuss a0del,
npooicusanuux 8 noceaxe ¢ 1900 oicumensinu. npubausicenno naxoss:

Py =0.135; Py, == 0,271; P, =0,271; Py =0,180;
Py =0,000; Py =0,036; P ==0,012; Pp; = 0,003.

BepostHocTh HaliTH m SIIMKOB, COAEpKALMX KaKAbIH POBHO £ mpei-
METOB, MOXeT ObiTh BEIBeldeHa TeM ke nyTeM. Kak noxaszan M isec, sra
BEPOSITHOCTH TaKKe aNnpoKCUMIpyeTcs Bblpawenuew IlyaccoHa (2.11),
TOJBKO Ha 3TOT Pa3 A R0LKHO ObiTh onpedenedo 1o Gopmye

A= ne'r'n(%)k/'kz (2.12)

§ 3. Ocymecrsaenne m u3s N coSuTHii

Teopema § 1 moxer OBHTb ycH/IeHa caeayOUUM 00Pa3oM.
Teopewma. Aag ac6o20 geaoeo wucaa m, Y008AeMBOPOUEL20
yeaosuio 1 < m <N, sepoamdocms P\, o0nospemennozo ocyue-

cmeaenus m u3 N cobumuti A, .... Ay daemcs gopuyroi
(m—+1 m-2 o (N
Pl =S — ") S+ "2 Spa = o () Sy B

3ameuanue. Coraacno (1.5), pepoarHocts Py TOro, 4TO HH OAHO
u3 coObiTHit A, ne ocyllecTBUTCS, paBHa

Py=1—P=1—-8+S*.. 78, (3.2)

drto mnokasbiBaer, uTo dopmyaa (3.1) apaeT npasuJbHBIR  pe3yabTar
u npu m==0, ecau TOJIbKO MO.I0MUTh S;==1.

HoxasarteancTso. Bylem paccymiaath TaK Ke, Kak fnpu IOKa-
3ateabCTBE  opMy.ael (1.5). Ilycts E — npoussosHOC 3/eMeHTapHoe
COOBITHE; TNPEANOJOKHMM, UTO OHO conepwurca B 1 u3 N cobwsituit Aj.

Torana P {E} Bxoaut B coctas Py, Toabko npu n ==rm. Yro0u Bhsc-
HUTb, CKOabko pas P {E} exoant B npasywo uacts (3.1), 3amerum, uTo
P {E} Bxoaur B cymmpi S;. S, ..., S, M He BXOIUT B CYMMH
Spy1 +--. Sy. Orciona caesyer, yro P {E] He BXOLMT B IPaByI
vacte (3.1) mou n < m. Tlpn n=m BsepostHocts P {E} mnosasigercs
B ONHOM M TO IbKO O1HOM ujeHe cymMel S,. Ilas 3aBepllieHuss 1OKasa-
TeAbCTBA TeOpeMbl OCTACTCS MOKa3aTh, 4YTO npu n > m diaens P [E}
.+ cymmax S, S, ... S, B npasoit yactu (3.1) B3aUMHO YHHuTO-
watorcs. Ilas sroro 3ameruM, 4To U3 # COOmITHH, colepwawux E, Mbl

Mo:xeM 006pasoBaTh (Z) rpynn no k cobuitu#t; nostomy P {E} BXOAMT
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§ 4. puiowenus k 3adavan o cosnaderuny u K aadave yeadvtbaHUS

n
B §, ¢ Ko3pduHeHTOM (k) Orciona BHLITEKAeT, 4TO NpH n > m Be-
pomHOCTb P (E} sxouaut B npasyio Hacts (3.1) ¢ kos¢duuueHTOoM

(AN )R L

) ( " )(n_m), M HO03TOMY Bhipasenue (3.3)

(3.3)

v

()=
Onnako ( jz— ) ( m ill— v
CBOAUTCA K A

A R ER i

n—m

(3.4)

B ckobkax mb umeem pazaowenue Ounoma (1 — 1)
¢dunmedT (3.3), KaK M yTBEPKAAIOCH, PABEH HYJIO.

Ilpumep. Yurareaio peKoMeHAYCTCH NPOBEPUTL, YTO HOACTAHOBKA
dopMyan (2.2) B (3.1) npusoaur HermocpeicTBeHHO K (opmyne (2.4).

, TAK 4TO KO3(]-

§ 4. lpuaoweuus ¥ 3aayam O COBUAJEHUAX
H K 3ajxaye yraabiBaHu#d

B npumepe 1, 6 MBI paccMaTpuUBAJNH COOTBETCTBUE [BYX KO.JIOL KapT
u yGeammich, uto S, == 1/k! Iloacrasass 970 3nHauenue B ¢opmyay (3.1),
NPUXOMHM K CJenyiolleMy peayabTary.

ITpu yemanosaenuu cay4alinozo cOOMBEMCMEUR MeHCDY 08YMA
odunarossimu Koaodamu u3 N pasaudnex Kapm sepoamuocmu Py,
POBHO m cosnaderui darxmes gpopuyiamu

1 1 _ 1 1 1

e e T R (N——Q)!i(N——l)2¥}_VT'
11 1 1
—1 — e o — —_ I .
Po=1l—l+4g—57% - Fw_gr - w01’
1 1 1 _ I S .
Pl°l“§7‘)(1—l+‘2“v“§* '_(N——S)!‘*‘(N—Q)!}’

1 1 1 .
g T E gy (4.1)

1
Py =g—pr il —

1

IlocnenHee COOTHOILIEHHE OYEBUIHO.

WaeT HeBO3MOWHOCTS, noavuuts N — 1
Boro nopsigka Bcex N Kapt.

Pasenctso nymo Ppy_y BHpa-
COBMA/eHUN, He MMeA OLUHAKO-
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CioBrn B pasux wacoix (4.1) corepmar cyMMy MepruX 4 T°HOB
paziomenns e~l. Caedosame.asno, npu 00.20mux N Npupsiuinesno

noaysaem
1

m!

P, = el (4.2)

B rada. 3 s croaduax, osaraasaentbix Py, MpHUBeNeHL TOUHDIE
gnavenns P, g N==3, 4, 5, 6, 10. Ilocaeanuit croaden faer mpe-
AebHEIE 3HAYeHus:

P = e, (4.3)

m!

Crelyer oTveTnts, uTO p, aBISETCT  XOPOWNM NPUGIHXKEHHEM
K P, Jdaxe npn e cMmkom Goabuinx suavenusx N.
Iag uncen p,. ompefedeHHbX no (4.3), uMeeM

Zpk::e"l(l +%—+—%+%—{— ...):e"‘e::l.

BcaencTsue 9T0r10 p, MOTYT pacCMATPUBATLCA KAK BePOATHOCTH.
Tabauya 3

BeposiTHOCTN NpaBMALHLIX YyraawiBaHufl B Kojdoge H3 N pasiuyHbIX KapT

A3 N -4 N=5 N 6 N =1
pm
lel bm £ m| (lm s m) (Im 2 m| /Jm P[ml 0m
01 0333]0,206| 037510316 0,367 10,328 | 0,365 | 0,335 0,36788| 0,34565/0,367879
1] 05000444 0,333|0,422| 0,375(0,410 | 0,367 | 0,402 |0,35788| 0,38742(0,367879
24 ... 0222] 025010211} 0,167 10,205 0,187 ] 0,201 |0,18394| 0,19371,0,183940
31 0,16710,037| ... |0,047| 0,08310,051| 0,056 | 0053006131} 0,057400,061313
4 0,01210004( ... (0,006 0,021 {0,008 10,01534| 0,01116(0,015328
5 0,008 0,000, ... |0,001,0,00306| 0,00149}0,003066
6 0,001 | 0,000 |0,00052] 0,00014(0,000511
7 0,00007] 0,00001(0,000073
8 0,00001] ... |0,000009
9 ... 10,000001
10 0,000000

P[m‘ itoayuennsie no gopmyae (4.1), bm—no ¢dopuyae (4.4). B mocrennem croabue namb
npereabHble BeposTHOCIH (4.3) (pacnpeaenenue [lyaccona).

3ameruMm, uTo (4.3) upencrapaset pacapedeaenue [1yaccona (2.11)
IOpH YACTHOM BlayeHuM mapamerpa A==1.

dopuyant (4.1) nosne3Hb apn oueHKe cnocoGrocmu  yzadsi8ams.
Ilpu nerycrauuu BHH, B HEKOTOPBIX (HU3HUECKHX ONBITAX ¥ T. 0. OT
yraapisawouero tpeéyeTcs HasBaTh HCH3BECTHEIH nopsiaok N mpeiMeros,
ckaxcem, Kapr. JlioGoe npossiaeHne NOPOHUUATEbHOCTH C €ro CTOPOHH
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HeMeJIEHHO CKA3BIBAETCA B OTKJAOHEHUSX OT cayuaiinoctu. Jlas oueHkw
CTENEeHH STOH TPOHHUATEABHOCTH MBI IOTKHBL YMeTb OLEHHBATb BEPOSIT-
HOCTb CayualiHOW yaaud. YralblBalOINH MOKET MNpPUIEPHNBATLCA PA3HBIX
CUCTEM, Cpels KOTOPBIX MBI OTMETUM TpH Kpafinue poamoxnoctu: 1) O
HA3bIRAeT BCe BpeMst OQHY W Ty ke KapTy. lIpu 37To#l cucTeMe OH Moer
ObITb yBepeH, 4ro V Hero OyierT OIHAa M TOJbKO Ol1HMa BepHad NOTanKa;
cayuatinbie koJdefaHua HCKAKUeHB. 2) YraauBaomif Ha3blRaeT KauIYIo
KapTy N0 ONHOMY pasy; €CJM CUHTATh BCE BO3MOMKHBIE NMOPAAKH DABHO-
BEPOATHBIMU, TO MpuMeHHMBl gopmyasl (4.1). 3) Tperbs BO3MOKHOCTD
3ax.ovaeTcs B TOM, 4to N 10raZlok HeJalTcss COBEPIIEHHO 1C3ABHCHMO
Apyr oT apyra. 3neck uMeercs NN BO3MOKHBIX koMOuHauuii. HecoMHenno,
4TO KakJ10€ MU0 CKJAOHHO HAa3LIBATh HEKOTOpHE KoMOHHAllHH ualle,
yeM NpyrHe; HO B MEPBOM NPHOMKEHHH Mbl MOKeM NpuHath zce NV kow-
Gunauui pasioBepOSITHHIMK. [1OCKOJBKY M BepHBIX 1 N — m HEBeplHIX

[ N
IOTal0K MOTYT MPOU3OHTH ( ” )(N~— 1YWV~ pazaudHbIMH  CrOCOGAMHU,

BEpPOITHOCTh NOJYUUTH M TPABUJAbHBIX AOTralOK pdBHA

bmz(g)(N_—;\flA);V__m. 4.4

[DT0 uacTHHM cayualt GuHOMmanbHOro pacnpenedenus. On yie Onla
noayuen Hamu B mpumepe 4, B ru. I1.]

B ta01. 6 conocraBneHbl BepPOATHOCTH YHAy B CJAyuYasx, Korjla yraabl-
BaHHME TIPOU3BOAHUTCH NO crnocobam (2) n (3). Hrobr OLeHHTh AOCTOHHCTBA
3THX JABYX MeTOIOB, HeOOXOAMMO 3HaHWe TEOPUH CPEAHNX 3HAUYEITHH H
cavyalinex Ko.1ebannft. OkasuiBaeTcs, YTO CpelHee 9ICJA0 BepHBIX Cay-
4afiHBIX A0razZoOK ONHO M TO e I BceX CNocoGOB YyTaiblBaHHR; CJay-
uafinbie KoJeOaHHA NPH YraabBanum no cnocody (2) Hecko.abKo Goabliue,
yem npu cnocobe (3). Taba. 1 nokaseiBaeT, YTO NPAKTHYECKN Pa3iifila
He OYeHb BeJMKa.

§ 5. Pazanuunie fonoaHeHus

I. OcywecTsiaenue no kpaiineli mepe m cofwiTuli. B o0osnaue-
HUAX § 3 seposamuHocme O0O0HOBPEMEHHOZO OCNUECHBACHUS N AU
6oree us N cobumuii A, ..., Ay pasna

Pm:P[m;“"“ PIm*l]"f’ P + Pl/\’]- (51)

HroOw wafiTu dopmyay, supamaiomyio P, uepes S,, mpolue Bcero
AeHCTBOBATL METONOM MHAYKLHMH, HauuHag ¢ Gopmyasl (1.5) u Heno/n3ys
pekyppeHTHOe cooTHomenue P, =P, — P, Ilpu m 2> 1 noxyuaem

Pm:Sm-(min_l)Sm+l + (mi}/\)sm+2__(m+2)s;n+3k

\ m m—1

e i G

m
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$opmyay (5.2) MOXKHO BHBECTH TaKXe H HENOCPEACTBEHHO, MOJb3YACh
paccyxAeHHsMH, npuBenmuMu Hac k (3.1).

2, Jaapuedmine ToxaectBa, KHosgduguenmo S, mozym Goims
soLpaoicens. yepe3 P, uau P, caedyoumun o6pason:

szﬁl:( f)Plkl (5.3)
; B=v
N

S.= % (5 7) P (5.4)

=
L]
M

Mnes nokaszateabcTBa. [IpH LaHHBIX 3HAYEHHAX BEAHUUH Py
paBeHcTBa (3.1) MOXKHO paccCMaTpuBaTb Kak JHHeHHBIE ypaBHeHUd C He-
usBectHeiMn S, HyxHo 10Kasatb, 4TO (5.3) ABJfETCH E€NMHCTBEHHLIM
peureHneM 3THX ypapHenu#t. Ecan noacraruth (5.3) B Bbipaxenue (3.1)
ans Pyy), 10 B npaBod uactu Kosdonuuent npu P (m <k N)
OKaMeTCs PaBHBIM

k
X (I=() BeEn. es

v=1m y=m

Ilpu k2 =m 5710 BHIpaxenue cpoautcsa k 1. Ilpu & > m cymma aBasiercs

pasnoxenmem 6unoma (1—1)¥~™ u, caesoBaTeabHo, paBHa HYJIO. HosToMy
noacradoska (5.3) npespamaer (3.1) B Toxaectso Py, == P, . Exnu-
CTBEHHOCTb pewleHUs cucteMbl (3.1) caenyer 3 TOro, uTo € KaAbM
ypaBHEHHEM BBOJUTCS TOJAbKO OJHO HOBOE HEU3BCCTHOE, Tak uto S,
MOryT OBITL BBIYHCJCHE nocAedo8ameasno. TIpaBuibHocTy Gopmynl (5.4)
MoxeT ObITb N0Kd3aHa aHAJIOTHUHBIM 0Opa3oM.

3. Hepasenctsa bondepponn. Pan nepasencTs nas peauunn P, u
P, Moxer ObTb noayued chaeaytowmm nyreMm. Ecau auGo 8 ¢hop-
nyae (3.1), aubo 8 gopmyae (5.2) coxpanens auws waens S,
met oo Smar—v @ Sy Spiran oo Sy omOpowens, mo
owmubra (m. e. uCMUHHOe 3HAYEHUE MUHYC npubaudceHue) umeem
3HOK NepBozo ONYUEHH020 cAa2aeM020 [umenHo (— 1Y) u menbvwe
e20 no abcoaomnoli seaunune. Taxum obpasoMm, npu r=1 u r=2

Sm_(m+1)sm41<P[m]<Sm (56)
Sm—_mSm+1 <Pm<sm' (57)

Unes nokasaTeabctTBa. YroOb 10KA3aThb yTBEepKIACHHE L7
(3.1), HyXHO INOKa3aTb, YTO
N

Y= (]8>0 (5.8)

v=1{
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ana moGoro ¢. Bocnoabsyemcst dopmyao#t (5.3) aaa npeacTas/ieHus aeBoH
yacTH B BUie JWHeHHOH roMOuuauuu BepostHoctedt P Tlpu ¢t L& N
ko3dduuuent npu P pasen

d L
X ()E)=(a) B (25):
[ocaennsia cymMa papha (k—m—l

t—m—1
[Banaua (12.13) ra. I1]
3a nanbHeHIIMMH lEepaBeHCTBAMM OTChIJdeM 4YuTaTeJdsd K MOHOTpaduu
dpemre, UMTHPOBAHHOK B Hayaje TIJ/aBH.

) U, CJaenoBaTeJIbHO, NOJOXHUTEJbHA.

§ 6. 3apaum

Sameuanue. Ilpednorazaemes, umo 8 Ka#AOM cAY4ae 8Ce 803MONCHbLE
KoMOuHAQUUL DPABHOBEPOSIMHHL.

1. B mxady naxoaarcs aecatb map tydeas, Cayuafino BoGupalTcs YeThipe
tyban, HaliTu BepoaTHOCTL TOro, 410 cpeldd BHIOPAHHBX Tydeab oxaxercs
X0Ts Obl OJIHA napa.

2. Bpocaior narh kocreil. HaliTh BepoATHOCTH TOro, 4TO XOTH 6B Ha Tpex
W3 HUMX BBINAAET OJHHAaKoBoe uHCJ0 oukoB. ([IpoBepurs Meromamu § 5 ru. II.)

3. Halitn BepOsTHOCTH TOrO, 4YTO NpH NATH GpOCaHHSIX MOHETH rep6 BbI-
najer xoTd Obl TPH pasa Hoapsl.

4. Pewruts 3amauy 3 a8 MsTH NOCJENOBATEJbHBIX MHOsABJEHHH rep6a npu
JecdaTH OpOCaHHMAX.

5. Pemuts 3ajaun 3 o 4 a8 BRINAJeHuH eIMHHNb npH 6poCaHHH KOCTH.

6. lee koctu Opocawor r pa3. Haiith BeposTHOCTL TOro, uTO KaMIas u3
mectH KoM6uuauui (1.1), ..., (6.6) nossurca xots Gbl ofuH pas.

7. llpn wrpe B OpUIX CPEIH TPHHAINATH KapT OJHOIO HrpOKa MOTYT CO-
nepxarncs 0, 1,2 uau 3 yeTBEPKH KapT OJHOTO 3HAUEHHUs (HaNpUMep, YETHIPE Ty3a
HAH YeThipe AecATKM H T. 1) BHYHCAUTH COOTBETCTBYIOMIME BEPOSTHOCTH.

8 Boi6op c BoappameHueM M3 redepaibHo#i COBOKYIHOCTH 7t YelO-
BeK Oepercst BpiGOpka o6bema r. HaliTH BepositHOCTL i, TOro, 4TO Kawab# U3
N sanansbix Jojel BOHAET B coCTaB BHIGOpPKH. [DTa 3afaya coBLajaeT ¢ 3a-
pauefi (11.12) ra. 1L}

9. Boi6op 6e3 BosspameHnHua Pewnurs 3agauy 8 gus atoro cayuas.
Y CTaHOBHTL npefielbHOE COOTHOMIeHHE 4, —> piV, eClu n->00 U 7 —> 00 TaK, 4TO
r

- P [Dr1a 3amawa cosBnamaer ¢ 3agaued (11.3) ra. II, HO MeTOx HacTOdweH

rJAaBbl NMPHBOAUT K COBEDINEHHO APYroH dopmy.ie.)

10. Jloxasatp, 4TO B pasnoMeHMH ONpejeanTens nopsika N 4ucAO 4JIEHOB,
cojepmaniux oAuH uau Gonee NUAroHaAbHBIX 3JeMEHTOB, paBHO N!Pj, rae P,
onpegeaserca no dopmyae (1.7).

11. Jokasatb, 4TO YHCJIO CNOCO60B, KOTOPBHIMH MOXHO PacCTaBHThb BOCEMb
Aanedl Ha MIaxXMaTHOIl JoCKe Tak, yTOGB OHM He GHAM ApYr Apyra H HH OfHA U3
HHX He cTosaa Ha Oeaol raaBHOH auaroHaau, paBHo 8!(1— P,), rae P, Ha-
xoaurcs no ¢opmyae (1.7) npu N =8.

12. 3anava o BHGoOpe (koanexkuusa KyunoHos) Koxogakapr co-
CTOMT M3 § OIMHAKOBHIX Ccepuil. B kaxnoH cepun uMeercs A KapT, NpoOHyMepo-
BaHHBIX uucaamu 1, 2, ..., n, BoibepeM u3 naHHO# Koaoap! ciayuadiHeM oGpasom
(6e3 BosBpalueHud) Habop U3 r > n KapT. BoluncanTb BEpOATHOCTb #, TOTO, UTO
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B BhIGOpKe npejnctaBieHsl Bce HoMepa. (ITpn s =4, n =13 nama sanaua sxBu-
BaneHTHa caepyloweil. Cnaercs koJqoja Kapt aas urpul B 6plilk. Kakosa Be-
POSTHOCTb 10T0, 4TO HaBOD KapT HEPBOTO HFPOKa COJEPKHUT xapThl Bcex 13 Boa-
MOXKHBIX 3HAUEHMH.)

13. MMponoaxenue. Iloxazate, ut0 W, —>p,(r, 1) HEPH §-—>00,
[po (r, n) onpenesero B (2.3)]. IT0 o3Hauaer, 4TO B upelcae Haula cayyaliHas
BbIGOpDKA CTaHOBWICA BBIOOPKOH € BO3BpAIGHHEM If4 COBORYTIHOCTH 9YHCeJ]
1, 2, ..., n

14. Ipoaoaxenune Onupaach Ha pesyapTarnl 33a3a4uu 12, jokasatb, 410

i (—1)* ( ’;) (ns — ks), = 0

k=0
npu r<<n,a g r=1n

n

E (—1)* ( ’;) (ns — ks), = s"nl.

k=0

[TpoBepuTs 3TO, BHUHCASIA B HYJe r-10 TPOU3BOIHYIO QyHKUMH mpH x = 0

1 n
(1_x)llS'f‘11 {1_(1"‘)‘:)5} .

15. B 3amaue 12 o BwiGopke HalTH BEPOATHOCTHL TOrO, UTO MOrpedyerca
poBHO # Mpo6 Aad MONyUeHuda BLIGOPKH, coAepkauied Bce Howmepa. [lepeiitu
K npejfeny mpu §—>co.

16. Kaetka coiepxur N xpomocowm, aiofbe ise H3 KOTOPBIX MOTYT oOMe-
HUBATbHCA CBOMMH dacTsmu. [lpeimonoxuM, 4TO npousomao » o6ueHoB (31O

/ \

;
MOXET OCYILEeCTBHTbCS ( 9 ) pasanuHbiMi cnocodamu).  Halitu  BepoarHOCTB

TOro, 4TO POBHO /M XPOMOCOM NPHHIIMAJH ydYaciHe B 3TOM Hpouccce ')

17. IlpousBoiutcs claua KapT aad HiIpel e 1okep HaiTu BeposiTHOCTH 1010,
uTO B HaboOpe KapT MEepBOrO HMFPOKA OKamXelca R pasauiiblX MacICH.

18. Ha#itn BeposiTHOCTB TOro, UTO IpH Wrpe B OpHAK MepBblil NIPOK UO-
AYUHT POBHO R IIap «TY3 -—— KOPOJb» OJHOH MacTi.

19. KpatHee coBnmajaennsa CiayualiHoe pacrnojiomenue kapt B ABYX
OjMHAKOBBIX KOJOXAaX MO N KapT Kaxaas CPaBHHBAercs € PaclojoXeHHeM KapT
B TPETLEH Takoh ke koaoie. HalTu BeposaTHOCTL @, HATHUWA /m IBOHHBIX C€O-
pnagenunil. [loxazars, uro uy,->1 npu N —oo (0TKyaa BHITChAaeT 410 4, >0
npu m > 1).

20. CaoxHbe coBnajgeHunda Ilponenypa npeaslgyvimiefd 34424l BHAO-
naMensieTcd caeayiomum ob6paszom. Ma 2N xapl cayvamno smibupawica N kapr,
U pacnofoxeHHe 3THX N Kapl CPaBHUBAETCH C PACHOJOKCHUCW KapT TpeTweil
xoaoasl. Hafitu BepoatHocTs oTcyTc1BHS coBnaaeHqiH. lokasarn, 4TO OHa cTpe-
murca ¥ lje npu N ->co.

21. CnoxHbe coBnafgeHnd Pemurs 3agauy 20 mpu ycaoBuu, UTO0
BMECTO ABYX Oepeicsi r KOJOX.

N Oaa N=6 cm. D. G. Catcheside, D. E. Lea, J.M. Thoday,
Types of chromosome structural change introduced by the irradiation of trades-
cantia microspores, Journal of Genetics, 471 (1945—1946), 113—149.
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22, B waacciueckon 3atade 0 pasMeilleHUN BePOATHOCTh P
B m siuefikaX OKawxKeTcs POBHU 110 k£ NpPCIMETOB, paBHA
(=D™ntrl (n—j)y 7%

min (J—m)t(n— l(r—jR) (kY

imj (&) TOTO, UTO

Py (B) = Ny

rIe CyMMHDOBAHNC DAacHpoCTpaisieTcs 1a BCE 3HayeHHd LHIeKCd j, yAOBAETBO-
PAIOLINC HEPABEHCIBAM | /M, J< 2 W Rj< T,

23. /lokasath nocaetice yraepxlenne § 5 aas cayuas k=L

24. Bocnoapsosasiunck (3.1), BeIBeCTH BEPOSTHOCTbL TOrO, YTO B CJayuae CrTa-
TucTHKH Bose — Jitnmtefina poBHO m syeex OKAXYTCA NYCThIMH.

25. [TpoRepuTh TOMWIEC  BEHHOCTH (OPMYALL, NOAYUEHHOH B 3ajaue 24, ¢ dop-
syaou (5.3), (I1.14) ra H

26. Jloxasare Qopuyay (1.5) unaykuneil no N.



FATABA YV

YCJIOBHASI BEPOSTHOCT b. HE3ABUCHUMOCTD

§ 1. YcaoBHas BepoOATHOCTH

[ToHaTHe YCIOBHOH BeDOSITHOCTH ARJIASTCH OJHMM U3 OCHOBHBIX pabouux
MHCTPYMEHTOB TeOpHH BepositHocTeil. [locienyouiue paccymienns ecte-
CTBeHHbIM 00pa3oM NpUBEAYT K (POPMA.TBHOMY OlpPeLeeHUIO.

MpeasapurespHbie npumepbl. Jonycrum, uro us ofwero umcaa N
veaosex N, CTpalaloT J4IbTOHH3MOM, T. €. He pasiuyalnT HEKOTOPHIX
uBetos (0onblieft 4acTLI0 KPACHOTO M 3€JAEHOT0), H [Ny — MEHLIUHDL.
Ilycte A n H osHauaoT COOGBITHS, COCTOALINE, COOTBETCTBEHHO, B TOM,
YTO CaAyuyaHHO BHOpaHHOE JMMLO CTpazaer [ajbTOHU3MOM WM sIBJSETCH
weHwuHo#. Torma (cM. omnpegeneHue cayuyadiHoro Buidopa §2 ra. If)

N N

P{A}:—Ni; PH} ==L, (1.1)
Moxxer cayuuThCa, YTO HHTePeC NpeacTaB/deT He Bce MHOKecTBO N J0AekH,
4 MOIMHOXECTBO OLHHX JKEHIIHH, M HYXXHO HaHTH BePOATHOCTb TOrO, 4TO
C1yua#Ho BulOpaHHAA XKeHLIMHA CTpajaeT AaIbTOHM3MOM. OTa BepPOATHOCTh
pasHa Ny /Ny, rae Ny, — YHCIO KeHUIUH, CTPAjalolUX Aa/JbTOHH3MOM.
3aecb He BBONMTCS HOBHIX MOHATHH, HO HeOOXOAMMB HOBBle 060O3HAYEHHS,
KOTOpble YKa3biBajau Gbl, KaKOe YacTHOe MOJMHOMXECTBO paccMaTpHBACTCH.
Hanbosnee umpoxo ynorpebaserca cumon P [A|H}; B wamem npumepe
ero cljelyeT UHTaThb: «BEPOATHOCTb COOHITHA A (ZalbTOHH3M) MPU YCJa0-
BHM, UTO NPOH30LILIO0 COOBITHEe /1 (BHIOpAHA MEHILMHA)».

Urak, umeeM dopMyay
N P {AH)

P{A|H) = zf: = (1.2)

KoHeuno, xaxaoe NMojMHOXKECTBO MOXHO DACCMATPHBATL KaK HOBYIO reHe-
pa/bHYI0 COBOKYNHOCTb. ['0OBODS O MOIMHOMECTBE Mbl JejadeM NOIYEepPK-
HYTb, Y4TO BCE€ BpeMs IIOMHHMM O CYlLleCTBOBaHuWY 00Jee IHMPOKOro MpOCT-
paHCTBa 3/EMEHTAPHBIX COOLITHH. I1Js CTPaXOBOK KOMMAHWM MOMKeT Npef-
CTaBJIATb HMHTEPEC BONDPOC O TOM, KaK 4YacTO MOJHHM MPUYHHAIOT YOBITOK
onpeneneHHoit BeanunHbl (coObiTHe A). BO3MOXKHO, 4TO 3Ta KOMMaHHs
06CJIyKMBAET HECKOJbKO pAa3JMYHBIX KaTeropuH OOBeKTOB, Halpumep
MHIYCTpHAa/IbHBle OOBEKTH u JKHJAble OOBEKTH B TOpPOAe M B JlePeBHE.
OTzenbHO M3yuyaTh YOHITKH HHLYCTPHAJbHLIX OOLEKTOB 03HAayaeT U3yyaThb
cobuitue A B coeluHeHMM C COObITHEM FH — «yOLITOK NpPUYUHEH UHAY-
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cTpuanabHoMy o6bekty». Popmyaa (1.2) npumeHuMa oyeBHIHEIM 00pasoM,
3aMeTHM, OLHAKO, YTO IAS CTPAXOBOH KOMNAHMH, CIEUHAIN3UPYIOIEHCs
Ha MHAyCTpHanbHBIX 00BeKTax, Karteropus FH COBnaaaerT co BceM npo-
CTPaHCTBOM 9/ieMeHTapHBX coOnTut, u P{AH] csomntca x P{A).

Hakonew, paccMOTPHM OZHOTO M3 WTPOKOB B GDHIX, CKaweM, Mep-
Boro. Korja Ko0J04a CAaHa, OH 3HAET Te KAPThl, KOTOPHE HMEET Ha PyKax,
M HHTepecyeTcsl pacrnpejeJeHueM Jumb OcTaBmuxcad 39 kapr. Bmedie
3aKOHHO DPACCMATPHBATL MHOKECTBO BCEX BO3MOKHBIX paclipeleseHuft
atux 39 KapT KAK HOBOE TNPOCTPAHCTBO 3JEMEHTAPHHX CcoBuiTui, HO,
oueBuAHO, OoJee YAOOHO HCCAENOBAaTh €r0 B COeAMHeHHM ¢ 13 kapramu
nepsoro urpoka (coObitde 1) M rOBOPUTH O BePOATHOCTH co6biTHs A
(ckaxeM, TPEeTHH WrPOK HMeeT 1Ba Ty3d) NPH YCIOBHH, YTO TPOH3OWIAQ
cobritue H. dopmyna (1.2) onarb upuMeinnma.

ITo ananoruu ¢ (1.2) mbl BBeJeM Tenepb ¢opMasbHOe

Onpenenenune. Ilycms H— cobumue, uneouee norosxcumens-
HYIO 8epOAMHOCHE, U A-—npoussoasroe cobumie. Iloaoocun

P{AH
PlajH) =S o0, (1.3)
onpeleneniyio mMaxum 00pagom seauduny Oydem Ha3wul8ams Ycr08-
HoUl seposmuocmeio cobumusn A npu Yycaoguu H (npu zunomese H).

Ecau Bce 9JeMeHTaphble COOBLITHA pAaBHOBEPOSTHH, TO VCJAOBHas
BepostiocTh P{A|H| paBra ortnowenuio N 45, /N, 4icaa jieMeHTapHBIX
coBbITHE, COAepiKALUXCA B nepecedenud cobuitul A u H, x uucay asae-
MEHTapHBIX COGBITHI, colepxamuxcad B H.

Yc/10BHblE BEPOATHOCTH OCTAIOTCS HEONpede/eHHBIMM, KOTJa THIOTe3a
MMEET HYJEBYIO BEPOATHOCTb. IJTO He WMeeT 3HAUeHUs A LUCKPETHHIX
NPOCTPAHCTE 9JeMEHTAPHBIX COOBLITHH, HO BawHO B 0OLLEeM CJayuae.

Xora cumson P{A|H] cam mo ceGe u ynoGeH, TPVIHO 1aThb ero TOY-
HOe cJaoBecHOe BhipaxeHue. [loToMy 0ObYHO MOJb3YWOTCHE MeHee dop-
MaibHBLIMH  onucaHusiMH. Tak, B H3/0XKEHHOM MpHMeDe Mbl TOBOPMJH
0 BEPOATHOCTH TOr0, YTO JKEHUIMHA CTPajdeT NaJbTOHU3MOM, BMECTO
TOro uyro0bl TOBOPHTb 00 «YCJAOBHOH BEPOATHOCTH TOrO, YTO CJIy4aHHO
BHIGpaHHOE JWLO CTPalaeT LaJbTOHH3MOM NDH yCJIOBHM, YTO 3TO JHULO —
KeHUMHay. Yacro caosa «upu ycaoBuu Fi» 3aMEHSIOT C/IOBAMH, «EC/AH
u3BEeCTHO, uTO [ mpousownos. Kopoue roBops, Hamu (QOPMYJB H CHM-
BOJIBI He JOMYCKAOT HHKAKOH JBYCMBICJACHHOCTH, HO CJIOBECHBIE BHIpaXKe-
HUF UYaCTO HEeAOCTaTOYHO UETKH U TPeGYIT TOUHOIO HCTOJKOBaHHS.

B npoTHBONO/OKHOCTL YCAOBHEHM BePOSTHOCTSIM T'OBOPAT IS SICHOCTH
0 Geaycaosupx seposmuocmax. CTPOro rosops, snuTeT «Ge3yc/0BHARY
ABAAETCS JAUUIHUM, H €r0 MOXHO ONYyCKaTh.

PaccMarpuBas YCIOBHbE BeDOSATHOCTH Pas3JMUHBIX COOBITHH NpU OHOH
M TOH e vactHOH rumnorese FI, Mbl NPUXOIUM K BO3MOXKHOCTH BHIGpaTh
H B KauectBe HOBOrO TPOCTPAHCTBA 9JEMEHTAPHBIX COOLITHH; HYMKHO
JMIIb BCE BEPOATHOCTH YMHOXWTh Ha MOCTOSHHBIA MHOXulean 1/P (H},
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4TO0bl  CAQAArh BEPOSTHOCTH BCEFO HOBOTO MPOCTPAiCfBa paBHOW enu-
Hulle. DTO MOKA3BIRAET, UTO 8Ce o0ujue meopess. O BePOAMHOCMAX
BepHbL Mmarxce i 0L YCA08HbLX GepOoamHocmed, ec1il 3TH VCJIOBHbIE
BEPOATHOCTH OepyTCs NMpH OLHOM 1t TOM Ke vcaosun f4. B xauectse
npHMepa npiiseseM OCHOBHOE COOTHOLICHHE A3 BEPOATHOCTH I10SIB/JIEHUS
6o cobuititst A, anbo cobuitia B, ubo 0001X 3ITuX COOWTIH:

P{A U BIH) =P {A|H) + P{B|[H]} ~ P {AB|H]. (1.4)

AnajornunbM 06pa3oM MOXHO OblIO OBl MEpeHecTi Ha VC/I0BHLie BepoaT-
HOCTH U BCe Teopembl ra. V. xacawouuieca ocyulecrsdexus m us N
cOOBITUH, HO 3TO HAM He TOHAANOUTCA.

dopmyay (1.3) wacto npuMeHsioT B Biie

PAH| =P {A|H) P H). (1.5)

Aro rak HaskiBaeMad TeopeMa YMHOKenud BepoatHocTeH. Urtobn 00600-
wHTh ee Ha Cayual Tpex cobwituft A, B. C, npuydew cHayans 3a rimo-
tedy H == BC, a 3arem ewe pa3z npumenud (1.5); Toria moJyuny

P{ABC} =P |A|BC}| P{BIC} PP {C]. (1.6)
Haanuetimine o6oluieHua 448 cayuaeB dersipex u 0ougee coObITHH Oue-

BUIHB.
B 3ak/odgcHie npuBeleM HPOCTVIO QOPMYNY, HACTO OKA3BIBAIUITIOCH

noaesnoft. Ilycte H,, ..., H, — COBOKYNHOCTh B3AUMHO HCK.THOUAIOLIHX
APYT ApYra COOLITHH, OAHO U3 KOTOPEIX 0043aTCILHO NPOHCKOAMT (7. e.
o0 veaunntenie cobwtuit H, ..., H, comazaer cu BceM MNDPOCTPAHCTBOM

saemenrapunX coOuitufl). Toraa mofo: coeCoitie A4 MOwe! HPOU3OHTH
JHLIL B COYETAHMI ¢ TaxuM-10 cobwitwem [, nai, 8 nawmnx obosna-
YeHUAX,

=AH,J AH, U ... UAH, 1.7

Tak kak coburnd A/f; NONApHO HECOBM2CTHH. TO HX BepOATHOCTH
ckaansBared, [pusenss (1.5) k H=H u cvumupya no j, no.iyduum

PlA)= 2P {A[H, P (H}. (1.8)

dra dopmyaa ObiBaeT Mo.c3HOH B TeX CJAyHanX, KOTAA ONEHKA VCAORITLIX
peposathoctelt P {A|H ;] serve, ueM npAMOe  BBIUMCICHIE  BEposf-
Hoctn P {4}

[pumepsn. a) Bubop Oe3 go3spawenusn. 113 coBokynHoCTH 1 3.e-
MentoB 1, 2, ..., 7 U3BAEKAIOT [OC/ICNOBATEALHO NG OAHOMY 3JEMEHTY
6es BosBpauteHnst. IlycTb i u J— [IBa pasandnbiX sJeMenta. Kakosa
YCJ0BHASA BEPOSITHOCTL TOTO, UTO BTOPBIM H3BJICYCHHBIM 50eMeHTOM OyieT
J (coOuitue A), npu yca0BUM, UTO CHAuajta Ol H3BJACHEU 9JACMelT

(cobmtue ). Slcuo, uro P {AH| = LI P{A|H} S

n(n—1) n—1
¢opmyaa BbipamaeT TOT Pakr, 910 BTOPOH BHOOpP NPOU3BLANTCI
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u3 HaGopa n — 1 3eMeHTOB, NpUYEM KAKALI M3 3TUX 9JIEMEHTOB MOXET

ObITH H3BJEYCH € BepPOATHOCTLIO B meftcTButeabuocTH, CcaMmbiM

—1
eCTeCTBeHHbBIM oOnpedesenuen Ccaydalioro BuOOpa (e3 BO3BpallleHus
ABJAeTCS CAelyIollee: «Ecau u3saedeHwvl ¥ ULAPOB, MO 8ePOSIMHOCHD
noaAYy4umys npu CAe0yioueM ucnomanuu 06G0H 43 0CcMasUUXCA

n—7r Wapos pasra ———.» OTo omnpele’eHue 3KBUBAJIEHTHO Olpe-

netenuio u3 ra. I, HO MBI He morym ero cdOpMV.IIPOBATH paHee, Tax
K4K OHO BK.IOY3eT TMOHsTHE YCJIOBHOH BepOSTHOCTH.

0) YeTwpe mapa nociaeloBaTeIbHO Pa3MEIIalOTCss 10 UeThipeM sLlH-
kam, npuues pce 41 passmemenufl pasuoseposTHbl. Halitu ycaoBHYIO
BEPOSITHOCTh TOFO, UTO HalZeTcs sIUUK, COAepwaliuit popHO 3 wiapa
(cobuite A), npy YCJIOBHM, UTO MepBble 1BA lHapa MOOMaIH B pasibie
amuky (coObitie f1). Ecan sanano H, Tto A Moxer NpoH30HTII ABYMs
cnocofami, TakK uto P{A{H}=2-4‘?:~18—. (HetpyiHo upoBeputh
npsaMelM  MoAcYeToM, uTO coOuitua H u AH coctosT COOTBETCTBEHHO
u3 12.4 u 12.2 touek.)

B) Pacnpedesernue no npu3nary noaa. PACCMOTPUM CeMbH € 2 1€THMU.
O60o3HauynM Manpuuxa OYKBOH . 1 JeBouky OYKBOH 0 u VCJAOBUMCS mep-
Bo# G6ykBOH ofoanauath craputero pebfenka. Kawxnomy us 4 sJje-
MeHTapHbIX CoObITHH s, MO, Oi, OO0 TPHAMIIEM BepOSTHOCTL !/,
Kakopa BeposiTHOCT TOro, 4To 00a pefeHKa — MaAbUuKH, €CJA1 H3BECTHO,
4T0 B ceMbe ecthb maabuuk? CoObitue A/ osHauaer mau, H o3Hauaer
win aa, w0, wain 0a. IMostomy P {A[H}==1/;, Mb MOXCM 0XU-
IaTth, 4YTO NpUMEpPHO oAHA TpeTh ccMed co  cBolictBoM [ obaanaer
Takke cBolcTeoM A. JoGONBITHO, YTO MHOTHE OXHMIAKT OTBCTA !/,
DTo npasutLHbl OTBeT e HA Hall BOMPOC, @ HA CJael) Uil Hayraz
BROpannBlH ManbuuK OKAa3a.1C8 M3 CeMbH C JBYMS JAe1bMH; KakOBa Be-
pPOSTHOCTL 10r0, uTO BTOpOH pebGencok Mateunk? Paswuny B oTBeTax
MOXHO HarasaHo oOBSCHHTL Tak: B J§epBOM 3aaue Mbl MMeeM [eJo
C COBOKYNHOCTBIO CeMelf, BO B1OPOH ¢ COBOK)TNHOCTHIO MajbyHKOB; TMO-
3TOMY B IOCJeJHeM cJayuae Kaxnaas CeMbsi € ABYMS MaJbuMKaMH MpeJ-
CTaBJicHa ABAXKIHL.

r) Cosorynnocmes, pa3oesednas Ha K.raccel. llpernonomuM, dTo
KAKasg-TO reHepaabHas COBOKVIIHOCTL MOdeH COCTOMT M3 NOJACOBOKYII-
HOCTCH uum kmaccoB M|, Hy ... . 9To MOryT ObITb HallHOHAILHOCTH,
BO3pAcTHbIE TPynnel, npogeccni u 1. M. TIyCtb p;— BEPOATHOCTL TOTO,
YTo Hayral BeOpaHHOe IO NMpHHAAACKHT Kiaaccy Hj. Yrsepmienue
«BEPOSTHOCTb TOrO. 4TO JHLO Kiacca F;— faeslud, pasHa ¢,» SIBJseTCS
KPaTKUM BBIpAKEHHEeM 1Cr0, YTO «YCJAOBHAs BEPOSTHOCTh coObTua A
(MeBwa), HPH yCAOBUI, YTO JMHUO MPUHAZNERUT Kaaccy H;, pasHa ¢ ,».

Besyc/aoBHasg BepO#THOCTh TOTO, YTO Hayral BHOpaHHOE JHLO OKameTcs
JeBLIOH, paBHA g + Pods -+ Psd3 + .. 3TO OlATH 44ACTHBIA Cayuah
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cdopmyasl (1.8). YcnoBHass BepOATHOCTb TOro, 4TO JAHHLIH 4eJIOBEK Mpu-
HALMEXHT Kaaccy /1; mpu ycaoBHHM, 4TO OH JeBLIA, paBHa
Piqj
PHIA) =, 1.9
(H;]4] AU S o 21/ P R (1.9

§ 2. BepostHocTH, omnpejgeJseMbie uepe3 YCJOBHbiE BEPOSTHOCTH
YpHOBBIE MOAeJH

B npeisayiemM naparpade Mbl cuutan, 4TO BEePOSTHOCTH B TPO-
CTPAHCTBE 3/eMEHTADHBIX COOBITUH YKe 3a4aHbl, H BHUHC/IAIN HEKOTOpPHE
YC/IOBHble BepOATHOCTH. B MPHJIOKEHHIX MHOTHE OMNBITH OMNICHIBAIOTCS
VKa34aHUeM oOnpeje/NeHHbIX YCIOBHBLIX BEPOATHOCTEH (XOTH 3MUTET Ky CJAOB-
HBIfl» OObIYHO omnyckaercs). TeopeTHyeckH 3STO 03HA4yaeT, HTO BLpPOAT-
HOCTH B NPOCTPAHCTBE /AEMEHTAPHBLIX COGBITHH MOKHO BBHIYHCTHTH, OT-
NpaBJAach 0T 3alaHHBLIX YCJAOBHBIX BeposATHOCTefl. Mbl y:Ke oOTMeua’n
(npumep 1,a), uro BuiGop 06e3 BO3BpAaUIEHUT JyulUe BCEro OINPEeNennTh
crenyomuM obpa3oM: ecIn M3BECTeH pe3yabTaT MNepBbIX 7 HCIBITaHUH,
TO npd (r + 1)-M HCOBITAHUM C PABHBIMH BePOATHOCTAMH MOXET OBITh
u3BJeyeH 1000 H3 OCTABIUMXCS WIAPOB. AH2JOTHUHO 3TOMY B TpuMepe
(1.2) Hama reHepaibHasi COBOKYMHOCTb MOJHOCTBIO OMUCBIBAGTCH YKa3a-
HUEM a6COMOTHHX BEPOATHOCTEH p; OTAENbHBIX KJIACCOB U YCAOBHBIX
BEPOSTHOCTEH ¢;, XapaKTepuU3YIOWMX YUCJIO JeBUIeH B KakIOM Kiacce.

Eule HeckoabKO NpuUMepoB pa3bACHAIOT OOLIYI0 CXeMy JAydlle, ueM mps-
MO OHmHCaHue.

[Ipumepun. a) B npumepe 5,6 ra. | Mbl paccMoTpesu Urpy ¢ Tpems
Mrpokamu a, b, ¢, Omucagu TOYKH IPOCTPAHCTBA 3/eMEHTADHBIX COObI-
THH, HO He onpeleanan BeposTHOCTeH. [Ipelno.10XKHUM Tenepb, uYTO MUrpa
TAKOBa, 4TO B Ka¥JAOH OTAENbHOH mapruu 110004 u3 ABYX NapTHepoB
BHIUIPBIBAET C BEPOSITHOCTBLIO /. DTO yTBepkIEHHE He COLEPHUT C/I0B
«YCJOBHAst BePOSATHOCTb», HO TeM He MeHee TeCHO ¢ Hel c¢BAzaHo. OHO
03HAYdeT, YTO €CJaM UrpPOK @ YwacTByer B r-of napruu (cobmitue H),
TO OH BBIUIPHIBAET C BEPOATHOCThIO ![,. Ypasmenue (1.5) mossouaseT
Tenepb 3aK/J04uTh, YTO UrPOK 4 BLIMTpHIBACT B MEePBOX M BTODOH mnap-

1
THAX C BEPOATHOCTbIO !/, Manm, uCnoabays ofosHauenus, P {a, a} = I

1
Hosroproe npumenerue Qopmyas (1.5) nokasweizaer, yro P {acc) = 5

P {achb) ==1j;x u T. O.; T. e. 4TO 37eMeHTapHOe COOLITHE CXeMbl (),
BKJIOHaloulee r OYKB, uMeeT BepOATHOCTH 277, Takue e BePOATHOCTH
6bl1M UCnOAbL30BaHbL B 3adave O ra. I, HO remeps ux onucanue GoJee
HarasagHo. (I[Tpolomkenue cM. B 3aldade [4.)

6) Cempu. VicToaikyeMm cielyioliee VTBepxAEHHE: KBEPOATHOCTh TOTrO,
YTO B ceMbe uMeercss R nmered paBHa p,(po—+p,—+ ... =1). [pu
$UKCHPOBAHHOM uuCJ/ie LeTed BCEBO3MOMNHble HX pacrpelesteHus Mo npu-
BHAKY 10/Id PAaBHOBEPOATHBI». [1yCcTb Mo-mpexHeMy 4 — Ma/ib4uk, 0 — Le-
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Bouka. Hauie nmpocTpaHCTBO 3/7eMEHTapHbLIX COOLITHH COCTOMT M3 TOYeK
O (nere#t Her), m, 0, MM, M0, Om, 00, mmm, .... Bropoe us Hamux
yTBepxAeHu#t Goaee GoOpMajbHO MOXHO BHIPAa3UTb TaAK! €CAH H3BECTHO,
YTO B CeMbe HMeeTCs n HeTelt, TO Kawiaas u3 2" BO3MOWHBIX KOMGHHA-
M TMOJOB HeTel MMeeT YCJAOBHYW BeposTHOCTh 27" BeposarHocts sTo#
rumoTe3bl Mbl o003Haualu yepes p,; u3 (1.5) BuiHO, uTO Oe3ycioBHAs
BepOATHOCTh M060# KoMOuHAuuu u3 n OYKB M u O paBHa p, - 277

3aMeTuM, 4YTO TO NPHUMEP TeHepajJbHOM COBOKYMHOCTH, pajie’deHHOH
Ha kaaccol. CeMbu, umewouye j neredl, o6pasyor Kaacc H;. Tlyets A
03HauaeT COOLITHE «B CeMbe eCTb MaJbUMKH H HET [eBOYeK».

BepositHocTh  3TOro cobuiTns, ouenuino, pasHa P {A} = p 2714
+ p2 %2+ p, 2784 .... Mexay npouuM, 9TO — HACTHHK cavyalt ¢op-
Myabl (1.8), npuuem runotesoft H; sBaserca coObTHE «B CeMbe HMeeTcs
J nereti». Ha#ineM (yCJOBHYI0) BEPOATHOCTh TOTO, YTO B CEMBE TO/IbKO
olMH pebGeHOK, MPH YCAOBHHM, YTO B CeMbe HeT HAeBOYeK. 3JeCh THMO-
Te3olt aBjaserca cobuitne A. Ilycts H — cobbiTie «uMeeTCsl TO.ILKO OLMI
pebenoks». Torma AH o3Hauaer «uMeeTcss OAMH pe0EHOK M HH OIHOH
JeBOYKU» U

P(H|A) =

P{AH} . p12—1
Pla] —FrTEa e @D

B) Y prosve modeau 3gppexma nocaedelicmeus. PaccMOTpuM Aas
OMpele/eHHOCTH 33aBOJ, HAa KOTOPOM BO3MOXHH aBapuu. Kaxiayio aBapuio
MOXHO paccMaTpuBaTh KaK pe3yJabTaT He 3aBucAlledl OT 4Yea0BeKa HIpbl
Cayuas: W3 YpHBI, COlepiailell YepHble M KpacHble IUApbl, Yepe3 OMdH-
HAaKOBble TPOMEXYTKH BPeMeHH CAyYaliHO M3BJeKaeTcs Wap, KpacHbiH
mwap obBosnauyaer aBapnio. Ecian BepoATHOCTb aBapuu OCTAETCA MOCTOSAH-
HO# BO BpeMeHH, TO COCT4B YPHBI BCerja OINMH M TOT xe. BoJjee peanb-
HOH, OIIHAKO, fBJAETCA CUTYauud, ApH KOTOpDOH Kakias aBapus NPpUBOILUT
K aghgpemy nocredelicmsus, COCTOALEMY B YBeTHYEHUN HIH YMEHbIE HUHU
BEPOATHOCTH CJeNyIOLero HecyacTHOro cayuas. OTO COOTBETCTBYET
CAy4ydi0 ypHBI, COCTaB KOTODOH MeHsieTCd COrJacHo ONpeleaeHHBIM
npaBuJ/aM, 34BHCALIMM OT MCXO0Aa MNpelplAywiux u3BjaeueHnit. HeTpyawo
NpUAYMaTb MHOrO TaKWUX MpaBuad, KOTOphe OBl OTBEYaAu PAa3IUUHBIM
CHTVAUUSIM, HO Mbl OTPAHHYMMCH PAaCCMOTPEHMeM Jullb OIHOH Momleaul).

Ypuosaa cxema. Ypua codepucum b weprHotx u r KpacHbLX
wapos. Hz ypru nHayead ussrexaemcs wap. Bounymoi wap scezda

Yy Mnes ucnoab3oBath ypHOBBIE CXEMbl JJS ONHMCAaHHsl MOBTOPHEIX 3ddekToB
(anunemuii) Golia, No-BUAMMOMY, BRepnbie npepjowena [lo#a. Ero cxema (Bmep-
Bbie BBeneHHas B padote G.Eggenberger, G. Polya, Uber die Statistik ver-
ketteter Vorginge, Zeitschrift fiir Angewandte Mathematik und Mechanik,
7 (1923), 279 — 289) nocaymuia NpoTOTUIIOM JJisi MHOIMX NIPYrux Moieje, KOTO-
pbIM MOCBAIleHa O6IKpHasi JuTepatypa. Mogeab, onucaHHas B TEKCTe, U TpH €€
CHeuHaabHBLX caydas Oblin mpeanoxensl B Friedman, A simple urn model,
Communications on Pure and Applied Mathematics, 2 (1949), 59 — 70,
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go3spaujaemcst o6 pamuo, npuwes 8 YpHY 000asasgwn ¢ Wapos
mozo oce ysema u (d WaApos NPOMUBONOAONHHO20 yeema. 3amenu
u3 YpHo (codeprcauielt meneps r—+ b+ ¢ +d wapos) cnosa npo-
H3800UmMCS CAYHUQIHOe u38.aederlle u ROSMOPAEHCS MOM e NpPo-
yecc. 31ech ¢ M d — NPOU3BOJbHLIE ledble uicIa  FX MOXHO B34Tb
1 OTpUIlATeIBHBIM', OJHAKO B 9TOM CJyyae MPOHUECC MOKel OKOHUYUTLCA
noc/e KOHEeYHOro 4YuC.1a H3B.JeYCHHH U3-3a OTCYTCTBuUs wdpoB. B wacr--
HOCTH, NM0A0KHB ¢ =-— 1 1 d =0, Mbl NPUXOLNM K MONEAM CAYUQUEH020
8ui6opa Ge3 8u38paujeHusl, KOTOPbIH KoHuaercs uyepe3 7 —+ b waros.

Hrobw npujaro mamemMy oOpasHOMY OIMHCAHHIO TOUNbLIH MaTevaTH-
YEeCKHH CMBICA, 3AMETUM, YFO OHO OlpelenseT YCIOBHbIE BCPOATHOCTH,
N0 KOTOPBIM MOT'YT OBITL BLIMHCJIEHB HEKOTOPBIE OCHOBHbLIE BEPOSITHOCTH.
Touky HpPOCTPIHCTBA 3J1EMEHTAPHBIX CcOOBITUH, COOTBETCTBYWOIIEIO 1
H3BJCUEHUSM, MOKHO MPENCTABUTL KAaK [0CIeN0BaTeIbHOCTh n Oyks K
u Y. CobuiTHe «iepBbIf 1ap 4epHbIfl» (T. €. MHOXKECTBO BCeX TOCJe-

, b
OOBATEALHOCTEN, HAYMHAIOWUXCA C L]) HUMeeT BepOHTHOCTbm- Ecan

NmepBBIY map uyepHnifl, TO (YCjAOBHAA) BepOATHOCTL H3B.JIeub dYepHbIf Liap
npuH BTOPOM uCnbITaHun pasHa (O~ o)/(b -+ r + ¢~ d). BesycaosHas
BEPOSATHOCTH TMOCAeIORATEIbHOCTH <«YepHBIfl, uYepHbIi» paBHa, chaeioBa-
teabHo, no (1.5)
b . btec (2.2)
b+r b+r4ctd

BepoarHocTh 1M0C1e10BaTeILHOCTH «UePHBIH, YepHBIN, YepHBIA» paBHa (2.2),
yMHOeHHOMY Ha (b + 20)/(b+ r—+ 2¢+2d) n 1. A. SIcHO. 4TO TaKuM
MyTeM MOMKHO BBIUHCIMTL BCe BeposTHocTH. (KoHeuno, B caydae oTpu-
nareabHblXx ¢ M d WiCAO0 7 W3BJeUeHMH HA1O BHOGUPATH NOCTATOYHO
MaJbiM, uToOB 130ewaTh TOSBAEHHS OTPUILATENLHOrO YHCAA WAPOB.)
HeTpyaiio nposepuTs no HMHAYKUHH, UYTO CYMMa BepOsSiTHOCTeH Bcex
JeMEHTAPHHX COOBITHH paBHA eduiHle.

ToyHble BLIPAMKEHHS s BEpPOSTHOCTEH MONYUUTL HEJErKO, HCKJIYas
CaMblft BAXHBIH W Jaydure BCero H3yYeHHBIR 4acTHbIH Ccaydalt, KOTOpHIM
SBJIACTCS

Yprosasn cxena Iloiia. D1y cxeMy XapaxTepH3VIOT 3HAYeHMs Napa-
metpos d =10, ¢ > 0. [Toc1e Ka}XA0ro UCHBITAHUA YHCJAO WAPOB TOTO Ke
BeTa, 4TO M H3B.eUeHHBIH IHap, BO3pacTaeT, B 10 BpeMs KaK 4YUCJIO
HWIAPOB MPOTHBOMOJNONKHOFO 11BETA He MeHseTcs. ITO NpUBOAHT K 2QdeKTy
nocJjeneficTBisA, COCTOSINEMY B CAeIyIOUIeM: €CAH MBI HM3BJIEKaeM uiap
Kaxoro-to (BeTa, TO BePOSTHOCTb MH3BJeyb IIap TOro e IBeTa MpU
CAEAYIOLIEM HCNBITAHUY BO3pacTaeT. Ypuosas cxeMa [lofia apasgercd npu-
O/HMKCHHON MOTeablo Takux SBIEHUH, Kak, HanpuMmep, anudemiuu, npu
KOTOPBIX OCYlIeCTB/ICHNHE HEKOTOPHX COOLITUH YBEIWUMBAET BEPOATHOCTD
WX MOBTOPCHHA. AHa TiuTityeckas npocToTa 3TON CXeMbl CBA3aHa CC cCae-
LyIOLIUM OUYEeBHAHBIM 00CTOATEJALCTBOM: 100aa NOC/ALAOBATEAbHOCT /2
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u3BJCUeHNH, MPUBOLAWIAS K A, UeDHBIM H A, KpacHwM wapav (r; 4
-1, ==n), uMeer Ty Xe BePOATHOCTh, YTO H COOBITHE, COCTOALLCE
B U3BJICUCHUYU CHAYAAQ Ny YEPHBIX il 3QMmest i, KPACIILIX Wapos, a UMEHHO

Do = b(b+o) (b +2¢). (bAnme—e)r(r+o).. (r+nec—c (2.3)
. 1t G+ b+rdop-tr+20)...(0+r-+nc—-c) AT
lens upcanTesabp H 3HAMeHaTe.db HA ¢ M UCNOJB3YH ofozHaueins (2.1
ra. I, Mo moxeM mepenucate 3Ty GOpMyay cielywolinM olpa3oM:

onm) (fram),(=2(=5)

—_ m 1,

A

[4

N
N
=

(Cxema IToHa paccmarpuBaeTcs b 3azauax 18 —24.)

Hapsiny co cxemoft [lofia ypHOBas Mozedb COTep:xUT LPYTOH HHTe-
PECHBIE yacTHhLIf caydal, a UMEHHO:

Modeav Ipengpecmosl) mennr08020 06seHa MCOKIY IBYMA H3CT -
posanubiMu Te1aMu. C pusHuecKOH TOUKI 3peHHA 3.eCh Ml HMeeM 1e.10
C 3KCMepHMenIroM, NpH KOTOPOM A MOJeKy. pacrnpeleteHbl 10 1BYM
peacpeyapam I u Il Cayuatinpivy o0paioM BuOHpaeTca 01ia MCJICKYJIa
1 JIepeMelaeTcs U3 CBOEro pesepByapa B Apyrod 3I7ToT npotiecc no-
BTOpseTcsa. Kakopo pacnpenedenue uactuiu dyepcs a2 waros? Jlas Toro
yTOOLl CBCCTH HAlll SKCMEPUMEHT K YPHOBOHW cxede, 10CTaTOUHO HI3BAThb
mwaph, colcepikaiyecs B pedepsyape | xpacHbiMil, a B pesepnyape Il uep-
#HeiMu. TOrAa nmpH KaK:IOM MCHBITAHHH BBIHVTLIA H1ap 3aveHseTCs Ha wap
NPOTHBOMONOKIOrO UBEFA, TaKk YTO MBl uMeeM ¢==—1, d = + 1. flcuo,
YTO B 3TOM Cjydae MPOLECC MOKET HPOAO/LKATHCA HEOFPAHMUEHHO 10.1r0
(ec1 OTCYTCTBYIOT Kpacible INApbl, TO aBTOMATHUECKH BLIHIMACTCH Hep-
HHfl ap u 3aMeHseTcss Ha KpacHoifl). (C mpyro#t Touxi 3peiis Ml
OyieM oOcyxaaTe Modeds Iperdecto B npuMepe 2 e ra. XV.)

Yactuwft cayualt ¢ =0, d > 0 Obl1 npennoxen dpuimasion B kave-
CTBe MORean cayxlu Gegonacrocmu. Beagkuft pas, Koraa npONCXOLUT
HecuacTHh# ciyya#h (T. e. u3mJIeKaeTcs KpacHwft wrap), cayxfa Oes-
OTaCHOCTH YCHJAMBACT KOHTPOJb; €CAM e 1IeCUacTHOTO ciydas He Mpo-
N30IU10, TO KOHTPOJb ocaafeBaeT # BepOSITHOCTb KaTacipodel yBe-
JNYIBReTCH

ry Vprosse modeau npu Kaaccupuraguu. Jlosxwroe 3apadicenue.
PazBusan npennsymuit npuvep, AONYCTHM, YTO € KaKIBIM UCJIOBCKOM
M3 HEKOTOPOH COBOKYMHOCTH MOMKET IMPOUBOHTH HECHacTHBIH coaydai.
[Ipousofiner uau He NPOM3OHAET ITOT HeCHUaCTHBIA cayda#t, onpeaelsercs

B P.und T. Ehrenfest, Uber zwei bekannte Einwinde gegen das
Boltzmannsche H-Theorem, Physikalische Zeitschrift, 8 (1907). 311—-314. Bo-
aee nosnHoe paccmorpenune c¢M. M Kac, Random walk and the theory of
Brownian motion, American Mathematical Monthly, 54 (1947), 369—391.
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u3BJeUeHHEM wWapa w3 ypHbl. Tellepb, OAHAKO, Mbl [IPEILNOJONKHM, HYTO
He cyluectByer sddexia noctenefcTBus, TAK UTO COCTAB YpPHBI OCTAETCS
HEH3MeHHBIM Ha TNPOTSMEHHH BCero mpolecca. 3aTo BEPOATHOCTL He-
CYACTHOTO CAYyYas MOXET MEeHSTI C OT 4Ye/]OBeKa K YeJOBeKYy MM OT Mpo-
deccun K npodeccuu, M MBI NPEANOJIONKHM, HTO KamAOMY JHLY (HJIH
Kawa10#t mpodeccul) OTHeceHa cBOS coOcTBeHHAs ypHa. s Toro u4rolsl
HAMPACHO He OCJHOXHATh JlajbHellline paccyxAeHus, LOOYCTUM, UTO
yiMeeTcs TOJIbKO ABA THMA Jodedl (IBe mpodeccuu), W WX 4ucia B IOJHOH
COBOKYITHOCTH HaXOAATCSl B OTHOWeHuun 1:5. PaccMorpum temeps ypuy I,
COlepkallyio 7 KpacHeIX W b, yepHnx wWwapos. H ypHy II, conepxauryio
7o KPacHHX U b, YePHBIX WAPOB. DKCIEPHMEHT «CAYyYafHO BbIO ipaeM ueno-
BeKa M Hab/ni0LaeM CKOJbKO HECYACTHBIX CJAYyYaed NpOU3OLIIO0 C HHM
34 BpeMd #» MOXHO Tenepb HHTEPNPETHPOBATb CJAelYWOLIUM 00pa3oM:
Opocaem KOCMb, eCAU BBIRAAO OOHO OHKO, MO RPOU3BOOUM N CAY-
yalinblx 8660POB C BO3BpaUeHilem 13 Ypub [, 8 npomuguonm cay-
wae my oice npoyedypy npogodum ¢ ypuoi I/I. Ham onwt onuce-
BAeT CHTYALUIO, BOSHHMKAIOUIYIO YIPH 3aK.J1i0UeHHH LOTOBOpPA MEXAY HOBBIM
KJMEHTOM H CTPAXOBOH KOMNaHieh.

Hcnoabayst (1.8), HeTpyAHO NMOJYUHTH, YTO BEPORATHOCTb H3BJEYCHUA
KPACHOrO 1Iapa MPpH MepBOM HCMBITAHUH PABHA

1 r 5 ry
PIKi=% 30 tomnt0, @9)

a4 BEpOATHOCTb TOC/AeN0BATEAbHOCTH <<KpaCHbIH, KpaCHbIﬁ» eCTh

1 ry 2 S5( ry 2

PIkK) =5+ ) tolnis) 2-5)
XoTts mareMartuyeckas CTOPOHA BONPOCA He MpelACTaBjfdeT TPYLHOCTeH,
TevM He MeHee Halla MOJeJb HMeeT MHTEPeCHYI0 0CcOGeHHOCTh, MNpPHBOLA-
Y0 B NPHJIOKEHHSX K HEOXUAAHHBIM BbIBOAaM. [lycrth cTpaxoBas KOM-
NaHug PerucTpupyer, Y4TO B TeueHUe NepPBOro roja ¢ KJAHEHTOM TIPOU30-
ieJ HECYACTHBI cayuail, W HHTepecyeTcs BEPOSTHOCTLIO TOFO, UTO
B TedeHHEe BTOPOTO roja ¢ HHUM NpOu3ofiler ewe OAuH cayualt. Jpyrumu
CNOBAaMH, JaHO, YTO IpU NepBOM HCHBLITAHMM OBl M3BJEYEH KPAaCHLIA
wap, tpebyercs onpeleauTb (YCJAOBHYIO) BepPOATHOCTb MMOC/€10BaTe]b~
HOCTH «KpacHb, KpacHbliiy. $cio, uro ornowenue P {KK}/P (K}
omauyro ot P {K}. Uro6bt NOSCHATD 3TO, NPEANOJ0KUM, YTO H3BECTHHI 3HA-
wenua ryfb, +r,=10,6 u ryfb, 4 r,=0,06. BepoarHocTb H3B/EUCHUA
kpacnoro wapa npu ao6om ucnwitanun pasua 0,15, oanako ycaoeHas
BepOATHOCTL pasHa 0,42, OTMeTHM, HTO B TOJHOH COBOKYNHOCTH
sphexm nocaedelicmsun omeymemsyen:, OAHAKO HecdaCTHbH Ciyvah
¢ 4eJ0BEKOM, BBIOpPAaHHLIM CJAy4YalHO, YBeJWYUBACT BEPOSTHOCTbL TOTO,
UTO ¢ MmeMm Jice 4e408eKOM TPOU3OUAET BTOPOH HecwyacTHuIH cCayual.
3aech umeer Mecto 3(dpeKT BHOOpA, MOABJICHHE HECYACTHOTO Caydas
He OKa3blBAeT HHKAKOro AeHCTBUTEALHOTO BJUSIHUA, a TOJBKO YKAa3blBaeT
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Ha TO, YTO BbLiOpaHHoe .uo Oo0Jee NPEAPACIONOKEHO K HeCUACTHLIM
caydasm.

B craTUCTHYeCKON aAuTepaType CTaJO NPUBLIUKOH VHOTpeOasTh CAOBO
sapasxcerue sBMecTO 3¢ dexT nocaenehcrsus. Kaxcyuuilica adpdexr noce-
LeWcTBHA BHIOOpAa CHaya/la HeNPaBUJALHO HHTEPIPETHPOBA/ICA Kak 3¢dekr
ReficTBUTEILHOTO 3apameHHus, TaK YTO CTATHCTUKM Tenepb TOBOPAT O 3a-
paxeHuu (UAX O BEPOSITHOCTHOM pacnpele/ieHMM INPH 3apaKeHUH) B Hesc-
HOM M BBOIsilileM B 3abaymieHde cMbicje. Bo3abmeM, Hanpumep, Hatypa-
JMCTa, KOTOPBI# JIOBUT HAaceKOMBIX B noJe. Ecniu mocae nmepuola neyrpau
OH HaXOJHUT HYXHOE HaceKoMoe, TO OH BINpaBe 3aK/JIOUUTh, YTO, Be-
posiTHO, rAe-TO OJM3KO HAXOAWTCH ULeJbH BHIBOAOK, M MOITOMY ero
WIAHCH HadTH elle ONHO HAceKOMOe YyBejuuusich. Koneuno, TyT He
HabmonaeTcss HUKAKOrO s¢dexTa mociaelefCTBUS, W BCE Ke CTATHCTUKH
TOBOPAT O 3apameHuH.

1) Caenywomuid npuMep WHPOKO H3BeCTeH ¥ INOYUYUTEJeH, HO He-
CKOAbKO WHcKyccTBeH. [IpemctaBuM cebGe N -1 ypH, Kamias U3 KOTO-
puix comepwutr N 1apoB; ypHa € HOMEpPOM R COIepXKHT R KpacHsX
u N—Fk Geavix wapos (=20, 1, 2, ..., N). 13 nayran sni6pauHolt ypHbl
n pas HayJlayy MH3B/JEKAIOT LIAPHI, NDU4YEM BBHIHYTHIR IMap KaxAb# pas
BO3BpauianT obpatHo. [IpeinonokuM, 4YTO BCe A Da3s M3BJCYEHHBIX LIa-
pOB OKaszaauch KpacHbeIMU (coObiTHe A). Halliem (yC/OBHYI0) BepOATHOCTD
TOTO, YTO CJAEAYyIOlEe HCIBITAHHE TOXKe AACT KpacHhi map (cobuitHe B).
YcnoBHasi BepOATHOCTb H3BJeyb NMOAPSL 72 KPACHBIX IIAPOB M3 YPHHI C HO-
MepoM k pasua (/N)". Otcwona, cornacuo (1.8),

n 1 n
P{A}:—l +]3n+...+N
(N+1)

CoGuitue AB o3suauaer, uro # -1 HcnuTanu#t AanM  KpPacHbE AP
U TIOSTOMY

. (2.7)

17+ oty L N
P (AB) =P (B} = +Nn+1;*]‘v+;; : (2.8)

HMckomas BepostHOcTs paBHa P {B| A} =P {B}/P [A}.

Cymmbr B (2.7) u (2.8) MOXKHO paccMaTpHBaTh KaK pPHUMAHOBHL HH~-
TerpajbHble CYMMB, M NO3TOMY npu Go.abuiom N

N 1
N‘lkgl(%)” zofx”dx: Hl_l : 2.9)

Caenoparesbio, upu GoapumioM N npubaukento

P (B|A) ~ Zj‘_; (2.10)

DTol dopMyie MOXKHO Aath cielyloliee rpyboe HCTOJNKOBAHHE: ecCiu BCe
BO3MOMXHBIE KOJMYECTBA KPACHHX U Ge/blX INAPOB B ypHe PABHOBEPOATHSI
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H ecad # MCNIBITAHMM 7aaM  KpacHele 1IApH, TO BEPOSITHOCTb 1O-
ABJEHHS KPACHOTO Hiapa MPHU CJeAyIOleM UCIBITaHUN pasHa (n—1)/(n-+2).
St10 — TaK HasblBaeMbI 3aKOH cJienoBanust Jlamaca (1812).

Jlo pa3BUTHS COBPEMEHHOH TEOPHUM NOHATHE PABHOBEPOATHOCTH 4YacTO
OTONKIECTBJASIN € «OTCYTCTBHEM TNpeABapUTeJbHBIX cBelenuts, Cam
Jannac aas  uwamoctpauud  noabssl  ¢opmyan (2.10)  BuuMcaaa Be-
POATHOCTb TOTO, 4TO Ha caelylommit neHb B3oiaer CouHue, B mpenno-
JA0KEHHUH, YTO OHO Bcxoauao exennesHo 5000 ger (wau n=1 826213
aHedd noapsn). Ilepenator, uyro Jlaniac rotos Obla crasuts 1826214
nporus 1 3a 710, yro CoJHLe He USMEHHT CBOErO TMOBelEHHS; B Halle
BpeMsi CJefoBal0 OBl YBEJUYUTh CTABKY, NMOCKOJBKY PeryJsipHOE IBHXKE-
nue CoaHuna HaGaI0Nan0Ch B TeuyeHUe elle OZHOTO crotetus. Urobu
orzath Jo/kHOe Jlanjacy ¥ NMOHATb ero HaMmepeHus, notpeboBanoch Gbi
ucTopuueckoe HccieroBanue. ITocaenosarenn Jlannaca, 0AHAKO, HCMOJb-
30Ba/Id 4HAMOTHYHBlE NOBOJABl B MOBCeIHEBHOH paboTe d peKOMEHAOBAH
(H3UKaM H UMHXKEHepaM NPUMEHATb TAKUME METOHb B CJAy4asX, B KOTOPBIX
dopMyBl HE HMEIOT HHKAKOro JeHCTBUTEAbHOTO CMbicna, Mbl 6bl oT-
BEprad 9TOT MeTol, Jaxe ecau OBl Ha MUHYTY COTJIACUIUCh NONYCTHTD,
YyTo Halua BCeleHHass BHIOpaHa HAyrail U3 «MHOXeCTBA BCEJAEHHHIX», B KO-
TOPOM BCe MBICAHMEE BO3MOXKHOCTH PpaBHOBEPOATHEL JleHcTBHTEJLHO,
npeanoaaraemuit pocxon Coasua 5 cdespans 3123 rona 10 H. 3. HUYYTD
ne GoJee ToCTOBepeH, ueM TO, 4to Coanlle B3OHAET 3aBTpa; y HAC COBep-
HIEHHO OJMHAKOBHE OCHOBAHHS BepUTb B 00a 3TH COOGHITHS,

3aMeuanune o popmyae baveca B (1.9) u (22) Mu Buuucaniu ne-
KOTOpBbIE YCJOBHBIE BEDPOATHOCTH, HCXOIs npaMo U3 OIIpeeNeHus. Haqnﬂammemy
peKoMeHayeTcs NOCTYNmaTh TaK BCETAa M He 3anoMuHath Gopmyay (2.12), koto-
pywo Mbl ceffuac BeiBegeM. JTa dopMyaa BOCNIPOH3BOJUT B obuieM BuIAE TO, UTO
MBI J€JAaAH B YACTHBIX NpUMEpaX, U SIBAAETCH JHIIb HHAYE 3aMMHCaHHOHR (I)OpMy-
aoii (1.3). B Hamux npuMepax Mbl uMeJH FPYNNY B3aHMHO HCKJIIOYAKOLMHX ApPYT
Apyra M HCYepIBIBAIOIIKX BCE HNPOCTPAHCTBO COOBITHH Fy, f,. ..., T. e. Takux

COOBITHH, YTO Kax[0e 3JeMeHTapHOe COObITHE NPHHAZAEKHT OJIHOMY H TOJABKO
ofnHOMY U3 coObiTHE Fj. Mp noJib3oBanuch HopMyaoi

P {Hy A} =£,3{%-

IMoacrasasa B (2.11) puipaxenus (1.5) u (1.8), npunagum ato#l dopmyae BuA
P {AlHy} P {Hy}
n

2 P A} P {H))
j=1

Ecau naswmiBaTh coObiTHs Hj runoresamu, 10 (2.12) 6yaer BeIpamaTb co6oil Tak
HaspiBaeMylo «dopmyny Bafieca nas BepoATHOCTEH runortes». B mMareMaTHUECKOM
otHomenun (2.12) ecThb npocTo cHeuHaAbHBIK cnocob 3amucu dopmyan (1.3).
BoiBenennas GpopMyJa Mojae3Ha BO MHOTHX CTATHCTHUECKHX NPUAOKEHUAX, 1000~
HBIX ONHCAHHBIM B npuMepax (6) — (x). K cowanenuo, ¢opmyaa Baiieca Gniaa
JIHCKPEIUTHPOBAHA MeTahH3NYECKUMH NPHIOMEHUAMH BPOJAE ONHMCaHHOrO B HpHU-
Mepe (1). B mpaxrtuyeckoii paGoTe noaoOHbIE PACCYKAEHHS MOIYT MPHBECTH
K OnacHbiM mochaeiacTBUAM. MHKeHep Mo KOHTPOJAIO KayeCTBa NPOAYKIMH HMEET

@11)

P {HpA} = @12
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Jejo ¢ OolHOH KOHKDETHOH MalHHOH, a He ¢ GeCKOHeYHBIM MHOMECTBOM MaIIHH,
U3 KOTOpOro Hayraj Bbi6paHa ojgHa. Mexay TeM eMy COBETYIOT NOJb30BaThCA
¢opmynolt DBalieca Ha TOM OCHOBaHHH, YTO OHa JOTHUYECKH NMpHEMJeMa H COOT-
BeTCTBYeT HameH MaHepe Mbimaenus. Takumu jgosonamu [lraToH noabsoBaics
A4 JIOKa3aTeaAbCTBA CYWECTBOBaHMS ATJaHTHAB; HeKOTOpHE (HI0CODB NMpH-
MEHSIOT 3TH e JOBOXBl s J[0Ka3aTelbCTBA HEJAENOCTH MeXaHukH HbroToHa.
B HameM cayuyae 3Td J0OBOABI HE YYHTBIBAIOT TOrO 0OCTOSTENbCTBA, UTO HHXEHED
weJaeT MOCTHYb ONpEEeJEHHOTO yChneXa M 4TO OH MOCTYNMT Jydlle, OLEeHHBast
M IOBOIS JO MHHHMYMA HCTOYHHKH Pa3JHYHOrO poja oumHOOK B CBOUX NPEIBHU-
ZeHuax u norankax. CoBpeMeHHble METOIBl CTaTHCTHYECKOH NPOBEPKH Y OIleHKH
MeHee HarJsjiHbl, HO 3aTo 6Gojee peanHCTHYHBL. MX MOXHO HE TOJNBKO OHpAaBAbI-
BAaTh pPACCYyXAECHHSMH, HO U NPHUMEHATb Ha JeJe.

§ 3. HesaBucumocTts

B npuseleHHbX Bbillle ApuMepax ycaosHas BeposrtHocts P {A|H},
BooOlue rosops, He Obiia paBHa GesycnosHoH Beposthoctu P {A}. To-
BOpsl rpy60O, 3HaHWe TOrO, Y4TO MpOU3OLIA0 coObiTHe FH, M3MeHAI0 Haly
OLleHKY InaHcoB IodBicHus coBbitus A. Toabko B TOM ciyuae, KOraa
P{A|H) =P {A}, 370 3HaHHe He OKa3LIBaeT HUKAKOTO BIAMAHHS Ha
OlleHKY LIAHCOB nosiBAeHnd coObitus A. Mbl 6yleM roBOpPHUTBL, YTO B 3TOM
ciayyae cobbiThe A He 3aBUCHT OT cobbiTus f1. Janee, u3 ¢opmyan
(1.5) caenyer, uro ycaosue P {A|H} =P A} MOXKHO 3amucaTb B 3TOM
cayuae B ¢opMe

P{AH) =P (A} - P {H). @3.1)

DTO pPaBeHCTBO CHMMETDHYHO OTHOCHUTeNbHO A u H U NOKasbBaer, 4TO
ecan A He 3aBucuT oT f, to u H He zaBucut or A. Ilostomy MH npeid-
noyTeM [1aTh CJAelylolllee CUMMETPUYHOE.

Onpenenenue 1. Zsa cobumus A u H Ha3wsawomcs ne3a-
sucumuimul), ecau OoHu yoosisemsopsawm coomuouernuno (3.1). 1o
onpeje/ieHue NpHUMeHUMO U B ciyyae P {H}==0, koraa ycnoBHas Bepo-
arHocts P {A| H} He ompenenena.

IHpumepn. a) I3 xonodbn wurpaibHbIX KapT BLITACKMBAIOT Hayrai
oany kapty. Vs coobpaxenuit cHuMMETPUH MBI CKJIOHHBI OXUAaTh, YTO CO-
ObiTHA «Tpeda» M «Ty3» HezaBUCHMbl. JleACTBUTEJIBbHO, HX BEpPOATHOCTH
paBubl 1/4 u 1/13, a BeposaTHOCTb KX OIHOBPEMEHHOTO OCY1LECTB/IEHHUA
paBHa 1/52.

6) BpocaioT nBe NpaBuJbHBIE UrpajbHble KOCTH. IIposepuM, uTo co-
ObITHS «OJHO OYKO HA HEepPBOH KOCTH» M «4YeTHOE YHCJIO OYKOB Ha BTO-
poft KOCTH» He3aBUCHMBI; AeHCTBHTE/IbHO, BEPOATHOCTL HX ONHOBPEMEHHOTO

') B nocioBHOM nepeBoje «CTaTHCTHUeCKH HeaaBucumbMu». Ca0BO «cCra-
THCTHUECKH»> MOAYEPKHUBAET, YTO peub WJIET O HOBOM IIOHATHH, CHeUn(bHIecKOM
I TEOPHH BEPOATHOCTEH M HE COBMAJAIOMIEM C OOBIACHHBIM TMOHHMAHUEM HE3a-
pucimoctH. OHAKO B PyCccKoil auTeparype obuieynoTpeburtelen 60aee KOPOTKILi
TePMHUH «HE3aBHCHMOCTb» §e3 BCSKOrO JOMOJHUTENbHOro smuteta. — [lpum. ped.
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ocyiectBaenuss 3/36 = 1/12 paBHa npou3BeleHHIO HX BEPOITHOCTeH
umexHo 1/6 u 1/2.

B) Ilpu cayualHoit mepecTaHoBKe uyeThipex OYkB (a, b, ¢, d) cobui-
THS «a TNpepllecTByeT b» M «¢ Tpeamectsyer d» He3aBUCUMBI, IJTO HUH-
TYHTHBHO SICHO M MOXeT OHITb JIETKO NPOBEpeHo.

r) Bosspatumcs x npumepy 1, B, HO pacCMOTpPUM Telepb CeMbH
C Tpems ZeTbMH. JOMYCTUM, YTO Ka)KAas U3 BOCHMY BO3MOXKHOCTEH MMM,
MMO, ..., 000 umeer BepostHocTb 1/8. [lycts H osHauaer cobwitHe
«B CeMbe eCTb Jetu oboero nonaa», a A— cobuitHe «B ceMbe He GoJee
onHo nepoukuy». Toraa P {H}=6/8 u P {A}=4/8. Oxnnospemennoe
ocyllecTBAeHUe cobuiTuit HH U A O3HAuaeT OIHY U3 BO3MOKHOCTEH MmO,
MOM, OMmM, v nO3TOMY P {AH}=3/8 =P [A}. P {H}. Takum o6pasom,
B CeMbsiX C TpeMs geThMu coOuitus A v H He3aBucHMbl. 3aMeTuM, 4YTO
A1 ceMeft ¢ IBYMs WM 4eTHIpbMA AeThbMH 5TO HeBepHO. DTO NMOKa3bIBAET,
4TO 3aBHCHMOCTb UM HE3aBMCHUMOCTh cOOBITHH He BCeraa siBJseTcda oOue-
BUIHOMH.

Ecan cobpitue H NpPOUCXOIUT, TO TPOTUBOMOJONKHOE COOLITHE He
NPOUCXOAMT, U HaoGopoT. Hesasucumocte cobuituit A v H o3uHauaer, 4To
n3 ¢axra nossienus coGuitia F{ Henb3s M3B/IeUb HUKAKWX CJAeACTBUH OT-
HOCHUTEJIbHO NOABAeHUs COOBITUA A; MO3TOMY He3aBUCUMOCTh coOnTull A

n H nomkua GuITh SKBHBAJICHTHA He3ABUCHMOCTH COOmTHH A u H (1, BCael-
CTBHE CHMMeTpuH, Takke coburtuit A u H n A u H). 310 xerko npo-
BepHTh, TOAB3YSch cootholWenneM P {H)=1—P[H]. Ecn (3.1)
BHINIOJIHEHO, TO (Mockoabky AH = A — AH):

P({AH)=P{A) —P|AH) =P (A} —P{A}-P{H)==P (A} - P (H),
(3.2)
KaK M Ipeino.Taraioch.
Honyctum Tenepe, uro Tpu cobbitia A, B n C NonapHO He3aBHCHMB,
TaK UTO
P{AB} =P {A} - P{B};
P{AC}=P{A}-PC}; (3.3)
P{BC} =P (B} - P{C}.

MozKeT MOKa3aThCsd, YTO W3 9THUX COOTHOLIeHUM Bceraa BHITEKAeT He3aBH-
cMMOCTb Takux map cobeituit, kak AB u C. K coxaiaeHuio, 1o He 00s-
3aTe/bHO Tak. ME npuBereM NpHUMep, B KOTOPOM COOTHOWeHMs (3.3) BHI-
MOJHEHB, HO OAHOBDEMEHHOE OCYLIECTBJeHHe BceX Tpex cobutu#i A, B
1 C HeBO3MOXHO, Tak 4r0 cOOnTHA AB 1 C He MOryT OBITH HE3ABUCHMBL.

1) Bpocaor aBe KOCTH, H TPH COOBITUS ONpeLeAIOTCS CAEAYIOLMM
0o6pasoM: A 03Ha4aeT «HeueTHas I'PaHb Ha NepBoft koctu», B o3Hauaer
«HeYeTHas TPaHb HAa BTOPOH KocTu»; HakoHel, C 03HAYaeT <«HeYeTHas
cymMma» (OAHA TpaHb ueTHasd, Apyras— HedetHad). Ecaun kawnoe uz 36
91€MeHTaPHbIX COOLITHH uMeeT BeposatHOCTb 1/36, TO .1100kie nBa COOLI-
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tust u3 yicaa A, B u C HezaBucuMbl. BepoATHOCTb KakAOro COGHITHS paBHa
1/2, u T1axoBa e ero ycJIOBHaA BepOSITHOCTb NPH YCJAOBHH, UYTO 0OHO
U3 ABYX Apyrux coObTuit npousourto. TeM He MeHee OLHOBPEMEHHO BCe
TPH COOBLITHS HE MOFYT HPOH3OHTH. 3HAHHE TOro, YTO MPOH3OULIO COGHI~-
THe A M He mpousowio B, genaer nocroBepHuiM coObiTHe C; aHAJIOTHY-
Hble YTBEDKIECHUS BepHBH W A ADPYTHX KoMOuHauuil.

YKenarenbHo COXPaHHTb TepMHH «HE3aBHCHMOCTbY A7 Caydas, KOria
HUKaKoe MoAo0HOe BAHAHHE HeBO3MOuHO. Ilag 3Toro HeofXOIUMO BHINOJ-
HeHue COOTHOWieHUH (3.3) U, KpOMe TOro, BHUIIOJIHEHHE YCJIOBUSA

P{ABC} =P {A} P (B} P|C). (3.4)

[Mocaensiee pascHCTBO 0OecrneynBaeT HezaBUCUMOCTh cobumitui#k A u BC,
B uw AC, C u AB. boaee TOro, Temnepb MOXHO 10Ka3aTb, 4TO COGLITHS
AU B u C nesapucuMmbl. JleficTBUTEJIBLHO, COrJIACHO OCHOBHOMY COOTHO-
wenuio (7.4) ra. I, nmeem

P {(AU B)C} = P [AC} + P {BC} — P [ABC). (3.5)

IToabsysch pasenctBamu (3.3) u (3.4), BoineceM 3a cxobku P {Cl. Ocrar-
wkics MHOXHTeab Oyner pasen P {A} 4P (B} —P{AB}=P{AUyB),
TAK 4TO

P{(AUB)C)=P{(AUB)} P|(C}. (3.6)

I10 AenaeT NPaBrONOROOHHM NPedNOJOKeHHe, yTo ycaosni (3.3) u (3.4)
BMeCTe LOCTAaTOUHO JJad TOro, 4YToOm u3bexaTh saTpyAHenuit: moboe co-
ObiTHe, KOTOPOe MOMXKHO BHpa3uTb uepe3 A u B, 6GyleT He3aBUCHMO OT
cobuitust C.

B ofuiem cayuae n coOBTHR OKa3mBaeTCs AOCTATOUHLIM Cledylolilee.

Onpenenenne 2. Cobuumun A,, A, ..., A, Ha3vsawmcs 830~
UMHO He3QBUCUMBIMU, eCAN 048 8CeX KOMOUHQUUI UHOCKCO8
i< j<kh< ...n cnpagedause. credywoujue npasuia YMHo-
oHCeH U

P{AA}=P{A}P{A]

P{AAA)=PlA)P{A}P A} 3.7)

P{AA, ... A} =P{A]P{4} ... P{4,).
31ech B TNepBOH CTPOKE MMEETCH (’21) ypaBHeHHH#, BO BTOpOH (’;) u T, I

MMeercsa, c/e10BaTe]bHO, BCEro (;) A (g\) + ..o+ (Z) = (Ikﬁ— 1y —

/

n n
- (1) — (O) = 2" — n — 1 yc10BUH, KOTOPbie A0/MKHE GLITh BEITIOJHEHHL.

n
C npyro#t cropoHs, (2) YCIOBUH mepBOH CTPOKH  JOCTATOYHO  AJ4
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obecrneveHuss nonapHoii ne3asucumocmu. Bes cucrema ycaosuit (3.7)
KaXeTcq CI0KHOH, HO, Kak OyAeT 9CHO B NalbHellileM, TO, YTO ITH YCAOBUA
BHINO/HATCA, OObuHO OHBaeT oueBuAnbiM 1 ne Tpebyer nposepxku. He-
TPYAHO MPOBEPUTh MO HHIYKUMHM (HAYMHAA C n==2 U ucnouabays (3.2)),
yto 8 onpedeaenun 2 cucmemy (3.7) MONHO 3aMeHUmMb CUCMEMOU
2% ypasrenuli, noayiaemsx w3 nocaeonezo ypasienus (3.7) zane-

HOW npou3soONbHOZO MHONCEecm8a cobbimul A; ux 0onoaneHuamu A;.

Pasnuuue Mexay B3aMMHOM M nONapHOH HE3aBHCHMOCTBIO HMeeT cKopee
TeOpeTHUeCKUH, 4eM TNpakTHYecKHH uHTepec. [IpaKTuuecKM BawHBIX TpH-
MepOB MONAapHO He3aBHCUMBIX COOLITHH, He SBAAIOLIUXCA B3aNMHO He3a-
BHCHMEIMH, MO-BHAMMOMY, He cyuiectByeT. Onnako, Booblue rosops, Ta-
Kde NpuMepHl, Kak 1okasan BepuiutedH !), BO3MONKHBL.

§ 4. NoeTopHbIe HCMBITAHUA

ITonsaTHe HE3aBHUCHMMOCTH NO3BOJfeT, HAKOHel, 1aTb aHaJUTHYECKYIO
¢GOpMYIMPOBKY HarisiHOrO MpelcTaBjaeHHs OO0 ONBITaX, «MOBTOPSAIOLIUXCA
IpH HEU3MEHHBIX YCJAOBUAXY.

PaccMoTpuM NpPOCTPAHCTBO 3JeMeHTAPHHIX cobhititt &, npexcrapasio-
ee HeKOTOpbl# MblcauMblit ombir. Ilycts E;, E,, ... — TOYKU NpOCTpaH-
crBa ©; 0603HauMM HX BEPOSTHOCTH Hepe3 Py, Py, ... . BO3MOMHBIMH
MCXOMaMH ABYX MOC/eA0BATE/bHO NPOBELEHHLIX ONBITOB SABJASIOTCSA MApH,
(£} E.), kotopnie n 00pa3yi0T HOBOE MPOCTPAHCTBO 3JEeMEHTAPHHX CO-
GuiTHi. BepOHTHOCTH B 9TOM NPOCTPAHCTBE MOTYT OLITb ONpele/eHbl pas-
anyHpIMH crnocobamu. OJHAaKo Korja 3KCHEPHMEHTAaTOp TOBODHT, 4TO IBa
u3MepeHHus COBEpMIANOTCS NP OJMHAKOBHIX YCJAOBHAX, TO OH MOApA3yMe-
BaeT HE3aBUCUMOCTb: HMCXOL IepPBOro HU3MepeHus He ILO/KEH BJMATH Ha
MCXOA BTOPOro. DTO 3HAYMT, YTO COOHITHS «HCXOL mepsoro ombita E»
M «HCXOH BTOPOro omeita E,» ROMKHB OHTb HE3aBUCHMH, T. €.

P{(E I3 Ek)}":Pij- 4.1
OT0 paBeHCTBO ompeje/seT BepoaTHOCTh JMoGoA mapbt (E;, E,) BosMOX-
HBIX HcXOn0B. [Ipexie ueM MoxHO 6yleT MCHOJb3OBATH (4 1) kak omnpe-
IeJeHHe BepOSTHOCTeH B HOBOM NPOCTPAHCTBE 3/EMEHTapHBIX COOLITHH,
HYJKHO MOKa3aTh, YTO BEJIMYHHBL p;p, L30T B CyMMe elunuuy. Ilas srtoro

1) C. H. BepHmiteiin npepsaraer ciefyiomuil NpuMep 1ONaPHO HE3ABHCHMBIX
cOGbITHH, He ABJIAOLUXCA B3aUMHO HEe3aBHCHMBIMH. PaccMoTpuM Terpasap, TpH
rpaHd KOTOPOTO OKpAaleHbl COOTBETCTBEHHO B KPACHbIH, CHHHH H 3ejeHBIH HBETa,
a yeTBepTas IPaHb OKPAIICHA WACTHYHO KPACHHIM, YACTHYHO CHHHM M 4aCTHUHO
zeqeHpiM 1BeToM. [Ipu Boibope Haynauy OXHOH M3 ueThlpeXx rpaHeH TeTpasipa
paccmotpuM cobuitus K, C ¥ 3, 03HauawluHe COOTBETCTBEHHO OGHAapyXeHue Ha
BbIGPAHHOH TPaHH KPAaCcHOro, CHHEro Wi 3eJEHOTrO uBeTa Jlerxo npoBeputhb, UTO
P{K} =P [C}=P ({3} =1,y P{KC}=P{K3}=P{C3} ="/, tak uro co-
6utHg K, C ®u 3 nonapHo HesasucuMbol. C 1apyro#t croponn, P {KC3} =
=1/, P{K} P {C} P {3}, 1ak uro cobuitua K, C u 3 He ABAAIOTCA B3aUMHO
HE3aBHCHUMBIMH. — [Tpuns. ped.
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3aMETHM, 4YTO B CYMMe Zijpk KaxIoe caaraeMoe BCTpeqaercs O4HH
U TOJIbKO OJMH pas, TaK 4TO

XX pp=0+p+ . )P+ P+ =1

[Tosromy (4.1) MOXHO NpHHATb 3a ONpeldeJieHUEe BepOATHOCTEH.

ITycts A u B — ABa npou3BOJbHBIX COOBITHS B NEPBOHAYaJbHOM MpO-
crpanctee ©. Cobnitie «A nosBU/AOCH DU MEPBOM UCNBITaHHH, B — npu
BTOpPOM» 00603HaunM (A, B). HonycruM, uyro A colepxut Toukn E_,,
E,, ..., a B—mrourn E,,, E,p, .... Toraa (A, B) Gynper oObvenuue-
HHEM BCexX mnap (Eaj, Ebk) H, TaK Ke KaK W paublie,

P{(A B} = X X papy,= (2 pa)) (B p,) =P{AP(B]. (42)
[Tostomy cobuitis A u B HezaBucuMbl. Mpl BuAMM, 4YTO olupelefneHHe
(4.1) Bener kK TOMy, 4TO moGoe COGBITHE, CBSI3aHHOE CO BTOPEIM HCIbI-
TAHUeM, OKa3hbiBaeTCs He3aBHCHMEIM OT J1000r0 COOLITHA, CBA3AHHOTO C MEp-
BbIM MCObITaHHEeM. DTO onpeje/eHHe OMUCHIBAET KOIMHAKOBBHIE OIBITHLY.

Bce ckasanHoe, o4eBUZHO, MPUMEHUMO TaKke K INOC/]eL0BATEAbHOCTH
M3 r UCHBITAHMH ¥ NPUBOAMT K CJACAYIOIUEMY OMNpeAe/eHuIo.

Onpenenenune 1. [lyems © —npocmpancmso 346 HeHMA PHOLX
cobumuli ¢ mouxanu E,, E,, ... u coomgemcmaynouumy 8epoamuo-
cmaAMUL Py, Py ... . 1100 r He3aB8uCuUMBLMY UCRBLMAHUAMU, COOMBENM-
cmeyouuny npocmpancmsy S, Mol NOHUMAeMm LPOCMPAHCMBO 1€~
MEHMAPHUX COOBMUE, MOUKAMU KOMOPO2O ABARIOMCA 2DPYRNG. U3
r ucx0008 (Ej, Ej, ..., Ej) ¢ omnecennoimu un 8epOAMHOCMANY

P{(Eil’ Ejz’ vees Ejr)}=pjlp-’2’ ey pjr' (4.3)
LpyrumMy ciaoBamu, Kajas TOYKa HOBOMG MPOCTPAHCTBA eCTh BHGOPKA
o0beMa r (C BO3MOXHLIMH NOBTOPEHUAMH) U3 TOUEK NMEPBOHAYAALHOTO NPO-
CTPAHCTBA, 4 BEPOSTHOCTM ONPEREJIOTCS MO NpaBuay yMHOxeHus (4.3).
HanoMuunaem unrarento, uro (4.3) He ecTbh eNMHCTBEHHO BO3MONKHOE OIlpe-
AejeHue BeposTHocTe#l. MHade roBopsd, MOBTOpHBIE UCHBITaHUA He 00s-
3aTe]bHO He3aBucuMbl. Hanpumep, B ypHOBo# cxeMe [lo#ia (nmpumep 2, B)
Mbl UMeeM [le10 C 3aBHCHMBIMH HcnbiTaHuaMu. Coortnomenue (4.3) onpe-
IeJiseT He3aBUCHUMble MCIBITAHUA, WJH, B TepMUHAaX (U3UKH, HCHBITaHHA,
HOBTOPAIOIINECS NPH HEU3MEHHBIX YCJIOBUSX.
PaccyxneHusi, aHagoruyHbie TeM, KOTODHe MpHBEJIH HAac K ¢opMyie
(4.2), nokaspiBaloT, 4TO BOOOLe BepHA cjepyiollas
Teopema. Lonycmun, umo cucmena cobumui A, A, ...,
A, makosa, wmo nossienue cobemus A; 3asucum moasKo om Jj-20
ucnoimanusn; mozda cobumus Ay, ..., A, B3QUMHO He3aBUCUMY,
ecal He3a6uCUMB UCRUMAHUA, M. e. ecAu Bunoanens ycaosus (4.3).
Ecau npocrpaucrso & colepkur koHeudoe uyucao N TOueK, TO MHl
uMeem N' sgementapuuix coOwruft (Ej . ..., E;). Ecan xaxpas rtouxa

npocrpancrea © wuMeer sepostHOCTe 1/N, 10 1o dopmyre (4.3)
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-7
KK Aa9 TOuKa (Eh' R Efr) Oyaer uMeth BepostHocTs N . Haw nyrs

npeAnouTUTeAbHEe, YeM (opmasbHOe OObABAEHHE BCeX 3JEMEHTAPHHIX CO-
ObTHH PABHOBEDOATHBIMM, TdK KAK OH NDUMEHHM K [POCTPAHCTBAM 3/e-
MEHTAPHBIX COOLITHHl ¢ HEPaBHBLIMKH BEPOATHOCTAMH, 4 TaKXKe K GecKoHeu-
HLIM TPOCTPAHCTBAM 3JIEMEHTApHHBIX COOBITUH. IJTOT NyTh oOOs3aTesen
B obweft Teopuu, rie Laxe ONHO-eJIHHCTBEHHOE HCILITAHHE PACCMATPH-
BaeTCsd Kak IMepBoe B BO3MOXHOH GeCKOHEUHOH N0C/e10BaATEbHOCTH HCITBI-
TaHnfd. MbBl uMeeM TOrZa AeJO TOJALKO C OECKOHEUHHIMH IMOC/IeR0BATE/b-
wocramu (Ejy, Eﬂ, ...) BO3MOXHBIX WUCXOIOB, ¥ BEPOATHOCTH B TAKOM

HOBOM INPOCTPaHCTBE ONpelelsoTcs B cornacun ¢ dopmyaoit (4.3).
K coxaseHuio, 9To YBOAMT HAC 3a TNpeleabl TEODHH AUCKPETHHX MpO-
CTPAHCTB 9JeMEHTAPHBIX COOBITHH, H3JaraeMOH B HACTOALIEH KHHre. MEl
pasBuBaem 0oJlee NPOCTYI0 TEOPHIO, HO Dacn/iauyuBaeMcs 3a 5TO HeoOXO0-
AUMOCTBIO I KAXIOrO 4MC/a HUCNBITAHWH paccMaTpuBaTb CBOE NpOCTpaH-
CTBO 3JEMEeHTAPHHX COOLITHH.

Jlo cux TMOp paccMaTpPUBA/HCh JHUIL TOBTOPEHHS OLHOTO M TOTO Ke
ONbLITA, HO TOYHO TAK K€ MOXHO NOCTYNAaTh C NOCJeIOBATEbHOCTIMU He~
OJMHAKOBBIX onblToB., Korja Mel cHauazna 6pocaeM MOHETY, a MOTOM KOCTb,
TO MBl, €CTECTBEHHO, CYUTAEM, YTO ITU [LBA ONMBITA HE3ABUCHMEL. DTO 3Ha-
YUT, UYTO BEPOATHOCTH OMNpPEIeJsOTCH MO NpaBuAy yMHOxeHud. Tak,
P {rep6, oano ouxo} ==1/,-1/c u T. 1. B naHHOM yacTHOM ciyuae MOXHO
npocTo 06DBSABUTL pABHOBEPOSTHHIME Bce 12 smeMentapubiX cOOBITHH, HO
Boo6uEe HY:KHO nocrynath coraacto (4.3).

Onpeaenenune 2. Iycms @ u @ — dsa npocmpancmsa sqe-

" ’ ’ ”

MEHMAPHBLX coGuimull, mouxu Komopex o6o3nayum Ey, Ea ... u Ey,
” I 7

Ey, ... . Ilycms coomsememsyiowue BepOAMKOCMIL PABHEL P1, Pa, . . .

7 p;’, pé’, .... Iocredosameasrocms u3 08YX ORLLMOB ORUCHL~

7 ”
8QemMCcANPOCMPAHLCIEOM C MOYKA MU (Ej, Ek). Crasams, 4mo 08a onsima
He3a8UCUMbL, 3HA4UM Onpedesums BePOSMHOCIMU HOBULX IAeMeHmMAp-
Holx coObmud no gpopmyase

P{(E}, Ex)} =pj pe- (4.4)

(ITonstHe, KOTOpPOE TOJbKO 4TO OBIIO BBENEHO, HUKOHM O0pa3’OM HE SBJAIETCH
crenndrYecKUM TIOHATHEM TEOpHH BeposiTHocTel. Ecau maHBl 1Ba IPOCTpaHCTBA
&’ u &", cocrosinyue cOOTBETCTBEHHO U3 Touek E’ m E”, Mroxcecmso scex nap
(E’, E") nasvigaemcss npsimoim npoussedenuer S’ u &”. Hanpumep, nekaproBa
MAOCKOCTDb, T. €. MHOXECTBO map (x, y), fABJSeTCs NOPSAMBIM MPOU3BEIEHHEM KO-
opauHaTHBIX oce#t x H y. {TpexmepHoe IPOCTPAaHCTBO MOXHO TaKKe PaccMaTpH-
BaTh KaK MPOU3BEJAEHHE TPEX OCeH WAM KaK NPAMOe NPOUSBENEHHE NAOCKOCTH
(x, y) Ha ocb 2] Ypasuenne (4.4) onpepeaser To, uTo OOLIYHO HA3bIBAIOT NpA-~
MOLM NPOU3BEOCHUCM 8¢POSMHOCMHAHLLX MeD, 3aAaHHbIX Ha &' u &”. Jlas 0603~
HAYeHUA TMPOCTPAHCTBA JACMEHTAPHBIX COOHLITHH C BEPOATHOCTHIO, ONpPEjeNeHHOl
Ha HEM, MBI HCHOJB3OBAMH CAOBO ucnsimarue. IlogobHo aTOMy nocaedosamens-
HOCMb 08YX HE3ABUCUMBLX UCRLIMAHULE ¢CMb NPOCMO COKPAUEHHOE 8bl PAJCEHUE
0451 nPAMO20 npou3ee0enHuss COOMBEMCMEYOUUX NPOCMPAHCINE 3NeMeHMA P~
Holx co0bimuil, 8 KOMOPOM 8epOAMHOCTMI Onpedeisiomcs no gopuyse (44).
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OTH MOHATHA €CTECTBEHHLIM O6Pa30M MepeHOCATCH Ha cayuadl mo60ro uyucaa
npocTpadcTs. Hanpumep, B (4.3) durypupyer r-kpatHoe npamoe lipoussejesue S
Ha camo ceba. Tam, rae cTyAeHr, U3yHalUIKH TEOPHIO BEPOATHOCTEH, TOBOPUT
O IePBOM, BTOPOM ... MCIBITAHUSX, APYTHE MAaTEMATHKM T'OBODPAT O HEepPBOM, BTO-
POM ... COMHOXHUTEAAX B NpousBeneHun mpoctpancts. (Cobuitue , KOTOPOE Onpe-
JeJI1eTCsl HCXOI0M TOMLKO NEPBOrO MCNBITAHUA, HA3WBAKT TaKKe HIHHAPHUECKUM
MHOXECTBOM C OCHOBaHHEM B IEDPBOM MPOCTPAHCTBE-COMHOKHTEJE.)

Muoxectso Bcex nap (i, j), rae { H j— NPOU3BOALHBIE MOJOKHTEbHBIE Le-
Jbl€ YUCAA, 3aKJIOYEHHBIE Mexy 1 ¥ 71, MOXKHO paccMaTpuBaTh Kak OPOU3BEje-
HUE MHOXKECTBA Heawx uucea 1, 2, ..., n Ha camo ceba. [Ipoctpancrso sJe-
MEHTApHBIX COOBITHI, COOTBETCTBYOIIEE BBIGOPY §€3 BO3BPAMEHHS ABYX INApOB,
He COIepKUT TOYeK Buaa (i, i), H MOITOMY €ro Helb3s HenocpedCcmseHHO upel-
CraBHTh B BuiE NPAMOro HpousseleHHsa. Tem He MeHee MOCJAENYIOIIHE HPUMEpPD
fIOKAXYT, 4TO 9TOT ONBIT MOKHO PAa3AHUHBIMH CIIOCOOAMM PA3JNOKHTH B IMOCAEIO0-
BaTeMpHOCTb 11€3aBUCUMBIX HCHbITaHKH. AHAJOrNYHBIH METOI HpuMeHuM U B Gosee
CJIOKHBIX Clydasx.

Mpumepw. a) Mepecmanosku., Mul paccmarpusany n! mepecTano-
BOK W3 3/IEMEHTOB @y, @y, ..., @, KAK 3/eMeHTapHele cOOLITHA W CBA-
3BIBAMM C KaxaAOH mepecTaHOBKOH BepostHocTs 1/nl. To oce camoe npo-
CMPAHCMBO ILeMEHMAPHHLX COGoLMmul MOXHO PAaCcCMATPUBATL KAk
npeicraBiasmolliee (n—1) nocrenoBaTenbHeIX onbiTOB. HauneM ¢ toro, uro
poinumeM @,. [lepBHH ONHT COCTOMT B TOM, UTOOL MOMECTUTL &, Ilepel
nid nocae @, Jag a; nocie sTOrO uUMeercd TPH MeCTa, d TpeTU# OMBIT
COCTOUT B BLIGODE OZHOTO U3 3THX TpPeX MecT. IJTHUM YCTaHABJIMBACTCH
OTHOCHTE/IbHLH MOPALOK SAEMEHTOB a;, @&y # a3 i @, MH TIOJyvaem
yeThipe BO3MOXHEIX MecTd. BooOule, korma a,, ..., @, yme pasMelleHbl
B KAKOM-TO OTpeie/eHHOM TOpsiKe, MPOBOJHTCA ONBT C HOMEpOM k, CO-
crosiuui B BeIGOpe onHOoro ua k-1 mecr mas a,.,. VubiMu caosamu,
Mbl MMeeM IIOC/IeIOBaTeJbHOCT, W3 (n—1) OMBITOB, npudeM K-U ONHIT
cocrout B BeOOpe omHoro u3 (R—+ 1) MecT (3jeMeHTapHBIX COOBITHI),
Ka/J0e U3 KOTOPHX umeeT pepositHocts 1/k - 1. OnbiTh He3aBUCHMbL, T. €.
BEPOATHOCTA NepeMHOKaIOTCH. Kaxaan NepecTaHOBKa U3 1 3J1eMEHTOB HMeeT

1
BEPOATHOCTL = « = ... 1 ,4TO COBNAJRAET C HAYQJILHBIM ONpelliesieHHeM.
n
6) Bub6op 6e3 sosspawenus. Ilycrs (@, ..., @,)—redepaibHas

COBOKYNMHOCTh. [lpu BHIGope Ge3 BO3BpAllleHUs C KAKIDIM H3BJIECUCHUEM
yaansetcs OAMH saeMent. Ilocne k 1waroB ocraercss n— R 3JEMEHTOB,
U cleayoluuit BeiGop MOXHO OTMHCATL 3aJaHHEM HOMepa v MeCTa, 3aHuMa-
eMoro BHOpaHHEM 3demMenToM (v=1, 2, ..., n— k). Takum oGpasom,
BEIOOpKA O6beMa r Ge3 BO3BpallEHUs NPEBPAIAETCH B TOCACAOBATENLHOCTD
U3 ¥ OMBITOB, MpUuYeM MepBbift ONMBIT MMEET 7 BO3MOXHBIX UCXONOB, BTO-
po#t onbiT n— 1, Tpern#t onmbir n—2 u T. A. [lpelNosONMM, UTO BCe
MCXOAbl UHAMBHAYAJIbHBIX ONBITOB PABHOBEPOSTHH, U TOCTYJHpYyeM He-
3aBHCUMOCTL BCEX 7 OMBITOB. DTO 03HAY4eT, uTO Kawao#l BuOOpke TpH-
TACBIBAETCA BEPOATHOCTb 1/ (1), 4TO COOTBeTCTByeT HalleMy ONpeAe/CHUI0
cayuatinoro Bubopa. [3ametum, uro npu n =100, r==3 BHGOpKa
(@13 @49 Gg;) O3HAYAET COOTBETCTBEHHO BHIGOp HoMepor 13, 39, 79. Myl
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JOJIKHB CKA3aTb, YTO NPH TPeTbeM OInbiTe BhIGpaH 79-# 3/1eMeHT COKpAlleH-
HOH 2eHepaAbHOl COBOKYNHOCMU U3 N—2 3JeMEHTOB, NOTOMY 4YTO Hy-
Mepanud UCXOMOB TPETbero OMNLITA 3aBUCUT, MOMHMO HEPBOHAYAJAbHOU HY-
Mepauuu 3JEMEHTOB, ellle H OT pPe3yJbTaTOB NepPBHX ABYX H3BJeueHuH.
Mbl BUAMM, UYTO [OHATHE MOBTOPHBIX HE3ABUCHMBIX OILITOB MO3BOJAET
paccMaTpuBaTh BbiOOPKY Kak IOC/AER0BATENbHOCTb OTACAbHBIX Olepaint,

§ 65*) MNpuaoxeHus K reHeTHKe

Teopust HacAeNACTBEHHOCTH, Belyllaa navano ot . Mengens
(1822—1884), npexacTaBisieT IOYYHTEJbHYIO HJIOCTPALUIO NpPUMeHeHUs
3/1EMEHTAPHLIX BEPOSTHOCTHBIX MoOAeaeH. Mbl OrpaHHyYMMCS paccMoTpeHHEM
CaMBIX TPOCTHX 3afady. Duosoruueckue mpelcraBieHds GyAyT no HeoO-
XOJIUMOCTH M3JaraTbcf B CH/JbHO YNDPOIIEHHOM BHIE, U Mbl COCPEJOTOUUM
BHUMaHuUe Ha (aKTax, IOMYCKAIOWHNX MPOCTYI0 MAaTeMaTHYeCKYI0 TPaKTOBKY.

Hacnenosanue aw0ORX NPH3HAKOB 3aBUCHT OT CHellUaNbHBIX HOCH-
Tesiedl, Ha3piBaeMbX 2eHamu. Bce KJIeTKH Tesd, HCKJAIOUYas MOJOBBIE
KJAeTKH, MJAH TaMeTsl, HeCyT OIHMH H TOT JK€ KOMIJIEKC TreHOB.
B kaxao#t Tako#t kJjeTKe uHMeeTCs MO Mape FeHOB Ka)AOro Tuna.
Yutareab MOKET NPeJCTABAATh UX KAK COBOKYMHOCTb OTPOMHOT O KOJ/IHYECTBA
6YCHHOK HJIM KODOTKHX OTPe3KOB IJIMHHLIX HuTeH-xpomocoM. Ilas kax-
JOH XpOMOCOMHl B KJ/eETKe ecTb MNapHas e, u mapHble reHbl 3aHUMAIOT
OJMHAKOBOe INOJOXeHHe B NMapHBHX XpoMocoMmax. B mpocrefimem cayuae
KaxIblf red OTAenbHOH Mapbi MOXET HAXOAUTHCA B OLHOH U3 ABYX ¢opMm
(anneneft) A wau a. Toraa MOXHO OOpa3OBLIBATE TPH pPa3jMuHbie MapH, u
B COOTBETCTBHH C 3THM OPraHM3M HMeeT ONUH H3 TpeX zeHomunos AA,
Aa wu aa (vexay napamui Aa v aA pasaumyus Her). Hanpumep, ropox
HeceT napy TeHOB, TaKHUX, 4To reH A 06YC/IOBJHMBAET KPACHYID OKPAacKy
uBeTKa, a a—~0eaylo okpacky. Tpu reHoTHNa COOTBETCTBYIOT B 3TOM CJyudae
KPAaCHOMY, pO30BOMY M 0e/OMYy LBETKaM.

Kaxnas mapa reHoB ompenefsieT OZMH HAac/AeJICTBEHHHH NpPH3HAK, HO
60/bIIMHCTBO HAOJII01aeMbIX CBOHCTB OpraHu3Ma 3aBHCUT OT HECKOJbKHX
daxtopoB. Jis HeKOTOPHX XapaKTePUCTHK (TaKHX, KaK LBEeT riaas iju
CBOKCTBO OBITh JieBLIOH) Npeo0.1afalolUM ABAACTCA BJMAHUE OILHON Mapbl
renoB, W HabmojfaeMble B 3TOM ciyude 3(pdexThl NOLYUHAIOTCS 3aKOHAM
Mennena. Jlpyrue XapakTepUCTHKH, HampuMep pOCT, OMNpeldeasrdTcs cOo-
BMECTHHIM JeHCTBHEM 04eHb OOJIbLIOrO YHC/a reHoB (cM. npuMep 5 8 ri1. X).
31eck Mbl OyleM M3ydaTh FeHOTHUNB 4 HAC/JIEACTBEHHOCTh JMIb 1,79 OJHOH
napbl IeHOB, IO OTHOWIEHHIO K KOTOPOH BO3MOXHBI Tpu 2enomuna AA,
Aa u aa. bonee obuuM fABAseTCA chayuafl, korja Kawasifh reH Moxer
HaxoxuTbcad B oiaHoH u3 N dopm A;, A,, ..., Ay M COOTBETCTBEHHO

*) dtoT naparpad mocBaleH CHENUANLHBIM BONPOCAM H MOMET OblTh OIly-
LIEH TIPY NepPBOM YTEHHH.
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2

HbIMY BUJAOU3MEHEHHUSIMU BCS TEODUS IPUMEHHMA M B 3TOH cutyaumu (cM. 3a-
nauy 27). Ilocreayolune BHIUMC/AECHMA MPUMEHUMB TaKxe K C/Iy4am, KOria
rei A aBisieTCs JOMUHAHMHbBIM, A T€H 4 — PeyeccUsHbulM. ITO O3Ha-
yaeT, 4TO 0coOu Aa uMewT Te Ke Hab/mwoaaeMble cBOHcTBa, 4Yro u AA,
TAK YTO BJHAHME TeHa @ NposBJdeTca JuIb y ocobeft aa. B npupone
BCTPEUAIOTCs BCe CTelleHH YaCTHYHOrO JOMUHADPOBAHHA. THIUUHBIMU IpHMe-
paMi YacCTHYHO PelEecCHBHHIX CBOKCTB fBJseTCS roayOOH LBeT TIJjas UIH
CBOHCTBO OBITb JEBHIOH.

B npouecce o6pasoBanus NOJAOBBIX KJAETOK, WM IaMeT, MPOHCXOLUT
pacuienjeHue, B pesyJbTaTe Yero Ka)Jas raMeTa CONEPKHUT JULIL IO
onHOMY redy Kaxinoro tuna. [To3ToMy OpraHuaMbi UYMCTBIX TE€HOTHIOB
AA wiu ga (414 TOMO3MIOTH) TNPOM3BOMAT TaMeThi OAHOTO COpTa,
B TO BpeMsi Kak opraHuaMel Aa (rubpuibl WM reTepO3UroTH) MPO-
M3BOLST B paABHOM KouaudecTBe raMetsl A u a. HoBud oprauusm pas-
BUBAeTCS M3 HBYX POIMTEJIbCKMX TaMeT, OT KOTOPHIX OH M MOJydaer
cBou reubl. [T09TOMY Kaxias napa reHoB NMoAydyaeT OIMH TeH OT MaTepu
W OAUH OT OTUA; 3TO MO3BOJSET YCTAHOBHTh NPOUCXOKIeHHE AGOro
resa y naHHo# ocobu, Kakoe Obl YUCJIO NMOKOJIEHHH He OTAEIAIO0 €€ OT UC-
XoAHo#t npeakoBofi ocoOu. ['eHOTHN NMOTOMKA 3aBUCHT OT CJyudaliHOro Tpo-
necca. [Ipu moOuix 06cTOATEILCTBAX KK b DOLHTENLCKIM FeH MOXET Mepe-
JIaTbCs € BEPOSTHOCTBIO /s, M 1OCJeR0OBATEAbHBIE MCIIBITAHUSA He3aBUCHMBbI,
JOpyruMu ca0BaMU, MBI IPENCTABJSIEM TeHOTHUIE 7 MOTOMKOB Kak pe3yJb-
TAT A HE3aBHCUMBIX OIBITOB, KAXKIBIH M3 KOTOPHIX 3KBUBajdeHTeH Gpoca-
HUI0 mape MoHeT. Hampumep, npm ckpewmmnBanuu ocobeti Aa (Aa X Aa)
MOTYT MNOsBUTbCA rexHotunsl AA, Aa v aa ¢ BEpOATHOCTAMH, PABHHIMU
coorserctBedno 1/, 1/, 1/,. Ckpeuubanue AA X aa MoxeT mpuBecTH
K TofABJeHuIo Juuip ocobefft Aa u Tt. n.

PaccmaTtpuBad NORyJAAUMIO B 1eJI0OM, MH IIpelcTaBiseM o0pa3oBaHue
pOAMTeNbCKOH napsl Kak pesyJ bTaT BTOPOro cayudafiHoro mpouecca. by-
JeM HCCAelOBaTh JHlIb TaK HAa3biBaeMOe CAYtalnoe cKpewjusaniue, KO-
TOpOe OnpelefseTcss CJAELYIOWHM YCJIOBHEM: ecau cJydadno BuOpaTh
r ocobeli B nMepBOM MOKOJEHHH, TO HX POZHTe]H 00pasyioT CIyuyadHYIO
BLIOOPKY € BO3BpallleHHeM O0beMa r M3 MHOXECTBA BCEX BO3MOMNHBIX
polnTenbckux nap. IlpyruMu caoBaMu, KaxIayle ocoOb MOXKHO paccMar-
pHBATL KaK pe3y/JbTaT CKpelIUBaHUA BHIOpaHHOH maphl, ¥ BCe CKpelluBa-
HHUS B3auMHO He3aBucuMbl, CiyuallHOe CKpeHIMBaHHE ABIAETCS UAEANH3U-
POBaHHOR MOJenblo ycJoBuit, KOTOphle mpeo0/aialOT BO MHOTMX BCTpe-
YAlWHKXCA B NPHUPOAE MONYJASUUAX M B NMOJIEBHX sKcnepuMeHtax. OnaHako
€C/I1 OAMH YroJ NOJAA 3aCeiH KpPAaCHHIM TOPOXOM, a Apyrofi GeabiM, TO
Hapbl  OAHOrO TMHAa OYIAYT CKpelMBaThCd uYaille, 4eM 3TO [OMYCKaeTcs
runoTe3ol o caydatiHocru. Bnibop ¢ mnpennouTeHueM (HanmpuMmep, eciu
6JOHIMHBl NpPeAMOYUTAIOT OGJOHIMHOK) TaKKe  Hapymader  YCJIOBHS
Hare#f mMozean. CaMOONBIIMIOIMECA PACTEHHS M HCKYCCTBEHHOE OMJIOLO=

TOMY HMeeTCs (N+1) resotunoB A,A;, A4y, ..., AyAy. C oueBun-

L
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TBOpEHUE TMPENCTABJASIOT MOJHYI  NPOTUBOMOJMOMKHOCTH  CJyYafHOMY
ckpeluiBaniio. HekoTopeie cicTeMbl €O ClleLUaNbHBIMU 3AKOHAMHI CKPELLH-
BaHus OyIyT B JaibHeHlleM aHAJIU3UPOBATHCA MATEMATHYECKH, HO BCe
’Ke OCHOBHOE BHHMaHHe OyHeT COCPENOTOYEHO HA MoIead ciayyalHoro
CKpeLIUBaHHA.

[eHOTHII MOTOMKA eCcTb Pe3y/bTaT ueTblpeX HE3aBHCHMBIX HCHBITAHHH.
Fexotunel ABYX poautenet moxuHo BuiOpats 3 X 3 cnocobGamu, ux
redel — 2 X 2 cnocobamu. OnHako Mbl MOXeM 00beludHnTh 5TH ABa BHI-
6opa W onucarb npouecc kax ABoHHON BHOOP cienywluM o6pasoM:
OTLOBCKHUK M MaTepUHCKUM TeHBl BHIOGMPAIOTCA CAYYaHHO U He3aBUCHMO
OJMH OT JAPYFOTO U3 MHOXECTBA BCEX IEHOB, KOTOpHE HECYT MYMCKME
WM KeHCKue ocobu poauTesbckoft monynduun. onycTum, uto TpH
renotuna AA, Aa v aa BCTpeyamoTCs cpelll MYKCKHX U XKeHCKMX ocobefl
B OAHOR u TO# xe mpomopumu z:2v : w. [IpeanonoxuM, uyro u -+ 2v 4
~+w==1; Ha3oBeM «, 2v u w wuwacmomanmu 2exomunos. IloA0KUM

p=u-t+v, g=v4+ w. (5.1

$IcHo, YTO UHUCIO reHoB A OTHOCUTCS K YHCAY TE€HOB @ KakK p:q, H TaK
kak p-+qg=1, 1o Mb OyleM HasuBaTb p U ¢ YacTOTaMu reHoB A u
a. [lpy KaXIAOM U3 ABYX caydafiHbiXx BHIOOPOB red A mnossasercs ¢ Be-
POSITHOCTBIO P, M B CHJIY He3aBUCHMOCTH 3TUX BEIOODOB BepOSTHOCTb
TOro, 4TO MOTOMOK umeeT renotunn AA, pasHa p?. Teworun Aa moxer
NOABUTLCA ABYMSt criocobamu, U BepPOSITHOCTb 3TOTO cOGHITHS paBHA 2pg.
Ecau BHNOJMHAGTCS TUIOTe3a O CAYYAHHOM CKDELUUBAHUK, MO NOMO-
MOK umeem 00ur u3 zenomunos AA, Aa uau aa c geposmuocmamu

u,==p? 2v,=2pq, w, =g (56.2)

[Tpumepsn. a) Bece poaurenn tuma Aa (rerepo3urorei). B srom
cayyae u =w =0, 2v=1 n p=¢g=1/2. 6) Poauteasckue ocobu AA
M 0@ CMellaHbl B pPABHOM OTHOWIEHHM; Tordd # =w==1/2, v=0 u
onath p==¢g==1/2. B) Hakonen, u« =w =1/4, 20v=1/2; onats p=
=q =1/2. Bo Bcex Tpex cayyadx pacnpeje/eHHe FeHOTHIIOB TOTOMKOB
ooHO M TO We: w,=1/4, 2v,=1/2, w,=1/4.

Hag  jyuluero MOHUMaHMsl CYLIHOCTH cooTHouweHufi (5.2) ¢uxcupyem
YacTOTH I'eHOB P H q (P -} ¢ = 1) H paccMOTpPHUM BCe CHCTEMB, AJ KOTOPHIX
YyaCTOTHl TeHOTHIOB &, 2U M W YIOBJIETBOPSIOT YCIOBUAM 4o = p,
v-w=¢. Bo Bcex cucreMax pacmpeze/ieHHe T€HOTUIIOB B IIEPBOM
TIOKOJIEHUH TMOTOMKOB Haetcsi TOM ke dopmyioft (5.2). Buieaum wactuywo
cucreMy, AJsi KOTOpO#

u==p?, 2uv=2pq, w=q> (5.3

Ecin HauambHBIE YacTOTH TEHOTHIIOB 4, ¥ U W B 3TOi cucreMe cpas-
HATb € 44CTOTAMH TEHOTUNOB B NEPBOM NOKOJ/JEHUH, TO NOJYYHM — KAK
M B OpuMmepe (B), — uTO0 4 =u,, V=0, ¥ @w=w,. [losromy pacnpe-
AejeHue reHorunos (5.3) MOXHO Has3Barb crauMonapueiM. Kamxaowmy or-
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HOIICHUIO P g OTBevaeT CTALMOHAPHOE pacnpelefieHue, HIH MOAOKEHHe
paBHOBeCHS,

YpaBHenus (5.2) ycraHapauBAOT BePOATHOCTH IOABJCHUA PAa3MUYHBIX
reHOTHIIOB AJst cayuafiHo BHOpaHHOH 0co0M BO BTOPOM IOKOJEHUH.
Ecnu o6beM monmyasduuit 40OCTATOYHO BeNHK, TO MBI BIIPaBE OXUAATL, YTO
JLefCTBUTC/IBHBIE YACTOTH TeHOTHNOB OMM3KH K TEOPETHYECKOMY pacipe-
Jenennio V). MTaK, kakoBo Obl HU ObLIO pacnpelesieHue TeHOTHIOB 4 & 29 : W@
B PpOMUTENbCKOH MOMyAALMH, YypaBHeHHs (D.2) onpenessioT cTauUoHap-
HOE pacnpefesieHue; COOTBETCTBYIOLHe 4acTOTH reHoB A u a [eM. (5.1)]
paBHB 4V, =u-+v=p u v+ W, =v-+ w==gq. Apyrumn cio-
BaMH, eCau HabJawogaeMble YACTOTH B TOYHOCTH COBNALAIOT C BHYKUCICHHLIMH
BEPOSITHOCTAMH, TO paclipelelicHHe TeHOTHIIOB yXe B NMepBOM MOKOJeHHH
MOTOMKOB CTAHOBUTCA CTALUOHAPHBIM M TNOBTOpsieTcs Oe3 HaMeHeHuUH B
nocjenyolnx noxoseHussx, Ha npaxrtuke BO3MOMHB OTKJAOHEHUS, HO A
foabUINX TONYJALKA MBI MOXeM CKasaTb: Kako08 0o Hu 6w cocmas
DOOUMEAbLKOE NONYAARUL, NP 2UNOMeE3e O CAV4QUEHOM CKpeujl-
8aHUU Yice 8 NEPBOM NOKOACHUU NOAYHAEMCA NPUCAUIUMENbHO Cma-
UYuOHApHOe pacnpedeserue 2eHOMUNOS C HEUIMEHCHHbLMU 4ACMOMA MY
2enos. Hauunas co BTOPOro MOKOJeHHA He CYWECTBYeT TeHIEHUUH K
CUCTeMATHYeCKIM W3MEHEHHsIM; CUCTeMa CTAHOBUTCS TeHeTHYeCKH YCTOH-
YUBOK yxe B TepBOM TOKOJEHUH. DTOT (pakT Obl BrepBhie OTMedeH
I'. Xapau?), KOTOpHH TeM CcaMblM IIpeoloJiel HEKOTOPHE TPYILHOCTH,
CBA3aHHBIE ¢ NpUMeHeHMeM 33aKOHOB Mengeas. OTcioia, B 4YacTHOCTH,
BHITEKAeT, YTO NP CJYYallHOM CKDPEUIMBAHUM HYACTOTH TPeX TeHOTUINOB
LOJ/KHBL YCTAHOBUTHCS B OTHoWieHHM p2?:2pqg:q? D10 0B6CTOATENLCTBO
B CBOIO Ouepelb MOKET ObiTe HCTOJb30OBAHO AJs NPOBEPKH THUNOTE3BI O
CITy4aHHOM CKpelUBAHHUY.

XapAau Takke OTMEuYaJ, YTO CJeAyeT cAenaTh ylapeHde Ha CJOBe
«npub1Uu3uTebHO», Jlaxe AN CTALLMOHAPHOTO paclpefe/ieHus MBI LO/DKHBL
0XUIATh OT MOKOJEHUS K NOKOJEHMI0 HeOOJbLIMX M3MEHEeHHH, KOTOophle
TIPUBOLAT K cJeaylowed kapture. KakoBa O Hu ObiIa  pOAMTE/Ib-
CKas MOMyasuusi, MOC/Ae CJAyYyalHOro CKpelMBaHMS MBI YX€ B IeDBOM
NOKOJIEHHM TNPHXOAMM K  CTAlMOHAPHOMY  pacnpefiedenuo  (8.3).
B naabHe#imeM He CyIUeCTBYyeT TeHIEHUMH K CUCTeMaTHYeCKHUM H3MeHe-
HUSIM, OJHAKO YaCTOTH [EHOB p W § TOJLBEDPEHHl CJAy4afiHbIM KOJIeOaHuaM

) Bes atoro npeanoaoienns HAIA BEPOATHOCTHA MOJeNb OKasanach Gul He-
DPHMEHUMOH. Y TBepXKAeHHE MOXKHO YTOUHHTh, ONMPAscCh HAa 3aKOH GOJBLINX YH-
ceJ W NEHTPaAbHYIO MpeAefbHYI0 TEOPEMY, KOTOpHE NO3BOJAIOT OUEHUTDh 3¢ dekT
cayyalHblX KoJaebanuil.

?) G. H. Hardy, Mendelian proportions in a mixed population, Letter to the
Editor, Science, N. S., 23 (1908), 49 — 50. Hcnoabays TtepmuHogoruio ri. IX u
XV, Mbl MOXeM ONHCAThb CHTyalHI0 caepyouum o6pasoM. HacToThl Tpex TreHOTH-
MOB B 71-M NOKOJEHUH SBJAIOTCA cAyualHeiMu BeguuyuHamu. Marematuueckue
OXHAaHMA onpexeasorca Mo dopmyde (5.2) u He 3aBYcAT oT n. Mx pelcTBu-
TeJbHbIC 3HAUEHHH MEHHIOTCA OT MOKOJEHHA K [IOKOJEHHIO X NMPEACTaBAAIOT co6oH
CaAy4YafiHBll MpoLEcC MapKOBCKOrQ THHA.
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OT IIOKOJEeHHS K TOKOJeHHI0 U TeHeTHYecKas CTPYKTypa mony.asd-
uu# MeLneHHO, HO MeHsiercs. He cyulecTByeT HHKAKMX CHJ, CTpeMs-
UMXCA BOCCTAHOBHTb Haya/bHble uactoTe. HaobBopor, Hama ynpouleHhas
MOLeab NPMUBOAHT K 3akgwueHnio (cM. mpumep 2,4 ra. XV), uto B
OrpaHuyeHHHX IMONYJALMAX B KOHEUHOM cYeTe OAMH M3 IBYX T'CHOB
n3uesaer, TAK YTO B KOHEUHOM cueTe NONy/sius OYAeT COCTOATb JAHUIb
43 OPraHU3MOB UYUCTHIX reHoTHNoB AA wuad aa. B npupoae stor mpo-
1eCcC NpPOMCXOJHT He BCeraa, TaKk Kak MyTauuM, cedeKius M JApyrue
¢deKTs NPUBOIAT K 0Opa30BAHHIO HOBLIX TreHoB. Mayuwenue sTuX 3¢-
¢dexToB TpedyeT Oosee TOHKHX MaTeMaTHUECKHX cpeActs (uenu Mapkosa,
Teopud AHDDY3UH).

Yacto cunrtaioT, u€ro M3 TeopeM Xapiu  BbITeKaeT  CTporas
YCTOMYMBOCTE B TeueHMe HeorpanuuyeHHOro BpemenH. OObuHOM ourudkon
ABAsieTCs yOexAeHHe B TOM, YTO 3aKOH OOJBIIAX uuced AeHCTBYeT Kak
Hale/eHHas NAMSATbI0 CMJIA, CTPEMAINATACS BEPHYTb CUCTEMY K MCXOJHOMY
cocrosinuio. Takoro poaa npelcTaBaeHus MOPOAU/IM MHOTO HeNpPaBUIbHBIX
3akJaoueHuit. (BuoJgoruueckue MPOUECCHl, PACCMATPUBAEMbIE 3/1€Ch, ABJAA-
IOTCS THIHYHBIM M BaXHBLIM KJAaCCOM MapKOBCKMX INPONECCOB, U3YYEHHIO
KoTophix nocBsmeda ri1. XV.) OTverum, uyTo 3akon Xapiau HeNpUMEHHM
K pacmpeleeHH0 ABYX Tap reHos (Hanpumep, oOyC/0BIHBAOULINX FOIY-
60U 1BeT TJa3 M CBOHCTBO OBITh JEBIIOH) € NeBATLIO reHoTunamMmu AABB,
AABb, ..., aabb. 3nech Bce eule HMeeTCs TeHIEHUHS K YCTAHOBJAEGHHIO
CTAILUOHAPHOrO pacrpejefeHusd, HO I0JOXKEHHE paBHOBECHS He ILOCTH-
raeTcd B NEPBOM MOKOJEHHH.

§ 6%, CuenJieHHBIe ¢ TOJOM TPH3HAKH

Bo BBeienun K InperslaylleMy naparpady OTMeuajnoch, YTO TeHL
ABJSIOTCA COCTABHBLIMM YACTAMH XPOMOCOM. XPOMOCOMBI B K.J€TKaX Tena
fapHble W IepeHocATCA TakHM o0pasoM, 4TO BCe TeHbl, Jexallue B 0l-
HOM XPOMOCOMe, OCTalOTCA coeluHeHHbIMH BMecTe !). Haia cxema renuoii
nepenayd HACJAeICTBEHHOCTH IMPUMEHHMA MOITOMY TaKkKe U K XPOMOCO-
MaM, paccMaTpuBaeMBIM KaK eIMHHUB HacjeacTBeHHocTd. [loa onpene-
JsieTCs mapofl XxpoMocoM, s xeHIuH 910 XX, fiasg Myxuun XV. Mare-
PUHCKUH OpraHu3M HeoOXOIUMO IIEPEHOCHT XPOMOCOMY X, U [OJ IOTOMKa
onpeleaseTcs XPOMOCOMOH, NepenocuMolt oTnosckum opranuamoM. Coor-
BETCTBEHHO 3TOMY MYXKCKHE H JKEHCKHE TaMeThl MPOM3BOLATCH B PaBHOM
KoJmuecTBe. PasHulla B YaCTOTAX DOXAEHHA MajbUuHKOB H JeBOYEK
0ObACHSIETCA TeM, YTO OHM HMMEIOT Pa3JjuuHble IIAHCH BBDKHTb B IpPeApoO-
I0BOH mepuol.

*) 3ror naparpad NOCBAIIEH CIENHAJIbHBIM BONPOCAM H MOXET OHTH Omy-
ieH NPH [epBOM 4TeHHul.

1} DT1a KapTHHA HECKOJLKO OCHONHAETCH ABAEHUSMH Pa3pbiBOB H BOCCOEAH-
HeHud xpomocom [cM. 3agauy (10.12) ra. II).
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Mpt yxe roBOpHAM, YTO KaK TeHH, TaK M XPOMOCOMBI BCTpPEYaIoTCH
napamu. OAHAKO HMEIOTCA UCK/IOYEHHS, CB3aHHLIE C TEM, YTO TeHHI,
JAexamue B Xpovocome X, He HMEWOT NapHbIX MM TeHOB B XpOMO-
cove V. KeHuuHBI UMEIOT J[1Be XPOMOCOMBl X M, CJeLOBATENbHO,
nBodHo# Habop renos X, HO MYXUMHB HMEKT JMINb OJMHAPHBIH
nHabop reHoB X. THUNHYHBIMU TFeHaMu, CUEMJICHHBIMH C ITOJOM, SBJSIOTCS
renbl, o0ycAOBAMBAOIME MadbTOHW3M M remoduiuio. [Io oTHOLeHHIO
K HHM JKEHLIMHB MOI'YT HMeTb TPH reHotuna AA, Aa u aa, a Myx-
UMHB, OPraHU3M KOTOPHIX HeCeT JHlib o0uH TeH, ABa reHotdna A u a.
3aMeTHM, 4TO CbIH BCeria HacaelyeT OTUOBCKYIO XpoMocomy Y, Tak urto
CLeNJeHHble ¢ 10J0M NPU3HAKY He MOTYT HepelaBaThCsl OT OTLA K CHIHY.
Ounnako oHu MOTYT OBITh NepelaHbl OT OTLA 1OYePH, 4 OT N0YepH -— BHYKY.

Tenepb Mbt 0Go6uMM pe3yabTaTsl Npenbliyliiero naparpada. Onsth
MpHMEM FHMOTE3Y O CAydyalHOM CKDellMBaHUM H AONMYCTHM, YTO YaCTOTH
revotunos AA, Aa u aa cpemu ocobelt seHcK020 MOJA PABHBL COOT-
BeTCTBeHHO , 2v W w. Kak u paubwie, nonoxum p=—u-tv, ¢=
= v~} w. YacTorsl MyxKcKkux reHotunoB A u a o6osHauum uyepes p’
uq (p'4¢q =1). Torna p’' u p Gyayr uacToramu reHos A cpepu oco-
Gell MYCKOFO M EHCKOTO I0Ja COOTBETCTRBEHHO. ITOTOMKM MYKCKOro
110/1d HAC/EeAYIOT MAaTECPUHCKHEe XPOMOCOMH X, M NOSTOMY

pi=0p q;=q. (6.1
[ToBropsas paccymuenns § 8, 1Js TpPeX eHCKHX FeHOTUIIOB HO.AyUaeM:

wm=pp, 20,=pq+4qp’, w =gqq (6.2)
Otcwaa

p=uFv=Yp+p) q=uv+w=10¢q+q¢) (63

At GopMyaB MOXKHO UHTEpIpeTHpPOBaTh caenylowuM obpadoMm. Cpenn
NOTOMKOB MYXCKOTO MoJa reHsl A W a BCrpevanTcsd npubausuTesbHO
C TEMH e 4YacTOTaMM p M ¢, 4TO U B MATepHHCKOH monyasuud. AuHa-
JOTHYHBIE Y4aCTOTHl P, U ¢, AN NOTOMKOB KEHCKOFO M0Jia PaBHbl Cpel-
HeMy apudMeTHUecKOMy 4acTOT reHos A M @ B OTIOBCKOH M MaTepHH-
cko#t nonyasuuu. Mp HabmonaaeM TeHIEHUMIO K COMMKEHHIO 4YacTor
reqoB. HehcteureabHo, u3 (6.1) u (6.3) caemyer, yro

p—pn=Y{P—->r) a—a=1g—9) (6.4)

D10 03HAUAeT, UTO ILIPH CJAYYaHHOM CKPEIUMBAHUK pasHULA B HaCTOTAX
reHOB A W @ CpelM MYXYMH M XKeHIUHH yXe B MepBOM TNOKOJECHHH CO-
Kpamaercs B 1Ba paza. OIHAKO 3Ta pasHMUA TNOJHOCTLIO He MCuesaer,
W CyllecTBYeT TeHIeHNus K janbHeluieMy cOamxenuio. B oTausue oT cu-
Tyauus, OMUCHIBAEMON 3aKOHOM Xapau, pacupele’eHue reHOTHIIOB B fep-
BOM M MOC/IERYIOLIUX NOKOJEHHAX He fABJseTcs cTauHoHapHuM. OaHaxo
OT TMOKOJEHU K TOKOJEHHIO MOXHO NpPOCHAEANTb 3a CHCTEMATHYECKON
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KOMIIOHEHTOH, npeHeOperas cayYalHBIMH KOJeGaHHAMH M onpeletas Teo-
peruyeckue BeposiTHOCTH 1o Qopmynam (6.2) u (6.3), B coOTBETCTBHH
¢ JeHCTBUTENbHLIMH 4YaCcTOTaMu B mepBoM mokoaeHuul). s uacror A
¥ TEHOB @ BO BTOPOM IIOKOJEHHH MOJY4YHM BBIpXKEHHS

p2=1, (Pl -+ P;)=3/4P+ 1/41’,‘ /P 2%(41—1‘?;) z—i—q—f—%q’
(6.5)

U, KOHEYHO, pé:pl 7§ qé:ql. IToBTOpAa 3TH pacCyXAeHHS HECKO.IbKO
pa3, MOMHO YCTaHOBHTb oOuiue (GOPMyan AJd9 BepPOATHOCTEH p, H ¢,,
XapaKTepUsyoUUX pacnpenenende reos A n a cpeanm ocoleft eHCKOTO
nosaa B n-M noxogeHud. IToa0xuM

1 1
o= QCp+p) B==52¢-+9) (6.6)
(3amerum, uro a8 =1.) Torna
Po_1+ P p—p
pp =Ty = () S
TprF 000 . 4—q
qn:_g——“~§+(—1) 3o (6.7)

H pPn==Pu_ts Gn==4¢n_1. CuaeioBareabo,
pn.>a* p;I—)a' qn_>p’ qlll__>€3 (68)

YacToTH TeHOTUNOB B TONyJASUMM OCOOEH HMEHCKOrO n0/Ma, COracHo
(6.2), pasumnl

lln=17n~1p:z—1, QUlzzpn—lq;z—l"l“qn—lp;z—l, (6.9)

’
w, = qn—lqn—l-
Orcwona caesyer

u,—>0?, 2v,— 24, w,—>p%. (6.10)

Ot GOPMyabl  MOKA3LIBAIOT, YTO CYLUECTBYET CHJbHAT CHCTEMATHUYecKas
TeHIEHILHS, CBOAALIAS CHCTEMY K YCTOHUHBOMY COCTOSIHUIO, KOTOpPOe Xd-
PAKTepH3YeTCA TeM, YTO YacTOTH MYWCKHX TeHOTUIOB A H 4 paBHH o
H @, a 4acTOTHl KeHCKHX TreHoTHNnoB AA, Aa u aa paBHBH COOTBETCT-
BeHHo a2, 208 u B2. dopmyant (6.7) NOKA3LIBAIOT, YTO CXOLUMOCTb OYEHb
OpicTpas. Ha npaktuxe pacrpeiefieHde FeHOTHNOB B TPeTbeM HJM YET-
BEPTOM MOKOJEHHAX Yie MOMHO CYHTaTh ycTofuuBbiM. KoneuHo, cayuait-

1) Micnonp3ys TepMuHOJOTHIO, BBEJCHHYI0 B NpuMeuaHHH 2 Ha cTp. 141, Mu
MOXEM HMHTEPIPETHPOBATh Pp M g, KaK MaTeMaTHUeCKUE OKHMIAHUS 4ACTOT FeHOS
B n-M nokoJenud. [Ipy Takoit unTepnperanmus GopMyasl 1ag p, H g, cTaHoO-
BATCSH YXKE HE NPMONNKEHHBIMY, a TOYHBIMML
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Hple koaebauus OyayT caerka HCKaxaTh HAPHCOBAHHYIO KapTHHY, HO MO-
CAeIHAS NPaBU/IbHO OTPAXKAET OCHOBHYID TeHIEHLUHMIC Pa3BHTHS.

['7aBHBIA BHIBOL M3 BCErO CKA3aHHOI'O COCTOMT B TOM, HTO NpPH Cay-
UaHOM CKpeLMBaHUM TeHOTHNH A M @ cpeaun ocobeli MyXcCKOro mnoja
u redotunsl AA, Aa u aa cpelu ocolell KEHCKOTO TNOJA LOMKHBI
BCTpeuaThCsi npubauaurTebHo ¢ wactotamu o, B, «?, 2283, 8?2 coorser-
CTBEHHO, npuyeM a-f=1.

[TpumMevanue, MHorue reHwl, CcleMJIeHHbe C I0JOM, HanpHMep
TeH JalbTOHW3MA, fBJSIOTCH PEUECCHBHBHIMM M BHI3BIBAIOT AedekThl. ITycTe
a — rako#t red. Torla nedexT MMEOT BCE MYXKUMHB @ H KEHLIMHH aaq.
HKenmmup THna Aa gedexTa He WMeIOT, HO MOTYT NEpenaBaTh ero CBONM
noroMkaM. Tlo3TOMY MBI MOMeM OXHJaTb, UTO peueccusHuili, cyen-
AeHHBE ¢ noaom Oedhexm, KOmMopoll 8cmpeqaemcs Yy MVNHCHUH
C BEPOAMHOCIEIO &, Y HCCHUUH BCMpedOemcs ¢ 8epOAMHOCMbIO o>,
Ecinu oInH u3 cTa MYXYMH — Ja/JbTOHHK, TO KEHUMHA C TAKUM XKe He-
1ocTaTKOM Berpevaerca oZna Ha 10 000.

§ 7.* Cenekuus

B xauecTBe THUMMUYHOrO TPUMEPA BAMAHUA CEACKIMM MBl UCCAEAYEM
TOT cJayualt, Koria ocobu aa He MOTYT PasMHOXKAThCHA. DTO MOKeT Cay-
UUTHCHA, €C/IM TeHbl @ SBJAIDTCA PeleCCUBHLIMA JEeTalbHBIMU, TaK YTO MO-
IBUBILMECS HAa CBeT MHIMBHIYYMBH @@ cpasy e ymupaior. Kpome Toro,
TOTO MOWHO BOOHUTHCA UCKYCCTBEHHLIM U3MEHEHMEM YCJIOBHH pasMHOxe-
HUS WJIM 3aKOHOM, 3alpellalolMM CKpelluBaHue ocobell aa.

[TpeanosoxuM, 4yTO THIIOTE3a O CAYYAHHOM CKpEIMBAHMU OpUMeHHMA
K COBOKYMHOCTH BceX ocobeit AA v Aa, HO Her CKPEIIHBAHUsS HHIHBH-
ayyMoB aa. Ilycts dactoTs reHorunos AA, Aa u aa B Hawarvrod
NONy/slUUH PaBHBl 4, 2U M W COOTBETCTBEHHO. AHAJOTHUHEIE YACTOTHI
B COBOKYIIHOCTH podumeneli PaBHbI

2u
l—w

L W . wt=0. 7.1)

1—w
B nanbHeituiem MOXHO paccyxiaTh, Kak B § 5, HCMOAb3ys, OIHAKO,
BMeCTO Beauuud 4, 2v, @ Bejuuunsl (7.1). CoorHomenns (5.1) same-
HAIOTCH AP)TUMM COOTHOLIEHUSIMU:
utv v (7.2)

—w’ I=7—%"

p:

BeposiTHOCTH TpeX TeHOTHIOB B MepBOM HOKOJEHHH ONATh ONPeNeasioTcs
dopmyaamn (5.2), 1. e. u;=p?% 2v,=2pq, w,=4q°

Kak ¥ pasblie, AAs TOrO uyTOOH NMpPOCJEANTb CHCTEeMaTHYECKHe H3Me-
HEHHs OT MOKOJEHHS K TOKOJEHHIO, Mbl JO/MKHBL 3dMEHHTb 4, U, W@

*) D101 mnaparpad NOCBAIIEH ClELHaNbHLIM BONpPOCaM M MOXeT OblTh omy-
lleH NP NepBOM UYTEHHH.
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Ha #;, U,, @W; 1 NOAYyH4UTb BEPOATHOCTH TEHOTHIIOB BO BTOPOM MOKO/eHUH
Uy, Uy, Wy, U T. A. BooOute, ncxona us (7.2), noayuum

__ Unt+ Uy — Up
p,= I—w, ' 9, = T—w, (7.3)
"
”,H-l=!721, 21};1'1:2‘0/1(];1‘ wna—l:q%- (7.4)
Conocrasaas (7.3) u (7.4), natizem, urto
Ppy1= bt 1 Y — o fn Gl : (7.3)
l—w,,, l—gq, 14+q,
H aHaJdOru4dHo
e YUni . -
qn+1- l“wn+1 - 1‘;‘%1. (16)

Hcnoabsys (7.6), HeTpyAHO BLIYMCAMTHL ¢, B SBHOM Buie. leficTBuTessHO

1 1
:1 § P 7.7
9ni1 ™ qn 77
U OTCI0Aa NOCIeA0BATENBHO
1 1 1 1 1 1
— =1 —_ = =2 5 . — == — 7.8
4, + q q2 + q qn + q (7.8)
WA
q g 2
qn:j_'_nq ’ a’n-H:(’l__T_?ﬁ‘) . (79)

Msl BUAUM, YTO TEHOTHI, He CMOCOOHHI K BOCNPOM3BENLEHHIO (MM He-
’KeslaTe/bHBINR), OCTENeHHO HCYe3aeT, HO NPOoLecc ITOT KpafHe MelJeHHbIR,
Ilpy ¢ =20,1 rtpebyerca necaTb NOKOJeHHH, 4TOOB HANOJOBHHY COKpa-
THTb YaCTOTY TeHOB @; NPU 3TOM uacToTa ocobefl, UMCIOIIUX FEHOTHN aa
uamenstercad ¢ 1 go 0,25%. (Eciau ren @ cuemieH ¢ moJaoM, TO mpoitecc
BHIMHPAHUS 3HAUNTeNbHO OHICTpee, KakK noKasano B 3anave 29; oGoben-
HOM CcXeMe ceJeKLun nocBalleHa 3amada 301)

§ 8. 3agauu

1. BpocawoT Tpr kocTH. KakoBa BEpOATHOCTH TOro, 4TO XOTH GBI HA OAHON
43 HUX BBINAAET OJHO OYKO, €CJM Ha BCEX TPEX KOCTAX BBINAJH pasHble IpaHu?

2. MsBectHo, uto mnpu Opocanun 10 kocre#l mosiBuiach no Kpaiineid mepe
naHa enuHuua. Kakosa BEpOATHOCTH TOTO, YTO MOABUJIOCH ABe MM 6oaee enu-
HUIBI?

Yy HanpheHuui aHanaus pasHoOGpasHbIX eBreHuyecKuX sdhexToB (KOTOphiE
YaCTO OTAHYHBI QT TOTC, YTO JYMaioT IOpsAYHe CTODOHHHKM 3aKOHOB O CTEepM.Ii-
sauuu) cm. G. Dahlberg, Mathematical methods for population genetics,
New York and Basel, 1948.
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3. bBpuax [Ilpu cnave xapr Aas urpbl B GPMIK NEPBHIH M3 HMIPOKOB He
TOoAYUMA Ty3oB KaxkoBa BEPOATHOCTh TOTO, YTO €ro MapTHEp a) HE HMEET TY30B,
6) nMeeT He MeHEE JBYX Ty30B?

4. Bpuax DBropoit u ueTBepTHIH HIDOKH HMEIOT BMeCTe NECHATb KO3bIpeH
(xo3blpH — KapTh onpefeneHHod macrtu) a) Halitu BepoatHOCT TOrO, uTO BCE
TPH OCTABIIMXCS KO3BIPA HAXOAALCH Y OJIHOTO urpona (T e aubo mepeuin, Aubo
TPETHUH UI'POK He HMeeT Kosblped) 6) M3BecTHO, 4TO cpeau Tpex OCTABIIHXCS
KO3bIpeH HMeeTcs KOpoab [KakoBa BepOATHOCTb TOrO, YTO OH SBJAETCA e€NiH-
CTBEHHBIM KO3BIDEM Yy HIpOKa, HMEWUIero ero Ha pykax?

5. O6cyante 3ajady o nawouax (npumep 7 6 ra H) B repmunax jcioBHBIX
BEpOSITHOCTEH, HCIOAL3YSA MeTOT npumepa 2, 6

6. Ha ¢abpuxe, usrorosnsiomen 6oats, Mamuun A, B, C npoussousr coort-
sercTBenHo 25 35 n 409% Bcex uameauit B nx mpojykuHu 6pak COCTABJAACT
coorBeTcTBeHHO D 4 u 29 Cayuafino BhOpanHbiy U3 HPOAYKIUK GOAT OKa3ancs
nedexTHBIM KakoBBI BepOATHOCTH TOrO, UTO OH OBl MPOH3BEIeH MalHHAMH A,
B C?

7. TpeanonokuM, 4to 5% Bcex MyxuuH H 0,25% BCEX WKEHI(MH 1a/bTOHHKH.
Hayran BoiOpanHOe AuiO CTpadaeT AajibToHm3MOM KakoBa BeposTHOCTH TOrO,
4yTO 9T0 MymuuHa® (CuuTaTh, YTO MYKUYHH H KEHIIHH OJIMHAKOBOE YHCJIO )

8. Cemb 1IapOB CJYYaHHO pacHpeiesioTcs HO CEMH sMKaM, BEPOATHOCTH
pasaMuHBIX pasviemleHHil npexcraBieHnt B ta6a 1 § 5 ra Il Hcmoassys sty
TabAuly, AOKa3ailb, 4TO YCAOBHAa# BEPOATHOCTb COOBLITUS «HaiflneTcs SHIMK, CO-
Jepxarui Tpu Wapa, TNpH VCIOBHH, YTO MMEETCS POBHO JBA NYCTHIX SIIHKA,
pasHa !/,

9. KocTb 6pocaercs 1o Tex mop, noka He Bumafer ouko [lpeinoaaras, 1ro
Npu NEPBOM HCABLITAHHH OYKO HE BHINANO, HAHTH BEPOATHOCTH TOrO, YTO TO-
TpebyeTcd He MeHee Tpex OpocaHuit

10, MMponoaxenue JHonycTuM, 4TO YHCJO /1 HCUBITAHUH weTHO Kakosa
BEPOATHOCTb TOrO, UT0 1 =2

11, Mlycth ') BepostHOCTH p, TOro, YTO B ceMbe n jereft, papuHa ap? npu
n>=l,up=1—ap(A+p+p*4 ) Jonycrum, 4T0 Bce KOMOMHaLuH MO-
#0B 71 ferelt pasHoRepoarthst [lokasats, 4To npu k> 1 BeposTHOCTH TOTO, UTO
B cevbe R MaabuiKOB, PaBHA

Qap®

(2_p)k+l

12 MMpoxroaxenue Ilycrs u3BECTHO, YTO B cCeMbEe €CThb MO Kpakued
Mepe OJ¥H MaabuMk KakoBa BepO4THOCThL TOro, 4YTO B HeH IBa HAM GoJjee
ManTbYHKOB?

13 Koctb A uMeeT ueThbipe KpaCHBIX M lBe Oe/blX rpaHH, B TO BpeMs Kak
kKoCTh B uMeer, HAao6OpOT, ABE KPAacHHIX U 4eThipe Oeanix rpanu DBpocaem mo-
nety. Ecau Bhimazer repl, TO IPOAOJKEHHE HIDBl COCTOUT B TOM, YTO OJHH Pa3
6pocaem kocth A, ecau BHEOaieT pelleTka, TO OAMH pas GpocaeM KocTb B.
a) JloxaszaTb, 4TO BEPOATHOCTh BBHINAAEHUS KPACHOH IpaHu NpU KakoM-aubo HC-
neiTaHuy paBHa !/, ©6) Tlepsble ABa HCMBITAHUS NIPHBEJH K BHIIANEHHIO KPaCHBIX
rpaueit Kakosa BEpOATHOCTb TOro, YTO M IPH TPETheM HCIBITAHHM BbIajeT
kpacuas rpanb? B) Ilepebie 7 HCOBITaHWHM NPHBENH K BBINAJEHHIO TOJBKO Kpac-
HBIX rpaHed KaxoBa ycJoBHa# BepoOSTHOCTL TOTO, 4TO XOTs 6 pa3 Opocanach
kocth A? r) Kako#i ypHOBOH MOIeJH OTBeuaeT 3Ta CXeMa?

) Cornacuo A J Lotka, aMepukaHckas cemefiHas CTaTHCTHKA YAOBJAET-
Bopsier 3T10ff 1unorese ¢ p=07358 Cwm Theorie analytique des associations
biologiques II Actualites scientifiques et industrielles Ne 780, Paris, 1939,
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14. B npumepe 2, a o6o3Hauum uepe3 x, BEPOATHOCTb TOTO, YTO HIpOK, NO-
GenUBIUNA B - BCTPEYE, BLIUTPACT H BCIO HIPY, Yepe3 y, H 2, COOTBETCTBEHHO
0603HAYMM BEPOATHOCTH BBIMFPATb BCIO HIPY IS HIDOKA, NOTEplEBLIEro Nopa-
weHHe B n-# BCTPeue U He NpUHMMaABIIEro B Hed yuactis. a) Ilokasartp, urto

1 1 1 1
xn"—_‘j"i‘? Yn+1 yn:72n+lv zn:§xn+l- (%)

6) HenocpeicTBEHHO H3 DPAacCMOTPEHHUS NMPOCTPAHCTBA 3JEMEHTapHHX COGBLITHIE
YCTAHOBHTH, UTO B JEHCTBUTEIPHOCTH HE3AaBHCHMO OT 11 X, == X, Y, =¥, 2, = 2.
B) Jlokasath, 9TO BEPOATHOCTh TOrO, 4TO HI'POK @& BBHIMIDHIBAET UIPY, paBHa 5/,
(B coorBeTCTBHM ¢ 3ajadell 5 ra. I). r) [lokasars, 410 Xp=*4/7, y,=1/;, 2=
= 2/, eCTh €JUHCTBEHHOE OI'DaHMUEHHOE pellieHHe CHCTeMBbl (*).

15. [ycts cobuitust A, A, ..., A, HesaBucuMbl, u P {A4,} = p, Haimu
BEPOSTHOCTb p HEMOABJIEHHA HM OJHOTO U3 3THX COOHITHH.

-3
16. [Iponoanxenne Ilokasars, uro Beerda p <e Pk,
17. llpoaoaxenue BoBectu u3 HepaBercTBa Bondepponu, uto Bepos-
HOCTh OZHOBPEMEHHOrO0 OCYUIECTBJACHHS & uin Oonee cobbiTHit M3 Aj, A, ...

., A, menbwme, uem (p; -+ ... -}—p,,)k/k!.
18. K ypunopo#t cxeMme Ilo#a, npumep 2,B). KakoBa BeposaT-

HOCTh TOI'O, YTO MEpBBll Map Obla YepHHIM, €CJHH BTOPO IHIap OKa3aJCsl YEePHBIM?
19. K ypunosoit cxeme Ilo#ia, nmpumep 2, B). Ilokasarb ¢ 1no-
MOLIbI0 HHAYKIHH, YTO BEPOSTHOCTH H3BJEYEHHS YEPHOro [Iapa IpPH KakoM-aH6o
WCTIBITAHKMU paBHA b/(b - r).
20. Tpoxoaxenune. J[oxazaTb MO HHAYKIUH: A4S JIOOHIX m < R BEPOAT-
HOCTH TOr'O, 4TO M-8 M n-& HCHBITAHMA JaayT koMOunanuu (4, 4) uau (9, k),
pPaBHH COOTBETCTBEHHO

b (b-+c) br
b-+nr+r4+o’ (G¢+nl+r4o°

0O606iuTs Ha caysak 6ojnee ueMm JBYX HCIOBITaHMH.

21, Cummerpus no BpemMenu B cxeMme [lo#ta. Ilyctb Au B
03HAYAIT KAWAOE MM UepHBIH, HAW KpacHbiil user (Tak yto AB MoweTr 6bITh
moBo# u3 uerbipex komOunanui). ITokasatb, uTo BepoATHOCTH LBeTa A npu n-m
MCIBITAHMH TIPH YCJAOBMH, 4TO 7-€ HCNbITAHHE JAJ0 NBeT 3, paBHAa BEPOATHOCTH
uBeTa A NMPH M-M MCIOBITAHMM NIPH YCJAOBHH, 4TO 7-€ HCIBITaHHE JaJ0 useT B.

22, Ilycts B cxeme Ilo#a p, (71) — BEpPOATHOCTb M3BJEYEHHS R 4YepHBIX
HIapOB B NEPBLIX 7 UCHHITaHHsX. JlokasaTb pekyppeHTHOE COOTHONIeHHe

e D= ) GO0 s SO

rie p_{(n) npUHAMaeTca paBHBHIM Hy/alo. VcHnonb3oBath 8TO COOTHOINEHHE AAf
HOBOTO J0KasaTeancTBa dopmyast (2.5).

23. Pacnpeneanenune [lo#ia. B (24) monowuM jas xpaTtkocTu
b r

TIF=P FEr = oy =t @)
IMokasath, 4TO BHIpaxeHHE
(=54
Pay 0= 7(;"1 o Ut g dony=n, (8.2)
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HMEEeT CMBICA JJs NPOM3BOJBHBIX (He 00fi3aTeNbHO PALMOHAABHBIX) MOCTOSHHBIX
>0 9>0, 1> —1, rakux, 4t0 p-+ g = 1. [IpoBeputs, utO Pp,n >0 uuto

n
Ep/, n 1.
v=0

¥Ypasuenue (8.2) ompexneaser pacnpenerenue [lofia.
24, IIpenenbuas dopMa pacnpeneaenns [lo#a Ecan n->o0,

p >0, 1—>0 tag, uro np—>», ny->p~!, 1O

b ny—1 o Vef 1 \m
p”“”_)( n )(P+1) (1+9)'

[TpoBepHTb 3TO M JAOKa3aTh, 4TO NPH (PUKCHPOBAHHLIX A I p UY/EHBI CIpaBa JAlOT
B cymme enununy. (ITpaBas uacTp onpenensieT Tak Ha3bIBAeMOe OTPHUATE/bHOE
6uHoMuaJbHOE pacnpefenenne; cM. § 8 ra. VI u samauy 37 ra. VL)

25. MiurepnperupoBats ypaBHekue (11.8) ra. II B TepmMuHax YCJAOBHBIX
BEPOSATHOCTEH.

Ipuaoxenus K GHOJOTHH

26. [lpu cayuaiiHOM CKpelHBAHWH MeHee TOJOBHHB 0CO6ell, BXOIAIIUX
B MOMNYJSINMIO, NPHHALICKHUT TeHoTHNy Aa.

27. O606muth peayapTaThl § 5 HA cayua#, KOTAad Kaw/blii TeH MOXET Ha-
XOIUThCH B OHOH H3 n dopM A, A, ..., A;, Tak YTO CyUIECTBYeT (k;’_l)
FeHOTHIIOB, @ He TPH, KaK 3TO Npelnonaraioch OpH paccMorpenusx § o.

28. M3 HekoTopoll cCOBOKYNHOCTH, B KOTOpO# reHotunwmt AA, Aa u aa BCcTpe-
JalTC ¢ YacToraMu u, 2v W w, cAydalHO BbGMpaloTcst ABe ocobu. ITH ocobu
CKDEIUBAOTCA, M € HX [IOTOMCTBOM IIOBTOpseTcs Ta ke npoueaypa. Hafitu
BEPOSITHOCTH 10T0, UTO 06a pojuTe]s B IIEPBOM, BTOPOM, TpETbeM HOKOJEHUsAX
npunapiexar renotuny AA (cm. npumeps 2, M ra. XV u 4,6 ra. XVI).

20. Ceaexnusn Ilycth a-— pEenecCHBHBIH, CUENMAEHHHH C IOJAOM TeH.
[TpeanosoxuM, YTO HPOUECC CEJEKIHH JeJaeT HeBOSMOXHBIM CKPELlHBaHHE IBYX
Myxckux ocobeit a. Ecan renotrunsl AA, Aa ¥ aa B HaualIbHOH COBOKYNHOCTH
BCIPEUATCsl € YacToTaMu ¢, 2v, @, TO 1NOKa3aTh, YTO B IEPBOM MNQKOJIEHHH

uy=u-tv 2vy=v-+w, w, =0, Tak 4TO P, =p—§—q—2~ = q.Kopoue ro-

BOPS, YACTOTA I'EHOB ¢ YMEHbIUAETCH B JBa pasa.
30. OGo6muM 3agauy o cejekuuu § 7, npexpnoJaras, YTO YHHYTOXKAercd
aulb HekoTopast uacts A (0 < < 1) ocobeit aa.

[lokasarb, uTO
u-tv q__v+(1—~7\)w

P=1Tw 17 1w
Boo6ue BMecTo (7.3) MOXHO 3amucaThb
—Pn — 1—1g,
Pn 1 }\f],?l » Int+1={n 1— )\q%

(O6mee pelieHUe 3TUX ypaBHEHHH, NMO-BHIUMOMY, HEHU3BECTHO.)

31. PaccMoTpuM OIHOBpPEMEHHO JBe NAapPHl I'€HOB C BO3MOXHBIMW (opMaMu
(4, a) u (B, b). Jliobas ocobb mnepenaer CBOHM TNPSAMBIM HOTOMKAM OJMH TeH
43 KaXJOH napbl, Tax UTO KaX/Aad H3 YETHIpEX BO3MOXHHEIX KOMOHHAuu# umeer

BEPOATHOCTD T (3T0 NPeAnoONAoKEHue COpaBeAJUBO JINLUIb B TOM Cdyyae, €CaH
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pasHble TeHbl [IPHHANAEWAT pA3HBIM XPOMOCOMaM, HHaye HMeeT MecTo cTporas
3aBHcUMOCTb). CyumiecTByeT HAEBATh TI'€HOTHNOB, M Mbl 00603HAaYaeM HX YaCTOThE

"; “0””0‘; “onyzl"/‘}"” “i_‘l’es Unass Vaaps Varw Vaarw QUUAaBB' 25Aabb'
2U g appr 2V gagp 1) AaBY, L‘;"O’K"M p[,}B =U 4455 AABb 2288V Yaany
Pap = Ugan aavs T Yaans T Yaane Pan= Ysann aaBb AaBB

U amy Pab=UVsaoo TV saoe+ Vsans aapy DPIBECTH UYaCTOThI, Xapak-
Tepu3yOIKE paclpeleneHne TeHOTHHOB B IE€PBOM NOkoJeHHH. [lokasats, 4to

1 1 1 N
PAp=Pag—3 P =Par+d Dok =Pap+d Po)=Pap—0 e R =
== P spPay = PapPap CTALHOHADHOE pACNpElENCHHe ONpENENSeTCs CHCTeMOH
pPaBEHCTB pAB——QB :pAb—}—QB n T. 4. (OTveTuM, 4to 3aKoH Xapau HenpuMe-

I{MM; KOMIO3HIHS MEHAeTCsi OT NOKOJEHHsl K INOKOJEHHIO.)

32. Ilpeanoaoxnm, 4TO YaCTOTH TEHOTHNOB B COBOKYNMHOCTH PaBHBl u = p?,
2u = 2pq, w = g% V3BeCcTHO, 4TO HEKTO MMeeT reHoTHn A4, TOrja BepOATHOCTH
(ycaoBHast) TOro, 4TO reHotHn ero G6pata Towe Aa, pasHa (1 pg)/2.

3ameuanuel). [Hocaedyrouue 3adaqu ovens OGausxu. OHU C853aHbL
¢ nonsimuem cmenenu podcmsa. Kaoscdas zadaua npodorsicaem npedsdyuyyo.
T1peononogicerue 0 caAy1aliHOM ckpeujusanuu & 0603Ha4erusst §5 cox pansiemces.
B cywnocmu, 30ece Mui umeem 0eno coO cnequaivHuisM cAywaem yeneii Map-
rwosa (cuM. za. XVI). Ynompe6aenue mampuy ynpoujaem 3anucs.

33. 3auymepyem reHotunsl AA, Aa u aa yucaamu 1, 2, 3 COOTBETCTBEHHO.
Mycrs pip (i, k=1, 2, 3) — ycioBHas BepoOATHOCTb TOro, YTO 0OCOOb HMeeT
FeHOTHN &, NIPH YCJIOBHH, UYTO OJHA H3 POJAUTENbCKUX ocobell (MyKckas wuau
JKEHCKas) MMeeT reHoTun I Belumcauth Bce NEBSTH BEPOATHOCTEH p;p, NpeENNo-
Jaras, 4TO JApyras pOZHTeNbCKad o0co6b HMeeT oxMH u3 reHorunos I, 2, 3
¢ BepOSTHOCTAME p?, 2pg u g2 COOTBETCTBEHHO.

34. Mokasats, 4TO p;, SABJAAETCA B TO Xe BPEeMs YCJAOBHOH BEPOATHOCTHIO
TOTO, 4TO pojuieNbckas Oco6b HMeeT reHOTHN &, MpH YCJIOBHH, 4TO 3aJaHHbIH
MMOTOMOK HMeeT FeHOTHI i.

35. Ilokasartb, uTO YyCJOBHas BEpPOATHOCTb TOTO, 4YTO BHYK (Aedyllxa)
HMeeT TCHOTHN &, mNpH YCJAOBMHN, 4YTO JeAylika (BHYK) HMEET reHoTun I,
OTIpesiesieTCs COOTHOIIEHHEM

2
P} = PP+ PisPop + PisPay

[Manuua (p(f,g) IBASIETCA KBAJIPaTOM MAaTPHIBI (pik).J
36. [lokasaTp, 4TO pﬁ) ABJSETCS TaKKe YCJAOBHOH BepOSATHOCTBIO TOro, uTO

YeJOBEeK HMeET IeHOTHN R, IPH YCJOBHH, YTO HeKuH ABOIOpOAHbIH GpaT HMeeT
reHoTHun I,

37. IlokasaTb, YTO yCJOBHad BepOATHOCTb TOr'0, 4TO HEKTO MMeeT reHOoTun &,
OpH YCJOBHH, YTO ONpEJEJCHHbIH ero mpajeiaymka (MpaBHYK) ¥MeeT TeHOTHN i,
onpenenserca Gopmyaon

3 9 2 9 9 2 2
P = p@p1, + pRBpor + P8 psp = b+ PR+ pia$h-

3
[Mannua (p(”g)— Ky6 MaTpHIbL (pik). ITH 3aJauy MO3BOJAOT COCTABUTh MHEHHE
O CTENECHH POACTBA B 3aBHCUMOCTH OT noxoneumx.]

" C. C. Li and L. Sacks, The derivation of the joint distribution and
correlation between relatives by the use of stochastic matrices, Biometrica, 40
(1954), 347—360.
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38. Boo6uie ompenesnM BepOSTHOCTH pﬁ.’,’e) TOrO, 4TO MOTOMOK B 7-M IOKO-
JEHHH HMeeT TEeHOTHI &, ecau HeKHi npelrok uMeer reHoTun i [oxasate no
HHAYKIHH, YTO 1’(;"1? ABJSIOTCS 9JAEMEHTAMH CJAeLYIOUled MaTPHILH

P+ pg/2t! 2pq+q(g—p)2"" g2 —qy2* !
PP+ rp@—p)2" 2pq-+(1—4pg)/2" g+ q(p—q)2"
PP —pH2r! 20q+p(p— )21 ¢+ pg/2"!

Orcioza cJaefyeT, 4TO BJHSIHHE INpeiKa yObHIBaeT OT MOKOAEHHA K MOKOJEHHIO
B XBa pasa.)

39. Paccmotpets 3apauy 36, 3aMeHdB JABOWpOJAHOro Gpara Ha 6para. [Toxa-
3aTh, YTO COOTBETCTBYIOIIAA MATpHIA UMEET BuJ

1
7:;(1+p)2 }Q—q(l—#pq) 77 ]

TrU4n 34 a0+ ],

1 1
I 7 P+ +0?

40, IToxasaTb, 4TO CTeNEHb POICTBA MEKAY AALCH U MACMAHHUKOM TaKasd Ke
KaK MEXKJLY BHYKOM H JelyIIKOH.



FTABA VI

BUHOMUAJBHOE PACHPEJAEJEHHE U PACHPEAEJIEHHUE
TIIYACCOHA

§ 1. Ucnnitanus Bepuyaan!)

ITosmopHote He3aBUCUMbBle UCHBLMAHUA HA3LIBAIOMCA UCHLMA-
nuamy Bepuyaau, ecau npu KancooM UCNoLMAHUL UMEEMCH MOAbKO
080 BO3MONCHBIX UCX00Q U 8ePOAMHOCIMU IMUX UCX0008 OCMAIOMCA
HeusaMeHnbime O 8cex ucnvimaruil. TIpUHATO HA3LIBATL HCXOAL
«ycnexom» Y, u «Heyoauei» H, a X BepoATHOCTH 0603HAYATH COOT-
BeTcTReHHO OyKBaMH p U ¢. SICHO, ¥TO p u ¢ JOMKHBL OBITH HEOTpH-
1LaTeAbHLIMH, NpHYEM :

pt+g=1 (1.1

[IpocTpaHcTBO  3/1EMEHTApHHIX COOBITHA 149 KaMAOro OTAEAbHOTO
MCTILITaHNHsSt COCTOMT M3 ABYX Todexk ¥ u H. TlpoctpaHctBo 3/eMen-
TapHHX coObTHi 1ag n ucnmTanud BepHynm cozepxur 2" rouex uan
nocJenoBaTeapHoCTe! 13 7 CUMBOJIOB Y M H; kawlas TOuka npescTa-
BASET ONMH BOSBMOXHBIH MCXOH COCTABHOIO OMbiTa. [TOCKOJBKY ONBITH
HE3ABUCHMBI, BePOSTHOCTH MepeMHOWaAWTCA. MubMu caosamu, seposm-
Hocmb  Karoti-au6o onpedenenHoll nocaedosamessHocmuy pasHa
npoussedenuio, NOAYHEHHOMY U3 IMOU NOCAI08AMeAbHOCU COOM-
semcmaennoii 3ameroli 6yks ¥ u Hua p uq. Tax, P{YYHYH...
...HHY} = ppgpg...qqp.

MMpumepu. Haubonee n3BecTHHIM TPUMepOM MCHHTAaHuH Bepuy.iu
ABJISIOTCA TOC/eA0BaTeAbHHe OpOCaHust NPaBUBHOM, T. €. CUMMeTPHYHOH
MOHeTH; 3lech p=g=1/2. B cayyae HeCHMMeTPHYHOH MOHETHl MbI
No-NpexHeMy CYHTaeM noc/eioBaTenbHble Opocanns He3aBHCUMBIMH, TaK
YTO ¥MeeM MOJedb MCHbITaHuk BepHyssid, B KOTOPOH BEPOATHOCTH yCHexa
p MoxeT GBITh MPOH3BOALHON.

[ToBTOpHLIE CayualiHble uaBJeueHus U3 YPHBI, CoAepxaliel P Kax oM
OfbITe ¥ KPACHBIX H b YepHBIX 1IapoB, ABJAIOTCA HCNBITaHUAMU Bepryaau ¢

_r

pP= r-+6"
Yacto OblBaeT TaK, UTO CYLIECTBYET HECKOILKO BO3MOMHBIX HCXOMOB, HO
paccMaTpHBaTh KawABiH W3 HMX OTIEJbHO HexenaTedbHO, U yAoOnee

') SixoB DBepnysan (1654—1705). Ero ocHosmas pabora ,Ars Conjectandi®
Opina omy6aukosana B 1713 r.
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pa3buTb 3TH UCXOABl HA TPYINY «MOJOXKHUTEJLHLIX» W TPYNNy «OTpPH-
uaredbHbBIX» UCX0A0B. Tak, B ciyyae NpaBUJbHOR KOCTH pasbHeHHe BCex
BO3MOXHOCTe!l Ha BEIMAEHHE OJHOrO OukKa (YY) M HeBbMaleHHe OJLHOTO
ouka (H) npuBodMT K ucneiTaHuaM bepHymamn ¢ p=1/6, a pa3buenue
H4 BBbIMAJEeHNe 4YETHOTO W HEYETHOTO YMC/JIa OUYKOB NPUBOJHT K MCIBITA-
unsM Bepuyaan ¢ p==1/2. Eciu xocTb HeCUMMETPUUHA,TO NMOC/AEL0BATENb-
Hble OpocaHud MO-IpexHeMy MNpeAcTaB/asioT coboit ucmeiTaHus BepHyanau,
HO COOTBETCTBYIOLUME BEePOSTHOCTH P HU3MEHAT CBOM 3HAueHHs.

«YcrnexoM» MOMCHO Ha3BATb TAKKE NO/IyUYeHHe NMEePBbIM UTPOKOM JeCATKH,
BajeTra, [1aMbl, KOpOJd U Ty3a OJHOH MAacTH NpH cAadye KapT AJAs HIpel
B MOKep UK BEIMaJeHue OBYX eAMHMI rpu 6pocaHuu ABYX KOCTelt; Ha3blBas
BCE MpOYMe HCXOAbl «Heyldaued», MBI [OJIYYdM HCHABITAHMS DBepHy.iau
c p==1/649740 u p==1/36. Cxembl TaKOro poja yacro YAOOHH B CTa-
THCTHUECKUX TpHjaokenuax. Hanpumep, wa#i6el, uaroroBaseMble IIpH
M4CCOBOM MPOM3BOJCTBE, MOTYT HENPEPBIBHO MEHAThLCS M0 TOJULMHE, HO
npu npoBepKe OHM Kjaaccuuuupyrocs Ha roauwe (¥) u aedextHoe (H)
B 34BMCHMOCTH OT TOrO, HAXOAUTCA MM TOJMLIMHA B TpPeLNMCAHHBIX Tpa-
HUIaX.

Hcnpitanuag DepHyain—rTeopeTHyeckas cXeMma, M TOJbKO MPaKTHKA
MOXKET MOKa3aTb, TOIHA JM CXeMa AJs OIMCAHHUA JAHHOTO (PU3UYECKOTD
onbitd. TO, YTO MOC/eN0BaTe AbHBIe OPOCAHNA MOHETH IOJXOISAT MO CXeMY
BepHyaIM, BEIBEIEHO ONBLITHHIM MyTeM. MapGe !) nmonaraer, 4To Noc/ie cepHu
3 17 Buimagedu#t repba BhimafieHWe pellleTKH CTAaHOBUTCH HoJee BepOST-
HbiM. TIpu 9TOM OH HaleadeT NPUPOAY NAMATHIO WM, MO Halllel TepMH-
HOJIOTHH, OTpPHILAET HE3aBUCHMOCTB MOCAeN0BaTeNbHBIX UCIbITaHUM. Teopus
Map6e nomkHa ObITh OTBeprHyTa, TaK KaK OHA He HOATBEePHAAeTCH
OTIBITAMHU.

I TpOMBIN/IGHHOTO KOHTDOJS KayecTBa NPOAYKUMHM M T. . cXeMa
ucnsiTanué BepHyanu LaerT uieadpHBIff CTAaHZAPT, HeCcMOTPS Jake Ha TO,
YTO 3TOT CTAHAAPT HUKOIJa He NOCTUraeTcd BmoJne TouHo. Tak, B mpu-
BEACHHOM Bbillie [IpHMepe TMpOA3BOACTBA WAHO MPOAYKUHA 1O MHOTHM
NPUYNHAM He MOXKET BMOJHE COOTBETCTBOBAThH cxeMe Bepuynu. Maiunu
noABepeHE H3MEHECHHAM, W NO3TOMY BEPOATHOCTH He OCTAlOTCH OAHHMM
M TeMd ke, B pemume paboTh MallHH MMeeTcs HEKOTOpOe MOCTOSHCTBO,
B pes3y/abTaTe Yero IJHHHBIE CEPHH OJMHAKOBLIX OTKJIOHEHMH OKa3bIBAIOTCA
fo/1ee BEPOATHBIMH, YeM 3TO OBLIO OB NpPH AeHCTBUTENLHON HE3aBUCUMOCTH
ucnbTanuf. OJHAKO C TOUKH 3peHHs KOHTPOJS KauecTBa NPOLYKUMHK xKeaa-
TeqpHO, UTOOBI MpOLlecC COOTBETCTBOBAJM cXeMe Depuyinn, M BawHO TO,
YTO B HEKOTOpLIX TMpejesax 3TOro MOxHO no6utbes. Lleasio texyuero
KOHTPOJI $BJAeTCS OOHapy:KeHUe yxe HAa paHHed CTajuu CyIleCTBEHHBIX
OTCTYIIEHHH OT uiealbHOH CXeMbl U MCIOJAb30BAHHE HX KAK yKasaHu# Ha
yrpoxaiwoliee HapyllleHHe NPaBHAbHOCTH paGoThl MalIMHHL.

Y K. Marbe, Die Gleichformigkeit in der Welt, Munich, 1916. Cymectsyer
obmupHas KpUTHUECKad JHTepaTypa, NocBsuieHHas Teopuu Map6e.
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§ 2. BuHoMHanbHOE pacHpenejeHue

YacTo npencTasiseT MHTEPeC JHIb CyMMAapHOEe YHCAO YCHeXOB, JOCTH-
FHYTHX B NOC/eJOBATEbHOCTH M3 A WCHLITAaHWA BepHy/IH, He3aBHCHMO
OT MOpsAAKA UX crenoBanus. Yucao ycnexos moxer 6uiTh paBuo 0,1, ..., n,
¥ Hallell nepBoft 3ajauell ABAAETCA ONpeLeNUTb COOTBETCTBYIOLIHE BEPOST-
Hocti. CoObiTHE «7 HMCNBITAHMA NpHBead R pas K ycnexy U4 n— R pas
K HeyJaue» COAEPKHT CTOMbKO 3/JEMEHTAPHHIX COOBITUH, CKOJIbKUMH CHOCO-
GaMu MOXHO kR OykB ¥ pacnpeneiuts no # MecTaM. DTO B8HAYMT, YTO

n
Haue cobniTue COLEPHKUT (k) TOYEK, a4 Kawaasg TOYKA, IO OIllpenejaeHHulo,

uMeeT BepOATHOCTL p*g”~*. ruMm nokasana crenyowmas

Teopewma. [lIycms b(k; n, p)— Bepoamnocms mozo, ¥mo n Ucnbl-
manui Bepuyaru ¢ 8eposSmMHOCMbIO YCnexa p U 8epOSAMHOCMbIO
neyoauu q=1— p npuseau k pa3 k ycnexy u n—R pas x neydaue
O <Lk n). Toea

b(kin, p)= () pg" " @1)

B uwacTHOCTH, BepOATHOCTb He HMeTb HH OLHOrO ycnexa pasHa ¢°,
a BepOATHOCTb UMeTh MO KpaiHel Mepe OAuH ycrmex pasHa | — g”.

Cuutas p NOCTOAHHOH, OOO3HAYUM HYHCJO YCHNEXOB 7 B HCIBITAHMAX
yepes S,; torna b(k; n, p)= P{S, = k}. Cornacto ofime#t TepMUHOJIOrUH,
S, aBaserca cayuwalinod seaununod, a dynkuua (2.1) onpenenser «pac-
npejejeHuey 9Toi cayuyaftHOH BelnuuHB;, Mbl OyJAeM HA3bIBATL 3TO pacnpe-
deneHue OUHOMUGAbHBLM pacnpedeseruem. INuteT «OUHOMHATBHOE»
cBsizad ¢ TeM, uto (2.1) npencraBasieT cobofi k-# ujseH OHMHOMHAJNLHOTO
pasaoxeuns (p-¢)". D10 3aMeyaHHe MOKA3LIBAET TAKXNKe, YTO

b0; n, p)y+b(; n, p)+ ... +b@m n p=@E+9"=1
KaK TOro 1 TpebyeT moHATHe BepOATHOCTH. DUHOMuAAbHOE pacmpeledeHue
Tabynuposaqo 1).

a) Hannoie ¥Y3400Ha 0 6 pocanuu kocmeili, PaccMOTPHM OIBIT, COCTOS -
wui B Opocauuu 12 KocTeH, HpHYeM ARJAS KaXKHAOH KOCTH «YyCNexXom»
CUMTAETCA BhINMaZeHHe MATH MJM IecTh OYKOB. Eciau KOCTH NpaBuJbHBIE,
TO BepOATHOCTh ycmexa p=1/3, H unca0 ycnexoB MO/KHO CJIeL0BATH
GuHOMHAMbHOMY pacnipefeseHuio b (&; 12, 1/3). B 1aba. 1 npusenenn atu
BEPOSTHOCTH BMECTEe C COOTBRTCTBYIOIUMMY CPEIHUMH 4acTOTaMu, Hab.o-
deHubiMu nipu 26 306 npeficTBuTe/MbHBIX onbiTaxX. JaHHBlE KAXYTCH BMOJHE
COr/1aCOBAHHBIMU, HO Ha caMOM Jeje AJA CTOJMb 0OJbIIOrO 4YUC/Aa ONBITOB

1y HOas n<< 50 cm. National Bureau of Standards, Tables of the binomial
probability distribution, Applied Math. Series, 6 (1950). Jas 50 < n < 100 cm.
Roming H.C., 50—100 Binomial tables, John Wiley and Sons, 1953. llaa 6oaee
mupokoro kaacca cM. Tables of the cumulative binomial probability distribution,
by the Harvard Computation Laboratory, 1955 u Tables of the cumulative bino-
mial probabilities, by the Ordnance Corps, ORDP 20—11 (1952).
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cornacue oveHb naoxoe. CTarucTHKH OOBYHO CYIAT O CreNEHH Coriaa-
cus ¢ noMmowpio xpurepua y2. CorsacHo 9TOMYy KDUTEPHIO, I1pH
npaBuJIbHON KOCTH Takoe O0JblOe OTK/OHEHHE, Kak Hab./ioleHHoe, Npo-
HCXonuao Oni auiib B vethipex u3 10000 cayvaes. IlosToMy 3aKonHO
IONYCTUTb, YTO KOCTH He ObliM CHMMEeTPUYHB. ACHMMETpPHsS, NPUBOLsLIAf
kK BepostHOocTH ycmexa p = 0,3377, coraacyercsa ¢ Habaiolenuamu l).

6) B § 4 ra. 1V MB mnoJb3oBa/inch OMHOMHAILHBIM pachpeleneHHeM
B 3ajaye o0 yraibiBaHuW KapT; B Croabuax tabja. 3 cTOAT 4ieHbl OGHHO-
MHAaJbHOTO pacnpenenenns npu n=3, 4, 5, 6, 10 u p=1/n. B 3anaue
0 cayyafiHOM pa3MelleHud niapoB no suivkavm (4.B) rua. Il MBl noayuun.u
popuyay (4.5) ra. 1, xoTopas ABAAETCA APYTHM YaCTHLIM C/Iy4aeM OHHO-
MHAJbHOTO pacnpeie/eHus.

B) CKOJIbKO HCIBITAHHA NMOTpedyeTcs AAA TOro, 4To0bl CAenath BEpOsT-
HOCTb XOTs 6Bl OIHOIO ycmexa He MeHee 1/2, ecau BepOSTHOCTH ycnexa
npu onHom ucnoitanun pasia 0,017 3gech MBI HlleM HauMeHbLiee Lenoe
nonoxHTeAbHOE 1, nas kotoporo 1 —(0,99)” > 1/2 uan — nlog 0,99 >
> log 2; orcwna n > 70.

Ta6auya 1
JlanHble Y3aaoHa o0 6pocaHHH KocTedd

k bk 12 13) | Hagmoneruas b (ks 12, 0,3377)
0 0,007707 0,007033 0,007123
1 0,046244 0,043678 0,043584
2 0,127171 0,124116 0,122225
3 0,211952 0,208127 0,207736
4 0,238446 0,232418 0,238324
5 0,190757 0,197445 0,194429
6 0,111275 0,116589 0,115660
7 0,047689 0,050597 0,050549
8 0,014903 0,015320 0,016109
9 0,003312 0,003991 0,003650
10 0,000497 0,000532 0,000558
11 0,000045 0,000152 0,000052
12 0,000002 0,000000 0,000002

r) 3adaua o crabocenun suepeuei. Honyctum, uto n =10 pa-
O6ouux BpeMs OT BpPEMEHH HCIOJbL3YIOT 3JEKTPHYECKYI0 SHepruio. UroOni
M0JIy4uTh rpy6oe NpeicTaBieHue 06 0xuiaeMOH HarpysKe, mpeactaBuM cebe,

B R A. Fisher, Statistical methods for research workers, Edinburgh—
%32“8‘103“0’3 1932, 66 uau T. C. Fry, Probability and its engineering uses, N. Y,



[56 1. VI. Bunwomua.ibHoe pacnpedesenue u pacnpedeaenue [Tyaccona

yTo B MOGOH MOMEHT Bpe)eH! KaxaoMmy paboueMy € OXZHOH u TOH e
BEPOSITHOCTBIO P MOXeT mnoTpeboBaTbCs eluHuLa sHepruu. Ecau oHM
paGoTaoT He3aBUCUMO, TO BEPOATHOCTb TOTO, YTO 3Heprus norpedyercs
OIHOBpeMeHHO R pabouum, pasua & (k; n, p). Ecau oaun paGoun#t mo-
TpebJiseT HePTUl0 B cpeAHeM 12 aus B TeyeHue yaca, TO CJGLYET NHOJIOXKUTD

p:%. B 3TOM C/y4ae BepOATHOCTh TOTO, YTO HE MeHee CeMH pabo-
yux GyAyT OIHOBPEMEHHO MCTOAL30BATh 3JMEKTPUYECKYIO IHEPrulo, paBHa
b(7;10,0,2)-+...45(10; 10,0, 2) =0,0008643584.

JpyruMp c/ioBaMH, ecau cHabxeHHe PacCUMTAaHO HA LIECTh €JMHULL IHEp-
TUH, TO BeposTHOCTb neperpysku pasHa 0,00086. I1o osHauaer, uTo
OAHA meperpysxka NpUXoAuTca B cpenneM Ha 1157 wmun, t.e. npubiausu-
Te.lbHO Ha JABeHanuaTb 4acoB paboyero BpeMeHH. BeposiTHOCTL TOrO,
YTO 3J1eKTPOIHEPrui0 OY1yT OJHOBDEeMEeHHO MOTPe0.IATb HE MeHee BOChMH
pabounx, pasna Bcero auwb 0,0000779264, wiu nouyrn B oauMHHALIATH
pas MeHblle.

1) Hposeprxa sarkyun®). JlonycTum, 4TO HOpPMadbHasg uyactora 3a00-
JeBaHuft omnpeneneHHOH GoJe3HLIO CpeAM KPYNHOTO pOratoro ckora 259 .
Jl.1n mpoBepkH HOBOH 3AKLMHBI BLIOMPAIOT 310POBLIX MUBOTHHIX H Je-
qaoT npuBuBkd. Kak oueHuTh pedyabTaTh akcnepumenta? Ecaw pax-
uHa aBCOMOTHO HeIeHCTBEHHA, TO BEPOATHOCTH TOTO, YTO POBHO 2 u3 n
MCTIBITYeMbIX  KHBOTHHIX ne 3abouneior, pasHa b (k;n, 0,75). Tlpu

=n=10 93Ta BepoaTHOCT», paBHa npubmbxenno 0,056, a npu
k=n=12 —roaxo 0,032. [TosToMy oTCyTcTBHe 3ab0.eBaHuii B nap-
THH ¥3 JeCATH WM ABeHAMIATH WCNLITYEMBIX MUBOTHBIX MOXHO paclie-
HHBATh KaK YyKa3aHHe HA 3¢G@eKTUBHOCTL BAKIUMHLI, XOTS, KOHEYHO, TaKoe
,J0Ka3aTeJbCIBO* Hedb3sl CYMTATH OKOHYATEJbHBIM. OTMETHM, uTO Be-
POSTHOCTb TOMO, YTO CpeAH CeMHAAUaTH (KHBOTHBIX, He MOJYYHBLIHX
NpUBUBKH, 3a0ogaeetr He OoJee oaHoro, pasHa npubausute.isHo 0,0501.
Orclona BbITEKaeT, YTO OAHO 3a00JieBaHMe B MapTHH M3 CEMHAAUATH KH-
BOTHBIX SIBJIAETCH 60.0€€ CUNbHbIM CBUOEMEABCMBOM B IOJAb3Y BAKILHHBI,
yeM OTCyTCTBHE 3a00/eBaHMK B rpynne U3 JecATH KUBOTHHIX. g n = 23
BEPOSITHOCTL He Ooaee 1ByX 3abo.epannit npubammeHHo pasua 00,0492,
u nosromy nABa 3a0ogeBaHMS CcpeAu ABAALATH TPeX MUBOTHLIX OISITh
ABASIOTCHA JIYYIINM CBUAETE/IbCTBOM 3(@MEKTUBHOCTH BaKIMUHLI, Y4eM OQIHO
CpelM CCMHAANATH UAM OTCYTCTBUE 3a00JeRaHWR cpendt HecaTw.

e) Apyeoil cmamucmuneckull kpumepuid. JonycTuM, uTo y dejioBexa
u3Mepsie 1l KPOBAHOE HAaBJcHHE CHAYyaaa IO BBEJEHHs! HEKOTOPOrO JeKap-
cTBa, a 3areM nocae 37toro. Ilycts HabaoleHns [anud  pe3y/bTaThl

7

Xy wewn X, W X[, ..., X,. DyleMm TOBOpPUTb UuTC i-& NCIHBTaHHE

HP. V. Sukhatme, V. G. Panse, Size of experiments for testing sera
or vaccines, Indian Journal of Veterinary Science and Animal Husbandry,
13 (1943) 75—82.
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nMpuBe10 K ycmexy, ecam x, < X; M K Heylaue, ecilM X, > X,
(MoxHO cuuTaTb, UYTO He CYIECTBYeT IBYX B TOUYHOCTH OAMHAKOBBEIX
peayasratoB.) Ecnu nexkapctBo He mpuBoauT K 3(QeKTy, TO HAllK HCHHI-
TaHMs COOTBETCTBYIOT cXeMe DepHy/In ¢ BepOATHOCTHIO ycmexa p ==1/,.
Bosbiioe 4uC/I0 YCMEXOB CBUAETENbCTBYET O NeHCTBEHHOCTH JEKAapCTBA.

§ 3. MakcumanbHas BepOATHOCTb B GHHOMHAJLHOM pacnpeeNeHHH

U3 dopmyan (2.1) BumHo, uro

bhmp)y __(n—k4+1Dp (n4-1)p—*
b(k—1 n,py kg —1+T‘ C

B cooTBETCTBHM € 3THM BEPOATHOCTH b (£; n, p) Goublie NMpeallecTBYIO-
et BepositHocT® b(kR—1; n, p), eciu k < (n—+1)p, u Menbiue ee,
ecmn & > (n—+1) p. Ecau (n+41) p = m — uenoe wucno, 1o b (m; n, p)==
=b(m—1; n, p). MveeTcqa TOJAbKO OIHO lea0e YHUCAO M, TAKOE, UTO

r+Dp—1<mI(n+1)p, (3.2)

M MBI NPUXOIHMM K Cleiyiollei#l TeopeMme.

Teopema 1. Ecau k uzmensiemca om 0 0o n, mo seposant-
#Hocms b (R, n, p) CHA4QAQ MOHOMOHHO 803PACMAEM, 4 3aMeM MO-
HOMOKHHO YObigaem, Oocmuzas €60e20 HauGoabulez0 3HAYeHUS npu
kR=m, acxaronas mom caywai, rxozda npu m=—{(n-+1)p umeem
Mmecmo paseHcmgo b(m—1; n, p)=>b(m; n, p).

Mpl G6ynem HaswBate b(m; 1, p) MAKCUMAABHOL BEPOATHOCTHIO.
YacTo m HasblBalOT «Haubojee BepOATHBIM 4uCIOM ycmexos». Cuenyer,
OJHAKO, INOMHUTb, UTO npu OCOJbIINHX 3HAYEHUAX 7 BCE BEPOSTHOCTH
b(k; n, p), BKmoOYas 1 MakcuMaabuywoo, Mmanael. IIpy cra 6pocanHusx mpa-
BUJIBHOH MOHeTHl HaubGoJee BepOATHOe YHCJO BHNaldeHu#t repba pasno 50,
HO BepOATHOCTb TAKOro coObiTus Mesblue, yeM 0,08. B caenywoueft raase
Mbl yBUIMM, uTO b(m; n, p)z(’?nnpq)"/z.

OueBUAHO, YTO OTHOLUCHHe, CTOflllee B MpaBOH yacTu ¢gopmyabl (3.1),
MOHOTOHHO YOBbIBaeT ¢ BO3pacTaHHeM k; TakuM o0paszoM, rpu & > r -1

b (& n, p) n—np
. 3.3
FE—Tnp) ~ CFDg (3.3)
[Tonarast mociepoBateasHo k=r—1, ..., r—v U NepeMHOKAs v He-
PABEHCTB, MOJydaeM
b(r-v; n, p) (n-—r)p\“
s el @4

Ipu r > np npoGb B cKOOKAX MeHblie, YeM eIWHULUA, U CYMMHDPOBAHHeE
10 v NMPHUBOJHMT K KOHEYHOH reOMeTpPHUYeCKOH MPOTPECCHH CO 3HaMeHaTe/eM
tn—r)p/(r+1)g. Orciona BuiTekaer, uTo npu §<np
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N - ) (r+Dgq
%b(rw, mp) <O D) (3.5)

3Ta GOpPMY.Ia TIO3BOASET OILleHUBATh NMPaBhIt «XBOCT» OMHOMHAJLHOIO pac-
npenesieHus, a MMEHHO BepDOATHOCTb He MeHee YeM 7 YCHeXOoB. AHajo-
PUYHBIE DACCYXIAeHUs B TIPUMEHEHHH K JIEBOMY <«XBOCTY» I[0Ka3LIBAIOT,
YTO MHpu S np
N
O (n—s+hp
bp; n, b(s; n, p) ———. 3.6
oG p)<bisin Py (3.6)
=0
Urak, noxasana
Teopema 2. Ecau r > np, mo 8eposimuocns He MmeHee 4eMm I
yenexos yoos.aemgopsem Hepagerncmsy (3.5); ecau s-<np, mo se-

poamuocms ne Gouee uem S ycnexos yoogaemgopsem (3.6).
Hpyroe nokasarenbcTBO AaeT 3alaua 39, a.

§ 4. 3axkon Goapmux uucen

Mpl HecKOJMbKO pas3 OTMeuasH, YTO Halle HHTYHTHBHOE MpeicTasJe-
HHe O BePOATHOCTH OCHOBAHO Ha CJEAyIOlLeM mnpeanotoxenun. Ecuu
NP 7 OLVHAKOBHIX HCHBITAHUAX COOBITHE A MPOU3OILIO v Pa3, U eciiu 1
OueHb BEJUKO, TOTd v/m MOKHO OHTL 6JU3KO K BEPOSITHOCTH p COOHI-
tust A. flcHoO, 4TO ¢opmMasbHAs MAaTeMaTHYecKas TeopHus He MOXeT OTHO-
CUTbCS HEMOCPENCTBEHHO K IeHCTBUTEJbHOH KU3HM, HO OHA JOJIKHA N0
KpaifHelt Mepe YKasbiBATH TEOPETHYECKYIO MOJe/b fABJEHHSA, KOTOpOe OHa
neiTaeTcd OOBACHUTbL. [loaTOoMy Mbl TpefyeM, 4TOOB HesiCHOe BBOIHOE
3aMeyaHue CTaJ0 TOUHOH Teopemol.

Ecan §, — uncio ycmexoB B 7 HCNBITAHUSIX, TO CPeLHAS NOJd ycre-
xoB §,/n nomkHa ObTb 6aM3Kka K p. Herpyino Tenepb NpuiaTb 3TOMY
VYTBEPHKACHUIO TOYHBIA CMBICI. PaccMOTpuUM, Hanmpumep, BePOSTHOCTH TOTO,
uT0 §,/n NPEeBOCXOAMT p—}-¢€, rie € > 0 npousBoOJbHO Masloe, HO (ukcu-
poBanHHOe uucja0. IT1a BepoaTHOCTh cosnagaer ¢ P S, >n(p-+e)) u
paBHa JjeBOR wactu (3.5), rie r MpeiCTaBJsieT HAUMeHblllee LeJoe YHC.10,
npesocxoasee n(p-+¢e). HepaBencrso (3.5) no3BojseT 3aKIOUUTH, YTO

P(S,>n(p+a) <b(s n, p)LLEIEL, (4.1)
[Tpu Bo3pacraHun r ApoOb B TNPaBOH uacTH 3TOH GOpPMYJaH OcTaeTcs
orpanuueHnoff. B 1o xe Bpems b(r; n, p)—0, Tak kax b(r; n, p) <
< b(k; n, p) a1a moboro R(n—+ 1) p <k < r, a TAKUX 4Y/IEHOB HMeeTCH
npubausurebHo ne. OTclola BHITEKAeT, 4YTO NPU HEOTpAHUUEHHOM BO3-
pacTaHuu 1 UMeeT MeCTO npejenibHoe cooTHoweHue P {S, > n (p+-¢)} —0.
Hcnosbsys dopmyny (3.6), TakuMm ke o00pasoM MOXKHO N0OKa3aTh, 4TO
P{S,<n(p—e)}->0. O6veanHas 3TU HepaBeHCTBA, [OJAy4aeM, uTO



§ 6. Hpubaunennas popmyaa Myaccona 159

&

Apyzumu cros8anu, 8epoamHoCms moz0, 4mo cpedHas 004s ycne-
X08 OMKAOHAEMCS om p 6oavwe, 4em HaA Awb0e xHaneped 3a0aH-
HOe HucR0 €&, CMPEMUMCA K HYAO ¢ 803pacmanuem n. ITo OxHA
U3 GOpM 3aKOHa Goabuiux wuces, KOTOPAs M CAYXKUT OCHOBOH s
MHTYUTHBHOTO IIPEJCTABJEHHST O BEPOATHOCTH Kak Mepe AeHicTBUTEbHON
yacToTh. JJ19 npakTHYeCKUX HPHJIOKEHUH 3Ty (GOpPMY/JIHPOBKY HAnO A0-
nosHuTh 00Jee TOYHOH OLEHKOH BEpOATHOCTH B JeBO# wacTH (4.2); Takyio
OLIEHKY MO3BOJSET NOAYYUTh HOPMaJbHOe mnpubavkenie Ajis OUHOMHAJb-
HOTO pacnpelefeHHd (TUNHYHBIM B 3TOM CMBIC/e sBJseTCs npumep (3.2)
ra. VII)., daktuuecku popmyna (4.2) aBasercs MPOCTHIM CJIEACTBHEM 3TOTO
npubaukenus (cM. 3anady 18, ra. VII).

Yreepwaenue (4.2) sipaserca GOPMyMMPOBKOM KJACCHYECKOTO 3aKOHA
fonblIMX YHCeN, KOTOpHIH He mpeicTasiser 00/blIOro HHTepeca. bouee
TOHKOH M 3HAuYUTeJbHO 00.lee MHTEPECHOH TeOpeMOH SIBJSETCS YCUACHHbLE
3aron Goavuux wuces (cM. § 4 ra. VII.

[Mpenoctepexenue. Crano 06bYHBIM 06GHAPYKUBATE B 3aK0OHE GOJb-
INX Yuces $AaKTbl, KOTOpPhE ONPENeNeHHO U3 Hero He ciaeaywot. Ecan Iletp
u IlaBen mo ouepenu GpocaoT npaBuibHyio MoHety 10000 pas, to npu-
HATO cyuTaTh, 4T0 [letp 6yZeT B BHIUrpHILIE NPHOIM3UTENBHO MOJOBHHY
BpeMeHu. Ho amo ne max. 3akoH apkcunyca (§ 5 ra. IlI) ycranasau-
BAeT, YTO TaKOe DABHOBECHe MeHee BCero BeposiTHO. BepositHocTh TOTO,
umo Ilemp Oydem 8 suuzpsue He Goaee 20 pa3, HecPaBHEHHO
6oabule BEPOAMHOCMI MOZO, HYMO HUCAO U2p, NOCAE KOMOPHLX OH
Oyoem snepedu, 3araioerno nexncdy 49930 a 5010. He cywecrsyer
HUKAKOH TeHASHUUH K BHIPABHUBAHUIO MEPUOLOB JHACPCTBA. 3aKOH 60.b-
HNX YxceJ yCTaHaB/MBaeT MOA6KO TO, uTO A GOAbIIOrO uucia pas-
AUMHBX WUTP ¢ OpPOCAaHHEM MOHETBI 10O/ TeX M3 HHX, B KOTOPHIX B AaHHBIH
MOMEHT B BLIMTpBIlE HaXoAuTcd rep6, O.am3ka x 1/,. 34ech HHYero He
TOBOPHTCH O KOJeOaHuAX JuAepcTBa B omdeaproll urpe.

S
n

-———pl<e}~—>1. 4.2)

§ 5. llpu6auxennas ¢opmyaa Ilyacconal)

Bo MHOTHX NpHJIOXKEHHSX BCTPeYaloTCst HCNbITaHuA DepHyanu, B Ko-
TOPBIX 7 OTHOCHTE/bHO BEJHKO, P OTHOCHTE/LHO Majo, a IpoH3BeleHue

AN=np (5.1)
He Majo, HO M He Beauko. B rtakux caywasx yanoOna npubamKeHHas

dopmyna Ilyaccona nns b(R; n, p), KOTOpPY0 Ml CeHuac BHIBeIeM.

Y Cumon ]I. IMyaccou (1781—1840). Ero kuura Recherches sur la probabi-
litt des jugements en matiére criminelle et en matiére civile, précedées des
regles générales du calcul des probabilités noseunace B 1837 r.
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Coraacno (2.1), 6(0; n, p)=(1 — p)", uam, ecau noacrasurs p u3 (5.1),

an
b(0; n, p)_:(l _7) . (5.2)
Jlorapudmupya u pasaaras B pan Tednopa [ra. II, (8.10)], nomyuaem
A A2
log b (0; n, p):nlog(l——a—e)z——)\-—?—n—- (5.3)

TaK 4To Ia4 Goabwux n O(0; n, p) = e”h rle 3HAK = HCNO/b3YETCH

a5 o603Havennss TPUOIMKEHHOTO paBeHCTBAa (B LAHHOM CJydyae ¢ TOY-

HOCTbI0 IO undeHOB nopsaka n~1!). Jamee, uz (3.1) caeayer, uro npu
mo6oM GUKCHPOBAHHOM £ M JOCTaTOUHO OGOJLILOM 7
b(knpy __A—(k—Lp _ 1

bE—Tnp R E @4

[pu k=1 us (5.4) noayuaem, uto &(1; n, p) =ie~ Ilpu k=2 mno-

2

AyuaeM, uto O (2; n, p) = %e“’ﬂ. ITponomxas stu paccyxieHus, ybe-
KJaeMcst 10 HMHAYKUMHM, Y4TO BOOOIe .
S
b(k; n, p)=~ —ye (5.5)

DT0—3HaMeHUMOE RYACCOROBCKOE nPUCAUNCER e 04 OUHOMUAABHOZO
pacnpedenenus. (CM. 3anaun 30 — 34, rae npoBoIUTCA OLEHKA OLIMOKH
1 JOKa3biBaercs, 4TO npubauxeHne B popmyae (5.5) paBHOMepHO, eciH
n-—>oo0, p—0, Takum 00pa3oM, uTO A==np MeHseTCd B KOHEYHOM
uHTepBase.) Bpejem cneumanbioe obGosHaueHue Agd npasoit uactu (5.6):

M
p(&; )\)_—_e‘*—k—!. (5.6)
ITpu TakoM obosHauenun p(k; b) Oyser npubGIHKEHHBIM BbIDAKEHHEM
Aas peposaTHocTd O (R; m, A/n), KOraa n 10CTATOYHO BEJHKO.

[IpuMeps. a) Beanuudsl p,, B nociennem croabue T1aba. 3 ra. 1V
npenctaBasioT cobo#i suaueHus p (m; 1). Bennuunn b, B npenluecTsyio-
wyx croabuax copmasaior ¢ b(m; N, 1/N). Tabiuua naer BO3MOXKHOCTD
cpaBuuTh pacnpeneserue Ilyaccona p(m; 1) c OuHOMHAJbHBIM pacnpe-
denenveM npu p=1/n u n==3, 4, 5, 6, 10. MH BHIUM, YTO, HECMOTPA
Ha HeGoOJbLIMe 3HAYeHHMS 7, NPUOJIMKEHHE TOPA3UTENLHO XOPOLIEE.

6) B Taba. 2 cpaBnuBaloTCs 3Hadenusa p(R; 1) ¢ OMHOMMATIbHEIM pac-
npenenenneM npu # =100, p=1/100. Tabauna nokaseiBaer, 410 MNpU-
OaHKeHue SIB/aAeTCS YAOBJETBOPMTEJBHBIM 1Sl MHOTHX Leneit. B kaue-
CTBe MpHMEpa PacCMOTPHM YHC/IO nosBIeHu#t koMGunauuu (7,7) cpenu
100 map cayyafiHblx uudp, NOIYMHEHHOE OMHOMHAJIBPHOMY pacrpepesieHHI0
b (k; 100, 1/100). B nocrennem ctonfue taba., 21!) npuseleHb pe3yabTaTh
ZefictutenbHoro mnoicuera aast 100 rpynm mo 100 cayvaftupix uudp

1 H G. Kendall, B. Smith, Tables of random sampling num-
bers, Tracts for Computers N2 24, Cambridge, 1940,
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Kaxaas. YroOb MOJIYyYHTb OTHOCHTE.IbHBIE YAaCTOTH, HYXKHO BCE BEJIHYMHBI
nochaefHero ¢roadua pasfeauts Ha 100. Jti yacToOTH BHOAHE COTAACYIOTCS
C TeopeTHueCKHMH BepositHOCTsMM. (OlleHKa N0 KpHTepmio ¥2 TNOKa3Hl-
BaeT, uTo B 75 u3 100 amagoruvHelx cJaydaeB cjaydaiiHsle KoJeOaHHus
IOJDKHBEI ObliH OB BHI3BATH OOJblIME OTKJIOHEHHS HaO/I0JaeMblX 4acToOT
OT TEOPETHYECKHX BEPOSTHOCTEH.)

Tabruya 2
HpuMep Hcnoab3zoBaHud NPHOAHWEHHOA (OpPMYJIb
[lyaccoHna

k b (k2 100, 1,100) p 1) Ny
0 0,366032 0,367879 41
1 0,369730 0,367879 34
2 0,184865 0,183940 16
3 0,060999 0,061313 8
4 0,014942 0,015328 0
5 0,002898 0,003066 1
6 0,000463 0,000511 0
7 0,000063 0,000073 0
8 0,000007 0,000009 0
9 0,000001 0,000001 0

IMepsbie cToabubt HJl.’lIOCTpPIé)yK)T NyaccOHOBCKOe NpHOMMKEeHHe AAs
OHHOMHAJLHOTO pacnpejeieHus. nocaeaieM croable 1aHbl yucia rpynn
no 100 nap cayvaiuelx uudp, B KOTOPHIX koMOuUHauusa (7,7) BcTpeuaercs
poBHO R pas.

B) Jnu poowdenus. KaxoBa BepOATHOCTb p, TOTO, 4TO B OfllecTBe
na 500 venoBeKk & uenOBeK POMMAUCH B IeHb HOBOro roga? Ecam stu
500 uwenoBex BHIOpaHH Hayraz, TO MOXHO NPHMeHUTH cxeMy u3 500
ucnbiTaHuit Bepuyaiu ¢ BepodrHOcThIO ycnexa p==1/365. Torza p,=

== (364/365)*0 == 10,2537 ... . Jlag HcnoabaoBauus npudinmKeHHol ¢op-
Myan Ilyaccona noaaraem A = 500/365—=1,3699... . Toraa p(0; \)=
==0,2541... u cozepxur omwuOKy JHIb B YETBEDTOM AECATHUHOM 3HAKE.
Has k==1, 2, ... TOuHble 3HAYECHHUS P, BLIUNC/EHHBIE IO GUHOMHAJIBHON
¢dopmyse, pasun p,=0,3484 ..., p,=10,2388 ..., p,=0,1089 ...,
py=0,0372 ..., p;=0,0101..., ps==0,0023 ... CooTrBercTByioniue
npubmmxenus [lyaccona pasust p(1;\)=0,3481..., p(2;1)=0,2385...,
p(3; N=0,1089..., p4 NH=0,0373..., p(B NH=0,0102...,
p(6; A)==0,0023.... Bce omubKu JuiIb B 4yeTBEPTOM JNECATHYHOM 3HaKe.

r) bpaxosarnnve usdeaus. PaccMOTpHM MaccoBoe NPOU3BOLCTBO BUH-
TOB C HaMaweHHONW CHCTEMOW CTATHCTHUECKOrO KOHTPOJA KauecTBa Mpo-
IYKUHH W TNpPeNNo/IOKHM, YTO NpHMeHEHHe CXeMbi WCMbITAHHA Depuyiiu



162  Ta VI, Buwomua.iswoe pacnpedeaenue u pacnpedeaenue [lyaccona

3aKOHHO. Ec.1i BepoaTHOCTH TOTO, YTO BUHT OpaKoBaHHbli, paBHa p -= 0,015,
TO BEpPOSTHOCTb TOTO, 4TO KopoOka ma 100 BUNHTOB He codep:KuT Opaxa,
pasua (0,985)19=0,22061. Tloacuer no npubamxenHod ¢opmysne ITyac-
coHa naer e~ 15==0,22313, uro AOCTaTOUHO TOYHO &As GOJBLINHCTBA
npaktuyeckux uenaet. ITocTaBuM caelyiouin#t BONPOC: CKOJILKO BUHTOB
IO/KHA COJepkaTh KopoOka IJas Toro, 4tobbl BepOATHOCTb HAWTH B Hel
no xpaftueli Mepe 100 ucnpaBueix BuHTOBR Onia paBHa 0,8 nam Gosee?
[Mycts 100 4 x — uCKOMOE YHCAO BHHTOB, TAE X — MaJjoe leJoe I0J0-
KuTteabHoe yucio. YroGer npuMennTs nmpubimkenHyo gopMyay Ilyaccowna
aas n =100~} x HCNBITAaHHH, HYKHO OBIIO OB MOJOKHTH A==Hp; HO
np npubmuxenno pasHo 100p =1,5. 3anava cBOINTCS K HAXOWIEHUIO
HAUMEHbIUEro UeJ0ro NOAOMKHTENAbHOTO X, NPH KOTOPOM

1' , X
evl,S{l +T5+ _{—Lj-}}(),& (5.7)

[To rabaunam!) HaxomuM, uro npu x =1 JeBag 4acTb NPHUOGIHKEHHO
pasia 0,56, a npu x =2 ona pasua 0,809. Taxkum o0pasoMm, cornacHo
npubanxennoli dopmyae Ilyaccona, neo6xomumo umers 102 sumra. Ilo-
ckoabky BeauwuuHa 0,809 caumkom 6/u3Ka K 3alaHHOMY TIpeleabHOMY
anavenuio 0,8, uncio 103 Hazewxuee. Ha caMoMm faese BepOATHOCTH Ha#Th
no Kkpafseii mepe 100 ncrnpaBHeix BHHTOB B kopoOke co 102 BuHTtamu

pasHa
0,985y 4 (17 ) (0,985)191 (0,015) -

+( % ) (0,985)1% (0,015) — 0,8022 . . .

n) Cmosemnue cmapury. Jlio6oe KOHKpeTHOe JHLO B MOMEHT poO-
KAEHHS HMeeT Majo waHcoB Npoxutb 100 JeT; 4uciIO ke exerolHsX
poxneHult B OoablioM obuiecTBe Beauko. buaronaps BofiHam, snuaeMusm
M T. II. CPOKHM KU3HHM DPas3/HYHBIX JIOAeH He ABAAIOTCH HE3aBUCHMBLIMU, HO
B MepBOM MPUOIMKEHHM MOMCHO 7 POMIeHUH CPaBHUTH C A UCTIHITAHUAMH
BepHyai, B KOTOPHX ycnexoM siBasercs poxurtue no 100 ner. Cuenyer
OXHAaTh, YTO B YCTOHYHBOM OOuIeCTBe, Ille HU UYUCAEHHOCTb HacesleHus,
HH CMEPTHOCTh 3aMETHO He HM3MEHSIOTCH, 4acToTa TeX JeT, KOrAa YMH-
paeT POBHO k CTOJETHMX CTapHKOB, npubmwxeHHo paBHa p (k; L) (npu
9TOM A B33BHCHT OT YMCJIEHHOCTH OOlecTBa W OT OPraHu3aluH 31paBo-
oxpauenus). [anusle no llsefinapnu noaTsepxnanT 5TO 3aKJ0ueHue 2).

e) Onewamxu u m. n. Ecan npu nHabBope KHHIM CYLIeCTByeT TNO-
CTOfIHHAd BEPOSATHOCTb TOro, u4ro Jwbas Oyksa Oyser Habpana Hempa-
BHJIbHO, M €CJM YCJOBUA HabOpa OCTAIOTCS HEH3MEHHBIMH, TO Mbl HMeeM

1} E. C. Molina, Poisson’s Exponential Binomial Limit, New York, 1942
B stux rtabaumuax naHut uwucaa p(k; AN w p(k; MN4-pe+1L M4 ... s
3navenuit £ or 0 no 100.

2) E. J. Gumbel, Les centenaires, Aktudrske Védy, Prague, 7 (1937), 1—8.
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CTOJNbKO ucnblTaHul DBepHyand, ckoabko 6yks. Yacrora crpanuu, comep-
®AMUX pPOBHO £ ONEYaTOK, NPH 3TUX YCAOBUAX npuONMXKEHHO paBHa
p(k, N, rae A— xapakrepuctdka HaGopuwnka. CuayuaitHas ycTanocTb
HabopluyKa, TPYAHBIE MeCTa TEKCTa W T. M. YBEJIMYUBAIOT BEPOATHOCTD
owlubKH W MOTYT HNpPUBeCTH K oOusauio onedarox. <Popmyna Ilyaccona,
TakuM 00pa3oM, Moxer OBTb MCNO/b30BaHAa Aas OOHapyxeHus cyiue-
CTBEHHBIX OTKJOHEHUH OT HOPMBl MJAM OT TpPeOOBaHMH CTATUCTHYECKOTO
KoHTpoJaa. To ke camoe NpUMEHWMO M KO MHOTMM [IDYruM CJyyasM.
Hanpumep, ecau B TecTo KaanyT OoJblioe KOJHYECTBO U3IOMA, TO CJe-
Ayet OXuiaTe, 4TO Ojarojaps pasMell¥BaHUIO dYacToTa OVIOK ¢ B M3I0-
MUHKAMH OyneT NpudansnutebHo pasHa p (k; N), rie A — IIIOTHOCTL M3I0M3
B TecTe.

§ 6. Pacnpenesenne Ilyaccona

B npeamayiuem mnaparpade dopmyna Ilyaccona (5.7) cayxuna anib
ya0OHBIM rnpubiuxendeM 418 GMHOMHUA/NbHOIO paclpelefeHUs B ciyuae
60JbIIOr0 1 U Majoro p. B cBssu c 3amaueft o cosmameHusx U samsaueft
0 pasMellenuu rd. IV Ml paccMaTpuBaIM COBCEM Apyrue paclpeleneHus
BeDOSITHOCTEH, KOTOpHle Takixe npuseJd B Iperete k c¢opmynte Ilyac-
cona p(k; X). Mp crankusaeMcs 3meCh C YACTHBEIM CJ/yydeM TOrQ 3aMe-
4aTe/JbHOro (haKTa, YTO CYIECTBYET HECKOJbKO pacnpejeineHu#t 60.b1uoH
OGIIHOCTH, BCTPEUAlOIIUXCA B YIUBHTENLHO pa3HOOOpasHbBIX 3aaavax.
Tpems rnaBHbIMM pacnpele/IeHUSIMU, BCTPEYAIOIMMUCST BO MHOTHX 3ajavax
TEOPUM BEPOSTHOCTEH, ABJAAIOTCA OMHOMHANBHOE pacnpeleneHHe, HOPMaJb-
HOe pacHpejeseHHe (KOTOpOe Mbl BBeleM B Caelylolue#i rjase) u pac-
npedeaenue Ilyaccona

Ly M
plks N=e 45, (6.1)

KOTOpOe MEI Telepb PacCMOTPUM IHeTaJbHO.

3ameruM Tpexae Bcero, 4TO, CkJaapbiBas paseHctsa (6.1) npu
k=0, 1, 2, ..., Mpl noayuuM B npaBoh uactu psn TeHropa nas e~ ?,
yMHOXeHHEIH Ha ¢’. TlosToMy npu a1060M (PHKCHPOBAHHOM A BETHUHHEI
p(k; &) nawor B cymMe enunuuy. ClenoBaTelnbHO, MOXHO TPEICTABUT.
cefe uieasbHbIE ONMBIT, B KOTOpPOM p(R; A) sBAsleTcAd BEPOSITHOCTBIO &
ycnexos. CeHuac Mbl NOKaMeM, NMOYeMy MHOrHe (pU3MueCKHe OMNBITH M CTa-
TUCTHYECKHE HaOJ/IOAeHHS NPUBOAAT K TAKOMY HCTOJIKOBaHHUIO Dacrpele-
aeHus (6.1). OOuiHOCT M BaXHOCTh NpuMeHeHuR pacnpenenenus (6.1)
HJTIOCTPUPYIOTCA NpuMepaMu caeiylouiero naparpacga. Mictunaas npupona
pacnpefenenus IlyaccoHa cTaHeT sCHOH JaHLIb B CBA3H C Teopueit cTO-
XacTHueckux npouneccoB (cum. ra. XVII, rae gana eme oana uurepupe-
Tanus pacnpenenenus [lyaccona).

PaccmoTpuM nocienoBaTelbHOCTb NOABJSIOLIMXCH BO BpPEMeHH CJy-
Ya¥HBIX COOBLITHH, Kak, HanpuMep, PAJMOAKTUBHHIN pacraj WJAH BBI3OBHI,
Hocrynalomue Ha TesedoHHyIo cTaHuMio. Kaxjoe coObTHE MOXHO H30-
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OpasuTb TOYKOH HA OCH BpDeMeHM, M Mbl HMEeM J1ei0 CO CJIyuyalHeM pac-
npeneisereM 3THX Touek. CylIecTByeT MHOrO Pa3AMUHBIX THIIOB TAKHX
pacmpejeeHdfl, HO MX H3yueHHe TPHHALMEHKHMT TEOPUH HeNpPepHIBHHIX
pacnpeleneHHit BepOATHOCTEH, KOTOPYIO MBI OTJONHJM 1O BTOPOH KHUFH.
3zeck Mbl JIHIL MOKAXKEM, YTO MpocTefiune uauyeckue npeANnONONKeHHs
NPUBOLAT K BeJuyuHe p (R; A), KaK K BepOSITHOCTH HMeTb R TOdeK (CO-
GprTuit) BHYTPM (DHKCHPOBAHHOTO MHTEpBasaa onpeieneHHo# AnuHbl. Hawmu
MEeTONb 1O HEOHXONUMOCTH Tpy6GH, M Mbl BEpPHEMCH K 9TOH ke caMoi
3anaye ¢ Gonee ynoGHbIMM Mertomamu B ra. XVIH.

dusnyeckyue MpPeNNMONOKEHNs T, KOTOPLIE MBI XOTHM BbIPa3uTb MaTeMa-
THYECKH, COCTOAT B TOM, YTO VCJOBHSA OILITA OCTATCS HEM3MEHHBIMH
BO BpPEMEHH, H HenepeKpbIBAIOLIMECS HHTEPBAJH BpEeMEHH HE3aBHCHMBI
B TOM CMbICIe, YTO CBeJIeHHf, KacaloLIMecss 4YucaIa cOOBTHH B OAHOM
WHTEpBAJe, He Jal0T HUKAKOH BO3MOXHOCTH CYAMTb O 4YUCJIC COOBITH]
B APyroM uHTepBaje. PaccMOTpeHHe HeNMpPepLIBHBIX pacmpeneseHud Be-
POSITHOCTeH AaeT BO3MOMCHOCTb BHIPA3UTb 3TH NOJOKEHHS HEOCPEACTBEHHO;
MBI, OYyAYUM OrpAHHYEHBI JHCKPETHBIMU paclupeneeHUsIMH BepOATHOCTEH,
BBIHYKACGHBI TMOJB30BAThCSl NMPUOIMKEHHOH KOHEYHOR MOLeablo ¥ mepe-
XOIUTh K Mpelreny.

Tlpeacrapum cebe elMHMUMBY MHTEDBaJ BDEMEHH. pa3ieJeHHBHH Ha
foJblIOe YHCIO 7 MHTEpPBAAOB, Kawabi aauusl 1/n. ITpoussoabubift
(PUKCHPOBAHHEIR wWHTepBan pasbueHuss aAn60 MycT, JAHOO0 COLEPHKHUT MO
KpaltHel Mepe OIHY W3 HAUIMX CAy4YalHBIX TOYEK; YCJAOBMMCH HAa3bIBAThb
TH JABe BO3MOXMHOCTH COOTBETCTBEHHO Heylaue# u ycmexom. Beposr-
HOCTb ycmexa p, J04KHA ObITh OAHOH M TOH e I BCeX MHTepBAaJOB
pasbuenus, TaK Kax OHH MMeIOT OIWHAKOBYIO AMMHY. B cuay npexnnoJo-
’KEHHOH He3aBUCHMOCTH HEMepPeKPLIBAIOLIMXCA HHTEPBAJOB ML HMeeM
TOrAa 7 ucnbTaHui BepHynad, U BepOATHOCTb R YCNEXOB OKAa3blBaeTCs
pasno#i b(k; n, p,). Hucno ycmnexoB He o0s3are/bHO PAaBHO YMCAY Cay-
4afHBIX TOYEK, TdK KAK HHTEPBaJ pasOHEHus MOXeT COAEPKATb HECKOALKO
cIyualneix TOdYek. OJHAKO eCTECTBEHHO BRECTH AOMOMHUTE/NbHOE IOMy-
IeHue, COCTOsIIee B TOM, YTO BEPOSITHOCTbIO NMOSABJICHHS ABYX Hau OoJee
coOnTHH B TeueHHe OYEHb KOPOTKOTO MpPOMEXYTKA BpPEMEHH MOXKHO
B npejese npeHeOpeub 1). B 3TOM ciydae BepOSTHOCTb UMETH B EAMHHMY-
HOM uHTepBaNe BpeMeHH £ CAyYaHHBIX TOYEK MOJydaeTcst KaK mpe-
aea b(k; n, p,) npu n->co. Haiee, paslenus KaxIHH U3 HHTEPBAJIOB

) 310 ponymwenue yxe MOIPAIYMEBAETCSH, KOTAA MBI NOJAb3YEMCA HaTJAIHbIM
NpeJCTaBleHHeM 06 H30JMHDPOBAHHBIX CHYyYaHHBIX TOYKax Ha ocH BpemeHu. OjpHako
HEoOXOAMMO HCKAIOUHTH BO3MOXHOCTb TOTO, UYTO HAUIM COGBITHA MOSBJSAIOTCS
cpasy napamu. Hanpumep, ecan cobuiTusiMH ABJSIOTCA aBTOMOGMJBHBIE KaTa-
CTPO(pB, TO BepOSITHOCTH OCYIIECTBJAEHHSA JIBYX TaKHX COORITHH B TeueHue KOpPOT-
KOT0 TMpoMeXyTka BpeMeHH HCYe3alollle Maja IO CPaBHEHHI0 C BepPOSTHOCTHIO
ocymecTsjaeHus onHoro co6uiThsi. C APyrodl cTOpOHH, B KatacTpode BeposiTHee
BCEr0 YYaCTBYIOT cpasy AB€ MAUIMHB, H ecid NMOojZ coOblTHeM NOHHMaTth pas3bu-
TYI0 MAaIlHHY, TO BIMOJHE BEpOSATHO NOABJAEHHE COOBTHA Nmapamu, W Haue JOMy-
{IEHUE HeNPHMEHUuMO.
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pa3buenns HOMOJMAM, Mbl HaWIeM, YT0 p,==2p, — p3 ; 3TO DPaBEHCTBO
BEIpaxaeT TOT (AKT, YTO yCleX B MHTepBajte AMUHL 1/n 03HAa4aeT ycmex
qu6o B ero JaeBof mnosaoBMHe, JAuOO B mpaBoH, au60 B 0GeHX uACTAX.
Orciopa crenyer, uto p, < 2p,,; 3TO MOACKA3BIBAET, Y4TO np, MOHO-
TOHHO BO3pacTaet (TOCAefHee MOXeT OhlTh CTPOTO NOKaszaHo). Ecuu
np,—>%\ 10 b(k; n, p,)~Db(k; n, An)—p(k; ), M ML TIpUXOLUM
Kk (6.1), xak K BepOSTHOCTH TOFO, YTO B HAalleM EIHHUYHOM HHTepBaje
conepxurcst B OOule#t cackHocTH £ cayuadHeX  Towek. J[lomyie-
HHE np,—> 0O HE TPUBOLUT HM K KaKOMY pasyMHOMY pe3yabTaTy, TaK
Kak OHO BJeueT 33 co0o#f mnosBIeHHe OCCKOHEUHOTO YHCHA CAYYAHHHIX
TOYeK B CKOJb YrOIHO MajoM HHTepBaJe.

Ecau BMecTO eAMHMYHOrO MHTEPBANa MEl BO3bMEM TPOM3BOJIbHBIH
WHTepBAN IJWHB f M CHOBA BOCMOJb3yeMCH pasfueHHeM Ha HHTepBaIbl
aauHel 1/, T0 M noayuuM wucnetaHus DBepHymmu ¢ To#t we camoft
BePOSATHOCTBIO ycmexa p,. Ho xomuuecTBo ucnbitannit 6yleT paBHO Yixe
He 7, a 6mmkafimeMy k nf nenomy umcay. Ilepexon x mpeleny TakoB e,
TOJBKO BMeCTO A Mbl TNOJAyuAM Af. DT0 TNPUBOAUT K MCTOJKOBAHUIO
BeJINUUHLI

k
plk: My = e+ L7 (6.2)

KQK BepOsmMHOCMU umems R mouex HA PUKCUPOBAHHOM UHMEPBALE
Oaunn. t. B uwacmnocmu, sepoamrocms mozo, #mo HQ UHmMepB8a.e
Oaunp t He 6ydem Hu O00HOE MOUKU, DABHA

pO; M)y=—eM, (6.3)

a BEPOATHOCTb «He MeHee uyeM OJIHON TOYKM» paBHa, CJEIOBATENbHO,
I—e M,

IMapamerp A-— ¢usnueckass KOHCTAHTA, ONperesOAsd IJIOTHOCTh
Toyexk Ha ocu f. Yem Goabime A, TeM MeHblie BeposTHocTh (6.3) He
uMeTb HH OIHOH TOYKH. [IpennonsoxuM, uTo HeKOTOpHH ¢uanueckuit
ONHIT mnoOBTOpAeTcs Ooapmioe uuca0 N pa3 U UTO KawABH pas MH
MOLCYHTHIBAEM UHCIO COOBITHH HAa HEKOTOPOM HHTepBate (PUKCHPOBAHHON
aanet £, Tlyetb N, — uHCIO ONBITOB, NP KOTOPHIX Ha6I01an0Ch
poBHo % coOwituii. Torna

Ny+N,+ Ny ... =N. (6.4)
Obuiee uyncao HabmoneHHbix B N ONBITAX TOYEK DaBHO
N+ 2N, 43N+ ... =T; (6.5)

CpeRHee 4YMCJIO TOYeK HA OnuH onmit pasHo 7/N. Ecau N Benuko, to
eCTeCTBEHHO OXHJATh, 4YTO
N, = Np (k; ). (6.6)
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(Takoe yTBepxieHHe ABJAETCA OCHOBOM BCeX MPUMEHCHUH  MOHATHSA
BEpOATHOCTH; OHO OyIeT ONpaBlaHO M YTOUHEHO 3aKOHOM OOJbLIMX
upcea B ra. X.) Moacrasaas (6.6) B (6.5), noayuum
T~ Nip(; A)+2p(2 M)+ 3pG3; M)+ ...]1=

= Ne=e[1 + LANENL LR J=me. @)

OTKyZa
M (6.8)

3T0 cooTHOlleHHe AaeT Cnocol OueHKM A no HaGMoLeHUAM H COcos
CpaBHeHHs] TeOpHH C ONBITAMU. MaMIOCTpallMM H3J1araioTcs B IpUMepax
cjenyioulero naparpada.

IlpocTpancTBeHHEle pacnpenedenus. Te xe caMble pacCyKIeHUs,
KOTOPBIMH MBI [0/b30BJUCh NPH PAacCMOTPEHUH pacnpeliesieHHst ciay-
yafHBIX COGBITMH HJAM TOYEK HA OCU f, NPUMEHUMBl TaKKe K pacnpeie-
JEHUID TOYEK HA ILIOCKOCTH HJAM B NpOCTpaHcTBe. BMecTO MHTepBanoB
AJIUHBL { MBI MMeeM 3Aecb 00JacTH ¢ Imiowanbio f (uaM oGbeMoM i),
¥ OCHOBHOE JONYLIEHHE COCTOMT B TOM, YTO BEPOSITHOCTb MMETb 2 TOYeK
B Kako#-i1ubo omnpenescHHOH 064acTH 3aBHCUT TOJBKO OT ILIOWIAAU
(uau oObema) obaacTd, HO He OT ee Gopmul. Kpome TOro, coxpaHum
Te JKe INpPEeANloJIONeHUs, 4TO M paubme: 1) npun MajnoM £ BepOSITHOCThb
yuMeTh Gosiee ONHOH TOUKHM B 00JacTH 0ObeMa £ Majia IO CPaBHEHHUIO C £
2) HenepexkphBalowuecs 00JacTH B3aUMHO He3aBUCHMEL YT0OH HalTH
BEPOSTHOCTb TOFO, 4TO B 06GJjacTu oObeMa f COLEPKUTCH R CAy4alHBIX
TOYeK, pasolbeM ee HA A 4YACTHUHBIX ofOjacTelt M MpubIMKEHHO 3aMeHUM
HCKOMYIO BEpOSTHOCTb BePOATHOCTbIO R YCNeXO0B NMpH 7 UCHHTAHUAX. ITO
03HauaeT, YTO Mbl npeHebperaeM BepOATHOCTbIO HMeTb 00Jee OIHOH
TOYKH B OLHOH U TOH ke uvacTUYHOH 06/1aCTH; U3 HALIETO MPEATIONONKE-
Hus 1 caepyer, 4To coBepiiaeMast OpU 3TOM oLIMOKAa CTPEMUTCS K HYJMIO
npu n—>oo. B npepene MH onATh noJydaeM pacnpeleftedue Ilyac-
coHa (6.2). 3Besannt B NpPOCTPAHCTBE, HSIOM B KeKCe, CeMeHa CODHIKOB
Cpeld CeMAH 3J/1aKa, BBIBOAKH JKUBOTHHIX B NOJie pacrnpeineeHbl COrJIACHO
saxony Ilyaccona. Yuc/ieHHble npuMephl cM. B npuMepax 6 u 1 § 7.

§ 7. Npumepnt cxem, npuBoasmMX K pacnpesenenuto Ilyaccona

a) PapnoaxTuBHbil pacnag. PannoakTHBHOE BeLECTBO UCHYCKaer
a-yacTuubl. CoObITHe, 3aKJII0YaOlIEeCs B TOM, YTO YHMCJIO G-YaCTHMII,
NOCTHraloliMX B TeYyeHMe BPEMeHH { 3aLaHHOIO Y4aCcTKa NPOCTPAHCTBA,
NpUHUMAET (UKCHPOBAHHOE 3HAUeHUE K, HABJAETCH IIHPOKO H3BECTHHIM
npuMepoM caydafiHoro coObiTHs, NOAYMHAOIerocs 3akoHy [lyaccona.
Koueuno, BemecTB0 HenpepbBHO paspyluaeTcss, ¥ B KOHIE KOHIIOB
IJIOTHOCTb NIOTOKA O-4acTHll yMeHbiraercd. OJHAKO AJ palHd, Hanpu-
Mep, norpebyloTcq oAb, Npexie YeM yMeHbLIeHUe MJIOTHOCTH MOTOKa
0-YaCTUL CTaHET 3aMETHLIM; NPH CPABHUTENbHO KOPOTKHUX NPOMEKYTKAX
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BPEMEHH YCJAOBHA NOMKHBI PAaCCMaTPUBATLCH KaK NMOCTOSIHHBIE, H MBI HMeeM
HieanbHOE OCYLIECTBAEHHME THIOTE3, NPUBEININX K pACTpeleseHHIo
Iyaccona.

B ussectHoM onwte Pesepdopna, Usasuka n Danuca !) pansoaxTus-
HOe BellecTBO Habsonanu B Teyene N = 2608 npoMexyTKOB BpeMeHH,
KakAbi# AJAMHOR 7,5 CeKyHIBl; 1S KaXIOro WHTePBaja pPerucCTPHUpO-
BAJIOCH UMCJIO YaCTHY, JAOCTUTWIMX cuyeTunka. B T1aba. 3 npusenenu
uncaa N, TIDOMEXYTKOB BpeMeHH, B TeyeHde KOTOPHX Habm0Aa10Ch
porno & uactuu. OOluee yuc/I0 BceX yacTuil paBHo 1 — 2 kN, = 10094,
cpenHee yucao uactuy pasHo T/N = 3870. TeopeTuueckue sHaue-
uug Np(k; 3870) npeicrtasasiorcs A0BOJbHO OAMBKHMH K HaGmi0deH-
HBIM gucaaM N, UToOb clenaTh BHIBOLbB O COFJIACOBAHHOCTH Habatone-
HUH# ¢ TeOpHeH, HYNHO OLEHUTb BEPOSTHbIE 3HAUEHHUS CJIYYAHHBIX OTKJO-
Henutt. CraTncTuku noabdyiorcs aag sroro xpurepuem y2. Coraacno
9TOMY KDHUTEPHUIO, C/lelyeT OXULATh, YTO MPU MAEATbHBIX YCJOBUAX MpH-
Mepuo B 17 u3 100 noaodHHLIX CayudeB COIJACOBAHHOCTb OKAMETCHA XU -
mweRt, dyem B Tada. 3.

Tabauga 3
IIpumep ,a%; paavOaKTHBHBIA pacnan
k Np Np (k; 3870)
0 57 54,399
1 203 210,523
2 383 407,361
3 525 525,496
4 532 508,418
5 408 393,515
6 273 253,817
7 139 140,325
8 45 67,882
9 27 29,189
k> 10 16 17,075
Mtoro 2608 2608,000

6) Paspuippl camoJetoB-cHapagos B Jlongone. B xayectse npmu-
Mepa MpOCTPaHCTBEHHOrO pacnpelesjeHus CﬂyqaﬂHbIX TOYEK pPaCCMOTPHUM

) Rutherford, Chadwick and Ellis, Radiations from radioactive
substances (Cambridge, 1920), crp. 172. Coaepxamuecs B Tekcre Taba. 3
U OUEHKA ¢ NmoMouIklo kpuTepua y® sauMcTBOBaHH u3 kuuru I'. Kpamepa ,Marte-
MaTuueckue MeTOAb ciaTHCTHku®, WJI, M., 1948, cTp. 472
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CTATHCTHKY NafeHHfi CaMOJeTOB-CHapAioB B IkHOHf wacth JIOHAOHa
BO BpeMa BTODPO# MUDOBOH BOHHM. DBcd Tepputopus pasieneHa Ha
N == 576 Manpix yyacTKoB njowansio f — 1/4 xs. ku xawaw#. B Tabn. 4
npuBefenbl uydcaa N, yuacTKOB, Ha KOTOpHE NPUXOIMIOCH MO B Haie-
Huit cuapsamop ) OOuwiee uMciaO CHapsAnOB T=2ka=537; cpennee
yucao At = T[N =0,9323. Coraacue ¢ pacnpeneredneM [lyaccona yzau-
BUTEJbHO XOpoOliee: IO KpPUTeDHIO Y2 NPH HIEAJbHBIX YC/JOBHAX NpPH-
MepHo 889 noaoOHbX HabmofeHMH NOMKHBH ObliM OBl JaTh XyXliee
cornacue. VHTepecHO OTMeTHTb, 4YTO OOJBLIMHCTBO HACEJEHHS BepuJo
B TEHJEHUMUI0 TOYeK najeHus K rpynmuposke. Ecaum O 310 6BIIO TaK,
TO MBI uUMeaH OBl OGOJBIIYIO 4YACTOTY YYacTKOB CO MHOTHMHM INONAaNaHHUsMH
uan BooOule Ge3 MONajiaHU{ M MeHblllee YKUCAO TNPOMEKYTOUHBIX YUacT-
koB. Ta6s. 4 mOkasLiBaeT, YTO TOYKH naleHus OBLIH COBeplIeHHO cAy-
yaliHLIMH, BCE YYaCTKM PaABHOMPABHEI, MBI HMeeM 3IeCh MOYUYUTEIbHYIO
HAMOCTPALHI0 TOr0 (PAKTA, 4YTO HEHCKYWEHHOMY TIJasy cay4aHHOCTb
KaKeTcs PEery/ApHOCTbI0 HJM TeHIEeHUHeH K TpyNIHpOBKe.

Ta6auya 4
TMipumep ,,6%; mageHue caMoJeTOB-cHapsAaoB B JIOHAOHe
k 0 1 2 3 4 5 1 6onpiue
Np 229 211 93 35 7 1
D (k; 0,9323) 226,74 | 211,39 98,54 30,62 7,14 1,57

B) Vi3MeHeHHe XpoMocOoM B KJeTkax. OOayueHue KUBBLIX KJETOK
PeHTreHOBCKHMH JIyuaMH TPHBOAMT K TOMY, YTO OTJe/bHbE XPOMOCOMbI
B KJeTKax wnaMeHAOTCA. TToka KJIETKH ITOABEpPraioTcs BO3ACHCTBRIO Jydyel,
BePOSATHOCTh M3MEHEHMS OCTAeTCS NOCTOSAHHON, M, COrJacHo ofuie#l Teo-
puH. uKca0 N, KIETOK ¢ % M3MeHeHHSMHM JIOMKHO CJAEIOBATH paclipefe-
aenunto Ilyaccona. Teopus B COCTOSHHH NpelCKa3aTh 3aBUCUMOCTL napa-
MeTpa A OT WHTEHCHBHOCTH OOJYueHMs, TeMIepatypsl W T. I, HO Mbl He
OyleM BXOINTb B Takue neTaju. B rtabn. 5 npuBeseHbl AaHHBE OIMH-
HAJLATH pa3jMUHBIX CepHit SKCHepUMeHTOB 2). JlaHHble pAacoJOMKeHH
B COOTBETCTBMH C T€M, B KAKOM Mepe OHM OTBEUAIDT TEOPeTHYECKOH

Yy Nannsle 3auMmcrBoBaHnt u3 cratbu R, D. Clarke, An Application of the
Poisson Distribution, Journal of the Institute of Actuaries, 72 (1946), 48.

9 D. G. Catcheside, D.E.Leaul M. Thoday, Types of chromo-
some structural change induced by the irradiation of Tradescontla microspores.
Journal of Genetics, 47 (1945—46) 113—136. Hamna ta6auna cosnanaer ¢ taba. 9
3TOH paboThl, €CAH HE YUMTHIBATH, YTO Mbl JONIOAHHTEADLHO NMOACTHTANKY YPOBHH y2
€ ONHOH CTENeHbIo CBOGOIDL
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moiead. B nocienHeM croafue YKasaHo, B KAKOH 10Me aHAJOTMYHBIX
ONBITOB, MPOBEACHHBIX TIPH WACANLHBIX YCJAOBHAX, CJ€10BaN0 OB OXHAATH
(no xpurTepuio ¥?) Xyauwero coraacus c¢ pacmnpesenenueM ITyaccona. Cre-
MeHb COrJIacHsi MeXAYy TeOpHel M ONBLITHBIMH JAHHEIMH [IOpasuTe/bHA.

Ta6aruya 5
fipumep ,B%; H3MeHeHHE XPOMOCOM,
BBI3BAHHOE PEHTrCHOBCKHM 06GJyYeHHEM
Howmep KaeTkn ¢ 2 H3MeHEHHAMH Obuee Ypozaim
3KCTIEPH- qUC0
R
|
1 Ha6awoaeunoe Ny | 753 266 49 5 1073 95
Np (k; 0,35508) 752,3 267 1 474 6,2
2 Ha6monennoe N, | 434 195 44 9 682 85
Np (k; 0,45601) 432,3 1971 449 7.7
3 Ha6awzennoe N, | 280 75 12 1 368 65
Np (k; 0,27717) 278,9 773 10,7 1,1
4 HaGmoznentnoe N | 2278 273 15 0 2566 65
Np (k; 0,11808) | 2280,2 | 2699 15,9 07
5 Ha6aonennoe N, | 593 143 20 3 759 45
Np (k; 0,25296) 589,41 1491 18,8 1,7
6 Ha6moneunoe Ny | 639 141 13 0 793 45
Np (& 021059) 6424 | 1353 14,2 1,1
7 Ha6awoaesrnoe Ny, | 359 109 13 1 482 40
Np (k; 0,28631) 3620 | 1036 14,9 L5
8 Ha6awnennoe N, 493 176 26 2 697 35
Np (k; 0,33572) 4982 | 1673 | 281 34
9 Ha6nonennoe N, | 793 339 62 5 1199 20
Np (k; 0,39867) 8048 | 3208 64,0 94
10 Ha6monennoe N, | 579 254 47 3 883 20
Np (k; 0,40544) 5887 | 2387 484 7,2
11 Ha6awoneuHoe Ny, | 444 252 59 1 756 5
Np (&, 0,49339) 4616 | 2277 56,2 10,5

r) TenedoHHbIe COCIMHEHH C HEMPABHJbHLIM HOMepoMm. B Tad.a. 6
npuBeleHa CTATUCTHKA TeJe(OHHBIX COeLHHEeHHH € HeNpasu/JbHbLIM HOMe-
pom 1). Habmonenve mesoch 3a obuuMm uncioM N =267 HOMepoB;
N, ob6o3HauaeT 4YMCIO HOMEDOB, HMMEBLIMX & HEMPABUIbHBIX CO€luie-
nuit. Pacnpenenenne [Tyaccona omsiTb MOAXOAUT caMbiM GecTaluM o6pa-

1y Mlannpie 3saumcTBoBaHm u3 crateh F. Thorndike, Applications of
Poisson’s Probability Summation. The Bell System Technical Journal, 5 (1926),
604—624. Cratesi colepwur rpaduyeckuii aHaaus 32 pasauyHBIX CTaTHCTHK.
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soM. (CornacHo KpuTepuio ¥2, OTK/OHeHus OAM3KH K CBoeH Menunane !).)

CeefleHHss O Apyrdax TesieOHHBIX CTATHCTHKAX, NOJYHHEHHBIX 3AKOHY

[yaccona, uutaresb MoxeT HadTu B cTatbe TopHiafika. B mHexorophix

cayyasx (TAKMX, KaxK BHIBOBBHI, " Tabauya 6
a6o-

nocrynaiole OT TPYIILL d90= ) oy res renedoHHbIE COeaHHEHHS

HEHTOB, OOCIYXKUBAEMBIX KOM- ¢ HEeNpaBHILHBIM HOMEpOM
MYTaTOPOM; BHI3OBHI M3 Te/ledoHa-

aBToMara ¥ T. M.) Meway cOObI- N ]
THAMH CYILIECTBYET dBHAas 3aBU- k k Np(k; 8,74)
CHMOCTB, 4 pacnpeneenue [Tyac-
COHAa YXe HE TOIHTCH. 0—2 1 2,05
3 5 4,76
e —] 4 11 10,39
1ol TP 5 14 18,16
i | el 6 22 26,45
l,"g NI g 13 33,03
o ; 5 31 36,09
s \ 9 40 35,04
— — 10 35 30,63
sl 0o, [ 11 20 94,34
Je T e | L e 12 18 17,72
2228, 13 12 11,92
g | s 14 7 7,44
"Z ’lu 2| J ! 15 6 433
\;_// >16 2 465
Puc. 1. Baktepuun ua wuamke — 267 267,00
[eTpu.

i) bBaktepum m KpossHbele Teabna. Puc. 1 socnpoussomur ¢orto-
rpabuio uamwkn IleTpn ¢ KosnoHuAMH OGakTepHi, KOTOpPBle KaXYTCs MO/
MHKDOCKOMOM TEeMHBIMH MOATHBIIKAMU. Yalixa pasieneHa Ha MajeHbKue
kBaapatel. B raba. 7 npuseneiitl HaOJI0JeHHBlE B BOCBMH OINBITAX YHCJ4
KBaApaTOB C R TeMHBLIMH NATHBIILIKAMM, NMPHYEM BO BCEX OMNbITAX Gpaauch
pasusie BuAbl Oakrepuft 2). B nocaennem cTouible YyKa3aHO, B KAKOM Mpo-
LleHTe aHAJOTHUHLIX OMBITOB, TDPOBEJEHHBIX NpPH HAEAJbHBIX YCAOBUAX,
caenoBano Obl OXKHIATH MO KPHTEPHIO X2 XyHUIEro COriacus ¢ pacrpe-

) To ectp mpu mMzeanbHBIX YCHOBHSX XyILIee COrAacHe HaGaonanoch Gbl
npuOAM3UTE/BHO CTOJMb K€ 4acTo, kKak u ayumee. — ITpuwm. ped.

?) Ta6anua 3aumcrBoBana u3 kHuru J. Ney man, Lectures and conferences
on mathematical statistics (orneuaTano Ha mumeorpade), lenapTaMeHT celxbCKOro
xo3aficTsa, Bamuurton, 1938. McxonHbie panHble ony6anmkoBannl T. Matus-
zewski, J. Supinskau J. Neyman B ,Zentralblatt fiir Bakteriologie,
Parasitenkunde und Infektionskrankheiten®, II Abt., 95 (1936).
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Tabauya 7
Mpumep ,0%; uncaa Gaxkrepuit
k 0 1 J 2 3 4 5 6 12yp0-
Ha6monennoe Np 5 19 26 26 21 13 8 97
[TyacconoBckoe 6,1 180 26,7| 264| 196 117! 95
Habumwonennoe N 26 40 38 17 7 66
[TyacconoBckoe 215 | 4221 3251 16,7 91
Habmonennoe Np 59 86 49 30 20 ’ 26
IMyacconoBckoe 556 | 822 60,8 30,0 154 ‘
Ha6aonennoe Ny 83 134 135 101 40 16 7 63
[lyacconosckoe 750 | 1445| 1394| 89,7| 433 | 167 | 74
1
Ha6moaennoe N, 8 16 18 15 9 7 97
flyacconoBckoe 6,8 1621 192 151 $0 6,7
Ha6monennoe Ny 7 11 I 1 7 8 53
IMyacconosckoe 39 104 137 120 7.9 7,1
Ha6nwonennoe Ny 3 7 14 2 20 19 7 9 85
Tlyacconosckoe 21 82| 158] 202 195 15 96 | 96
Hab6mopennoe Ny 60 80 45 16 9 78
[Tyacconorckoe 626 | 758 458 1851 73

Tlocnennee 3HavueHne N, B Kawi0d
u 6oaee xoaoHusAMH OGaKTepHA.

cTpoke

paBHO YHCAy KBalpaToOB MOJAf MHKPOCKOMA C R

nenequeM Ilyaccona. Mbi nMeeM 3lech NMPHUMEpP BaXXHOTO MPAKTHYECKOro
npu/ioxenuss pacnpenesneuns [lyaccona k mpocTpaHcTBEHHBIM pacnpene-
JIEHUsIM CJYYahHBIX TOUYeK.

§ 8. Bpema oxunanus,

OTpunateJbHoe GHHOMMAJbHOE paclnpenejeHHe

PaccMOTpUM MOCJ/IeJ0BAaTeIbHOCTL £ MCNBITaHUH DepHyanun ¢ Beposr-
HOCTLI0 ycmexa p. Hac uHTepecyeT BOHPOC O TOM, CKOAbKO HCABLITAHUHA
NpenlIecTBYOT 7-My ycnexy. 34ech 7 — (QUKCHPOBAHHOE IOJOKHTEAbHOE
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yncao. [TosHOe YHCAO YCNeXOB B £ HCMBITAHUAX MOXKeT ObiTb, KOHEUHO,
MeHblle, uYeM 7, HO BEPOATHOCTb TOTO, UTO r-# yClnex OCyLecTBUTCS
opu v-M ucnpTanuu (rde v < 1), OYeBUAHO, He BABMCHT TOJBKO OT v, I
u p. Tak Kak v_>r, TO yno6Ho mucaTe v=~Kk-}-r. Bepoamnocms
mozo, 4mo r-f ycnex caAywumcs npu r—k-u ucnumanuu (20e
£=0, 1, ...) 6ydem o6o3nauamsca [ (k. r, p). Osa pasna seposm-
HOCMU MO20, YMO F-MY Ycnexy npeduiecmsyem posHo kR Heyday. Iro
coGbiTHE OCYLHECTB/IAETCS TOT1Aa M TOJLKO TOTAd, KOria cpenu r—+ k— 1
HCIBITAHUN POBHO 2 TpHBEJN K Heyaade, a cjaeaymoluee (r - R)-e HCHBI-
TaHve TIPUBEJO K YCHeXy; COOTBETCTBYIOLWIME BEPOATHOCTH  PABHBI

(r+ k— 1)'pr—-]qk u p, aK uTo
k r+ k‘—l r 8 1
J (13; L F) ( R )- p qk' ( ' )

IlepenuceiBass OHHOMMAIbHHIN KOI(BPHUUEHT B COOTBETCTBMM C (op-
myaoft (12.4) ra. 1I, Mb mOJy4uM SKBUBAAEHTHYIO (GOPMY BalUCH:

Fk p)=(“k’)pr(__q)k k=012 .... (82

JlonycTUM Telephb, 4T0 UCABMAKUSL HPOO0ANCAIONCA 00 mex nop,
noxa He ocywecmgumcs r-i ycnex. TUnuuHoe sjeMeHTapHOe COObITHE
npeacTaB/sfeT NOC/AeA0BATEALHOCTb, COCTONLLYIO U3 NPOU3BOJBLHOTO YHCHAA &,
6yxs H u paBHo r OyxB ¥, NMOC/JeN0BATE]bHOCTh OKAHUMBAeTCA Ha Y
BEPOSITHOCTb, COOTBETCTBYIOINAS TAKOMY 3JEMEHTAapDHOMY COOBITHIO, paBHa,
no onpefeneHud p’g¥. MBI LOMKHBL NOCTABUTL BONMPOC, BO3MOMHO JH,
4YTO I10C/AeL0BaTe/IbHOCTh HCNBITAHUNR He 060pBeTCHd, T. €. BO3MOKHO JIH,

yro GeCKOHeuHasd NOC/AeN0BATE/NbHOCTb UCIHBITAHUM COIepPXKUT MEHEE ueM r
]

ycnexos. Tak Kak > f(k; r, p) ecTb BepOATHOCTH TOTO, UTO F-# ycrmex
k=0

OCYLIeCTBUTCHA IOC/JA€ KOHEYHOro dYucC.jaa HCTIBITAaHHH, TO OeCKOHEUHBLIMH
NOC/AeAOBATE/AbHOCTAMHU, COLAECPKALIMMHA MeHEe YeM 7 YCNeXO0B, MOXHO
npeﬂeépeqb TOoria M TOJMLKO TOraa, Koria

k%f(k; r.op)=1. (8.3)

s npoBepkd cooTHouwreHuss (8.3) HAOCTATOYHO 3aMETUTb, UYTOG IO
¢opmyae 6uHoma HbioroHna

i ('"k')(—q)k——*(l —q) T=p". (8.4)
k=0

Vmuoxas obe yactu pasenctsa (8.4) na p’, nmoayuyaem (8.3).
B Hawel sanaue o BpeMeHH OXMIaHus I 0053aTeJbHO 1e/0€ YHCIO,
HO BeJHMYMHB, oInpelejsemble ¢opmyaamu (8.1) wmiaun (8.2), Heorpuua-
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TedbHBl, W cooTHOileHHe (8.3) BHIMOJHAETCS NPH JIOOOM MOJIOKUTETb-
oM r. s npou3soasHoz0, HO PUKCUPOBAHHO20 OCUCMBUNELBHO20
wucaa r >0 1w 0<< p <1 nocaedogamensnocms {f (k; r, p)} onpe-
deastem ompuyamessnoe Ounomuarsnoe pacnpedesenue. OHo BeTpe-
ygeTcas BO MHOTMX TIPUJIOKEHHAX (MBI CTaJKMBAMUCL C HHUM B 3anave 24
ra. V kak ¢ npejeapHoti dopMoit pacnpenenenus ITolia). Ecau r — uenoe,
to {f(k; r, p)} MOXHO HHTEDIPETUPOBATL KaK pacnpedenexile eposn -
HOCMmed 8pemeru OudQHuUs r-20 ycnexa; B TakoH dopMe OHO Takxe
naspipaeTcst pacnpefenenvem Ilackana. Tlpu r =1 ono cBoautcs k 2eo-
Mmempuueckomy pacnpedesenun {pqk}.

[Tpumep. 3adava Banaxa o cnuweunnx rxopobxax ) Hekult
MaTeMaTHK Bcerga HocuT ¢ co0o#t 1Be KOPOOKH CIHYeK; KaxIblH pas,
KOrfla OH XoueT AOCTATb CIOHYKY, OH BLIOHpaeT Hayral OIHY H3 KOpO-
f6ok. HeuaGexHO HACTYMUT MOMEHT, KOIZA OH BIEPBHE BBHIHET NMYCTYIO
KOpOOKY. B 3TOT MOMeHT B Apyro#t KopoOke Moxer Owmith 7+ =0, 1, 2, ...

Tabauya 8
BepositTHOocTH (8.5)
r u, v, r u, U,
0 0,079589 0,079589 15 0,023171 0,917941
1 0,079589 0,159178 16 0,019081 0,937022
2 0,078785 0,237963 17 0,015447 0,952469
3 0,077177 0,315140 18 0,012283 0,964752
4 0,074790 0,389931 19 0,009587 0,974338
5 0,071674 0,461605 20 0,007338 0,981676
6 0,067902 0,529506 21 0,005504 0,987180
7 0,063568 0,593073 22 0,004041 0,991220
8 0,058783 0,651855 23 0,002901 0,994121
9 0,053671 0,705527 24 0,002034 0,996155
10 0,048363 0,753890 25 0,001392 0,997547
11 0,042989 0,796879 26 0,000928 0,998475
12 0,037676 0,834555 27 0,000602 0,999077
13 0,032538 0,867094 28 0,000379 0,999456
14 0,027676 0,894770 29 0,000232 0,999688

4, eCTb BepOATHOCTb TOTO, YTO X MOMEHTY, KOorjia mepsad KOpOﬁKa oKaxeTcs NycToit, BTOpas

COAEPKUT POBHO 7 CHHYEK, Npeamojarasn, yro BHauajde Kaxiaas kopobxa coaep:kana mo 50 cnuyex.

U,=uy+# +...+4, 03HATAET BEPOATHOCTh TOTO, 4TO BTOPad KOPOGKa COLEPHHT He Godee uem

r cnHyex.

1) Coobumena I'. Lrefinraysom.
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CTiMYeK, H 3a/aya COCTOMT B TOM, 4TOOBI HaWTIi COOTBETCTBYIOLIME BEpOAT-
HOCTH #,. JlonmycTuM, uTO BHAuajge B KauaoH kopobke N cnuvek. Ecau
BbIHVTas KOpPOGKAa mycTa, a Apyras KOpoOKa CONepXHUT 7 CHHYEK, TO 3TO
03HayaeT, 4TO cnuyky Opasuch Bcero 2N —r pas, npuueM N pas u3
KOpOOKH, OKasaBiieficd RycTOH. Dro cooTseTcTBYyeT N ycrmexaM IpH
2N — r WUCOBITAHUSIX, U TOITOMY

2N —r 1
U, = ( N ) 22N—r (85)

(cm. Taba. 8. PaccMoTrpenue 3amauu nponoJikeHo B npumepe 3, e ra. 1X).
Yucaosble sHaueHus s cayyas N =250 npanw B Tab1. 8 (Cm. Takxke
sapaun 21 —23 u npumep 3, e ra. 1X.)

§ 9. HonunoMuannHoe pacnpejefieHue

buHoMHuajsbHOE pachpenefeHde MOXKHO Jerko oO600lMTb Ha cay4dah
1 TOBTOPHHIX HE3aBUCUMBIX HCOBITAHMH, KaXIOE U3 KOTOPHX MOKeT
UMeTb HeCKOJbKO HCx0408. (OO003HAYHM BO3MOXHbIE HCXOAb JMH0GOT0
ucnelTanus uepes E,, ..., E, 1 J0ONyCTHM, YTO BEPOSTHOCTH OCYLIECT-
BJIeHHd ucxoja E; B xaxaoM ucnblTasud pasHa p;(i=1, ..., r).

[pu 7 == 2 noayuaeM ucneiTauus bBepHynau; B obuieM cayuae 4yucjaa p;
NOJYHHEHBl €1MHCTBEHHOMY YCJ/IOBHIO:

pt =1 p>0. (9.1)
Peay1bTatoM 7 MCMLITAHUH ABAfSETCA MOCAEAOBATEIBHOCTH, MOAOGHAs
E.E\E, ... . Bepoamuocms moeo, 4mo 8 n ucnemanusx ucxod E,
noagumes Ry pas, ucxod E, nossumca ky pas u n. 0., pasua
nl k k
-_ 1
E Ryl . k0 Prle e P ©-2)

30ecy R, — npou3soavHsle HEOMPUYAMEALHBE HUCAQ, NOOLUHEHHBLE
04eBUOHOMY YCA08UIO

ky+ky+ ... 4k, =n. (9.3)

Ipu r=2 dopmyaa (9.2) ceoinTcs K OMHOMHAJILHOMY pacnpeineneHuto
C P=0Pp, Ppy=¢q, R=~R, ky=n—~k. JloxasareqrbcTBO B 06uleM
cayuae omupaercsd Ha ¢opmyay (4.7) ra. 1l u npoBoaMTCst Tak ke, KAk
M A CGHHOMHAJLHOTO pachpelefeHus.

dopmyna (9.2) 3agaeT TaK HA3LIBAEMOE NOAUHOMUAALHOE pacnpe-
desenue; HasBanue OOTDSCHSeTCH TeM, uTO Bhipawenue (9.2) apagercs
OOLIMM 4Y/JEHOM pa3/oXeHus Muorowrena (p,—+ ... -+ p,)*. Iloauno-
MHAaJbHOE pacnpejie/leHHe NPHMEHSeTCS TJA4aBHBIM 06pasoM K &u6opy
¢ 8038pameruesm, KOTAA 9JeMeHTH paslensiotcs Ha 6ogee ueM aBe
KaTeropuu (Hanpumep, pacnpeleneHde J0Iefl no npodeccusm).
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ITpuMepr. a) KakoBa BepoOsTHOCTb TOro, uro npu GpocaHuu
12 kocrel kaxjaas rpaHb BeiMagaerT ABaxael? 3uecw £, ..., Eg npex-
CTaBAAIOT LIeCTb IpaHe#f, BCe R; paBHu 2 u Bce p,; pasHe !/, Crexopa-
TeJbHO, OTBeTOM Oyaer (121) (2)’6 (6)_12_—.0,0034 ce

6) BuGop. HonyctuM, 4YTO COBOKYMHOCTb N HpeAMeTOB pasieeHd
Ha r kaaccos £, ..., E, o6bveMos Ny, Np , ..., Np, COOTBETCTBEHHO.

[TonuHoMManbLHOE pacnpeleleHHe 3ajiaeT BePOATHOCTH JaI06Oro HCxoia
ombITa, COCTOAWErO B BHOODE € BO3BpAallleHWEM A TMPEIMETOB U3 3TOH
COBOKYIHOCTH.

8) Caoocusie ucnwmanuss Bepnyasu. JIBe nocienoBateibHOCTH
HcnbTaHUA  BepHyamu ¢ COOTBETCTBEHHBIMH BePOSTHOCTSMM ycnexa H
HeYAaul Py, §¢; U Py, §o MOXKHO PACCMATPUBATH KAK OJMH OMNBIT C YETHIPbMA
BOSMOXHEIMH McXonamu (V, ¥), (V, H), (H, ¥), (H, H) B xaxioM
ucnbITanui. [Ipd 3TOM MPeAno/oXkeHHe, 4TO ABe MepBOHAYAIbHbE NOCe-
J0BATeJIbHOCTH UCMBITAHUH OBLIM HE3aBUCHMBl, MEPEXOAMT B yTBEpKIAeHHE,
YTO BEPOATHOCTH UETBIPEX MHCXOIOB paBHBl COOTBETCTBEHHO pypy, P1qo:
@1Py 919, Tlycts Ry, ky Rs, Ry ueThlpe meqHX HeOTPHUATEIbHBIX
yucia, Hawliye B CyMMe M, BEpPOATHOCTb TOrO, YTO NPH N HUCIBLITAHUAX
xkomGunauus (Y, ¥) mnossurca k, pa3s. xoMGunauus (¥, H)—k, pas u
T. ., paBHa

n!
Ri+kopgks ~Rapki—kspgks k
RTR TR PV Rqr g gy R ©-4)

HacTHeit caydatt Takofi cXeMbl NOABAsiETCS NPU 8L00 POLHOM KOHMPO.Ae.
Msneaue roaHO ¢ BepOATHOCTbIO p M AedeKTHO ¢ BePOATHOCTBIO ¢;
¢ BEpOSTHOCTHIO p’ OHO NPOBepSETCH, C BEPOATHOCTHIO ¢’ HE mpoBepsAeTcs.
[Tpn Buibope u3neqnH AJs KOHTDOJS 3apaHee He M3BeCTHO, KaKHe M3 HHX
AedekTHB, W 1109TOMY HCHBITAHUS HesaBucHmbl., (CM. 3agaun, 25, 26
u 12 ra, I1X)

§ 10. 3agauu

1. [IpenmonoxuM, yTo BCe KOMGHHAUKHY HIOJOB AeTel paBHOBEPOsiTHH. Kaxywo
NPHMEPHYI0 IOJI0 BCeX ceMeH ¢ mecTbio AeTbMH COCTaBJAIT CEMbH C TpeMsd
MaJbuHKaMH W TPEMS JIeBOUKAMHU?

2, Urpok B 6pHIK INIpH Tpex I0CAEJOBATENbHBIX CHayax KOJOAbl KapT He
nQJdyyat Ty308. ECTs JM Yy HEro OCHOBAHMS Ka/NOBaTbCH HA HEBE3eHHE?

3. CxOAbKO HYWHO B3fiTb cAyua#Hbix LHGD M TOro, YTOOH BEPOATHOCTH
nofABJeHUs cpeiu HUX uubps 7 Obiaa He MeHee 9/10?

4, Ckoabko pa3 Heo6XOIMMO CHATH KOJOAY KApT AJs MIPBl B GPHIK (cAauu
HE3aBUCHMBI) JASi TOro, 4TOO6H BEPOATHOCTb 3apaHee YKA3aHHOMY WMIPOKY HMeTh
XOTH Obl ONMH pa3 YETBIPEX TY30B 6bita He MeHbme 1/2? OTBETHTH Ha BTOT MKE
BONpPOC JAsl COGBITHS <«BCe UETHIPE TY3a HA PYKax y ORHOTO Wrpoka (KOTOPBHIH
3apalee He QuKCHpyeTca)».

5. KakoBa BepOATHOCTb He MeHee 2 pa3 MONACTb B lledb, ECAH BEPOATHOCTD
nonanaHus paBHa 1/5 u mpousBoaxrca 10 He3aBHCUMBIX BHICTPEJOB?

6. B sagaue 5 HaliTu yCAOBHYIO BEPOATHOCTb XOTA Gbl ABYX NomajaHuii mph
VCJIOBHH, YTO OJHO MOMajaHHE NPOH3OLLIO.
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7. Halitu BepoATHOCTb TOro, YT0 CPEAH Hayrajl BHIGPAaHHBIX M3 MOJHOH
Kkonoxn 13 kapT couzepkarca 2 KapTel KpacHOH MacTH; CpPaBHHTb 3Ty BEPOST-
HOCTb C COOTBETCTBYIOIIEH BEPOATHOCTBIO AAA HCMbTaHHit BepHyaan ¢ p= 1/2.

8. KakoBa BepOATHOCTb TOrO, YTO BCE AHU POXKAEHHMS INECTH JIOAEH NMPHXO-
IATCA HA [Ba KaJeHIApHBIX Mecsla, ocTaBads poBHO 10 MecaueB CBOGOAHBLIMH?
([lonyCTHTh HE3aBHCHMOCTb M PAaBHOBEPOSITHOCTL BCEX MECSLEB.)

9. Ilyctp Opocatorca 6 mpaBuabHBIX KocTeH. Kakosa Hpu 3TOM BEPOATHOCTD
BHIafeHusi: a) XoTa Obl OxHOH, 6) pPOBHO OJHOH, B) POBHO ABYX eAUHHL?
CpaBHUTb € pacyeToM 110 npubuamxendHod popmyae [lyaccona.

10. KakoBbl maHchl Ha 10, uTo cpeau 200 ueloBex OKameTCA YETBEPO AEBIIEH,
€C/AH B CPeAHeM JEBIIH COCTaBasioT 1% ?

11. Kuura B 500 crpannu comepxut 500 omewarox. OneHuTb BEpOATHOCTD
TOrO, YTO Ha CTPAHHIE HE MEHblIe TPeX OMeuaTOK.

12, B nexoTopom ofmecrBe umeercs 1% AanbTOHHKOB. KakoB no/KeH ObITH
o6beM cayuaiiHOH BHIGOPKH (¢ BO3BpallleHHueM), YTOObl BEPOSATHOCTb BCTPETHTH
B Hell XoTd 6bl OIHOrO JaAbTOHHKA Oblia He Menee 0,957

13. KakoBa B npejsiayiieM IpuMepe BEPOSTHOCTb TOTO, 4TO BblOOpKA U3
100 uwenoBek comepsMT: a) HyJab, 6) ABYX HaAH GoJee JaAbTOHHKOB?

14, CxoabkO H3IOMa JOMKHBL COJEpKaThb B CpeiHeM cao6HbIe OYyAOuKH, NAs
TOrC YTOGB BEPOATHOCTb HMETb XOTsi Obl OZHY HIIOMHHKY B Oyixe Gbl1a He
meHbine 0,992

15. BeposTHOCTH TOrO, uTO NPH CHAUe KapT JJAs HIpbl B TOKep NepBbiH
UrPOK NOJAYUUT HECSITKY, BaJeTa, JaMy, KOPOJs H Ty3a ojHo# MacTH paBHa 1/649740.
CKoab 60JbIIMM JOMKHO OBITb 7 JJaf TOrO, 4TOOB BEPOATHOCTb HE NOAYYHTD
HY OHOTO YHOMSHYTOrO HaGopa KapT B n HCOblTaHuAx Oblaa MeHblne l/e = 1/3.
(B3ameuwanue. Pemenne He TpebyeT HHKAKHMX BBIUHCJEHHMIL)

16. Kuura B n cTpaHdly COJEpPMHT B CcpeaneM A OMEYaTOK Ha CTPAaHHLY.
OueHHTb BepOSITHOCTH TOIO, 4TO IO KpalHeH mepe Ha OfHOH CTpaHHLE uUMeEeTCH
Gosiee ueM k ONeuaTox.

17. Ipeanonoxum, 4T0 CyIECTBYET ABa THIIA 3Be3X (AU U3IOMHHOK B KEKCE,
uan aebextoB B Martepuane). BeposiTHOCTb TOFO, UTO 3ajaHHBII YYacTOK TNpo-
CTPaHCTBa COJEPKHUT j 3BE3J] MepBOrO THMA, paBHA p (/. a), @ BEPOSTHOCTb TOTO,
YTO OH COJNEpXUT & 3Be3f BTOPOro THIA paBHa p(k; b); 3T JARa coObiTHS
HPEANoNaraioTcs He3aBUCHMBIMH. JlOKa3aTh, 4TO BEPOSTHOCTb TOTO, UTO TOT Xe€
V4YacTOK NMpPOCTPAHCTBA CONEPIKUT B IEJIOM 1 3Be31, paBHa p (n; a + b). (Chopmy-
JHPOBaTh pe3yabTaT H YCJOBUA 3ajaud B aOCTPaKTHBIX TePMMHAX.)

18. 3amavya 0 IBUXEHHHN TOPOLCKOro TpaHcmopTa. Jluxe-
HHME TDPaHCIOpPTa uepe3 ONpefefeHHbH YAHUHBIE Nepexol oONHCbIBaeTcA NpEn-
NOJIOXKEHHeM, YTO BEPOATHOCTh NPOXOKACHHA aBTOMOGHAA 4Yepe3 Iepexol
B M0GYI0 MaHHYI0 CEKYHLY PaBHA NOCTOSHHOH P M 4YTO MEXJY IPOXOXKICHUAMU
aBTOMOGHAEH B pasnHuHble CEKYHJbl HEeT HHKAKOH saBucumocTH. CuuTas CEKyHLY
HeleJUMOH eAuHMLeH BpeMeHH, NPHXOAHM K CcXeMe HCOBITaHHH DepHyaau.
JonyctuMm, 4TO NEMEX0] MOXeT IePeXOIHTb YJULY TOJAbKO HDH YCJHOBHH, 4UTO
B IOCJejpyiolHe TpH CeKyHxbl nepexof 6yaeT cpoboxbiM. Halitn BepoATHOCTDH
1010, 40 emy mnpuzerca xpatb k=0, I, 2, 3, 4 cexyun (CoorBercrayiouiue
obupe ¢GopMyasl He oueBHAHB H OyayT BuiBezenn! B § 7 ra. XII B cBasu
¢ TeopueH cepuil ycmexos.)

19. Isoe 6pocaioT npaBUJbHYIO MOHETY n pa3d KawAbll. HalTu BepOATHOCTh
TOro, YT0 y HuX BHINAJZET OJHHAKOBOE YHCJ]O rep6os.

20. HafiTi BepOATHOCTb TOrO, 4TO B NOCHENOBATENbHOCTH ucnbiTanui bep-
HYJMIH € BePOATHOCTBIO YCIIeXa p @ YCIEXO0B BCTpeyaeTCsl paHblle, ueM b He-
yaau. (3ameuanue. PesynabraT BhsACHSeTCH camoe Goubllee uepes a6 —1
HCOBEITaHMH. DTa 3amaya MMeeT 3HAaueHHe HJA KJACCHYECKOH Teopuu asaprt-
HBIX, HTD B CBSI3M C BONPOCOM O TOM, Kak IE€JHTh CTaBKy, €C/H Hrpa mpe-
Kpameoﬂ)a K TOMYy MOMEHTY, KOrjaa OXMH HIPOK BLIHTpAd @ MApTHH, APYro# &
napTHH.
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21. B 3azaue Banaxa o cnmuueuHnx kopob6kax (§ 8) nafitn
BEPOSITHOCTH TOTO, UTO B MOMEHT, KOTIa BIepBble OJHA W3 KOPOGOK OKa3saJaach
NyCcTOH (TOT MOMEHT HE COBMNalaeT C MOMEHTOM, KOI'/a BIepBblie Oblaa BBIHYTA
nycrag kopobka), Apyrasa coIepxMT r cmHuek (r=1, 2, ..., N).

22, MponoaxeHnue WMcnoab3ys pesyabTaT nmpenbiiylied 3afaud, HaHTH
BEPOATHOCTb TOrO, UTO OTCYTCTBHE CMHYeK GbLIO OGHAapyXEHO BHEpBble He B TOH
kopoGke, koropast omycresa nepsod. IIpeoGpasosarh MOJNy4YEHHOE BBHIpaMEHHE
K BHLY X = (%{Y) 2721 ymu npubmmxento —;—(Nn)"/’.

23. KoppekTypsl HEKOTOpDOH KHHI'M HE3aBHCHMO JPYr OT IDPYyra HPOUHMTAHBI
IBYMSl KOPPEKTOpaMH, HaIeJUIMMH COOTBETCTBEHHO K, M k, OmHGOK, LpuueM
ky, omn6oxk Opiau Ha#aeHol o6ouMu. [JarTh mpHeMJIEMYI0 OLEHKY HEH3BECTHOIO
qyucaa n Bcex omWubBOK B KoppekTypax. (JlomycTuTh, YTO NpOBEpKa KHUIH OTBe-
YaeT CXeMe MCIbiTaHuH BepHyaan, B KOTODOH KOPPEKTODhl OOHAPYXHBAO1 Ka-
Iyl0 owmubKy € BEpOATHOCTAMU COOTBETCTBEHHO p; H p,. BocmoabsoBatbest
3aKOHOM GOJBbUIMX HHCeJ.)

3amMeuanue Ir1a 3aiaua oTOGpa€maeT B NPOCTHIX TEPMUHAX DKCMEPUMEH-
TaJbHBIA [IpHeM, HCHOAb30BaHHbE PeseppopaoM aas MOACYETA CUUHLMATA-
M.

24, [ins Toro uToObl OLEHUTH O6BEM IMOMYJSLMH XHBOTHBIX C IIOMOIIBIO
oraoBa '), mocaeloBaTeAbHO r pa3 paccTaBisioT JoByHikd. [lpeamonaras, 4to
KawJoe XHUBOTHOE MOXKET OLITb IIOHMAHO C BEPOATHOCTBIO ¢, YTO MEPBOHAYAALHO
6bJIO 7 XKUBOTHBIX Y YTO eIMHCTBEHHast Da3HMLUA B CHUTYaLMAX MEXAy Nociaeno-
BaTEJbHBIMH OTJOBAMH COCTOMT B H3MEHEHHH YHCJEHHOCTH cTaja (T. e. yxe
MIOfMaHHbIE HKHUBOTHbIE BBIXOJAT H3 PACCMOTPEHHA), HAHTH BEPOSTHOCTL TOTrO, 4TO
7 TOCJeN0BATENbHbIX OTJOBOB [aXH COOTBETCTBEHHO pe3yabTaThl fny, My, ..., M.

25, Cnoxube ncnbtanus bepuyaau Hafitu B npumcpe 9, B
YCIOBHbBIE BEPOATHOCTH p u g cobutui (¥, H) v (H, V), npu ycjioBud, 4TO
HMEeNa MECTO OJHa M3 3THX KomOuHauui. [lokasaTs, 4to p > 1/2 B cayuae
p1> Py B p<1/2 B cayuae p, < p,.

26. llponoaxenune?). Ilyctb cpean n nap HCObITAHWA m [ap MOpH-
BedM K OnHOH u3 komOGunaumiét (¥, H) uan (H, V). [loxasaTb, 4TO NpH 3TOM
yCAOBHY BEPOATHOCTb INOsfBAeHUs komOunauuu (Y, F{) poBHO % pa3 paBHa
b (& m, p)

27. Kom6unanusgs 6HMHOMHAAbHOIO HIIYaCCOHOBCKOTO pac-
npepeseHu i JlOnycTuM, YTO HEKOTOPOE HACEKOMOE C BEPOSITHOCTBIO p (r; 1)
KAAJET 7 AHL, a4 BEpOATHOCTb Pa3BUTHS HAaCEKOMOro u3 akua pasHa p. Ilpen-
nojaras B3aHMHYIO HEe3aBHCHMOCTb DAa3BHTHS fiHL, T0Ka3aTb, YTO BEPOATHOCTDb
TOTO, 4T0 y HaCeKoMoro OyneT B O6UIEH CJOXKHOCTH % NOTOMKOB, NOAYdYaeTcs
13 pacnpenenenus ITyaccoHa ¢ mapaMeTpoMm Ap.

3ameuanue. [IpuBejeM eme OIWH IpUMEp C AHAJNOTHUHOH cuHTyanue.
BeposTHOCThL pacuiemienust £ XpoMOCOM paBHa p (k, 1), BEpOATHOCTb BOCCTaHO-
Bﬂe?(?lﬂ)—p (Ipyrue mpuMeps TakOro pojga cM. mpumepsl 1, r ra IX u §1
ra. XIL

Y P. A, P. Moran, A mathematical theory of animal trapping, Bio-
metrica, 38 (1951), 307—311.

2) A. Wald, Sequential tests of statistical hypotheses, Ann. Math. Sta-
tistics, 16 (1945), 166. Baaba ncnoabayeT NpuBeieHHEBlE BHIIE PE3YAbTaThi, YTO6I
CO3%aTh METOJ NMPAKTHUECKOrO CPABHEHMS JBYX SMIHPHUECKH MOJAYYEHHBIX NMOCAe-
IOBAaTeAbHOCTEH HWCOBITAHHH (HampuMep, pe3yJabTaThl paboTh JABYX MaLIMH)
B Leasx BbiGopa TOW, koTopas ofewmaeT Goabumylo BepOATHOCTh ycnexa. On
CBOAMT 3amauy Kk 6onaee TNpOCTOH 3ajaue HaXOWACHHUS TOro, OyIeT K B CepHH
MCIBITaHMH BepHyanH yacToTa ycnexa OTAMYAaTbCd OT '/,
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28. IlokasaTp, UTO AASl MAaKCHUMAJbLHOH BEPOATHOCTH MOJMHOMHAMBHOTO pac-
HpejleneHusi BHUTIONHAIOTCA HEpaBeHCTBa ')

npi— 1< k<L (n4-r—1) p;, i=1,2 ..., r (10.1)

(Yxasanue J[lokaszaTb cHayana, 4YTO BEPOATHOCTb MAaKCHMAaJbH4 TOrAA M
TOJbKO TOMAA, KOTAA pik; < pj(k; -+ 1) nas mo6oit mapwl (7, j). [TpocymMmuposats
3TU HepaBEHCTBA MO j u i 5= j.)

29. IToxasate, 40 B pacnpelenenun Ilyaccona BepostHocTb p (k; &) noctu-
raer CBOEro HanbOJAbINErO 3HAUEHHs, €Ciu A — HAHOOJBIICE HEN0e YUCIO, HE
npeBocxondinee A

3aveuanune 3adawu 30—34 omHocAmMCA K NYACCOHOBCKOMY npubiu-
HCEHUIO ONST OUHOMUAALHOZO pacnpedesenust. B daavneliwenm npunsmer 060-
3HAUEHUS: )= np u M — HAUGOAblLee 1eN0e HUCAO, He NPesocXodsiyee (n--1) p
(Opyeurmu caosamu, m-— uHOCKC MAKCUMAAbHOU 82 DOSIMHOCHL).

30. ITokaszarb, uTo ecau k& MeHnsercs or 0 10 o, TO OTHOMIEHHE ap ==
— b(k n, p)/p(k 1) cuavana BospacTaer, 3aTeM yOblBaer, IOCTHIAs MaKCHMyMa
npu k= m.

Ecnu £ Bospacraer, TO BepOATHOCTL O (k; n, p) cHa4Yana MeHblle, 3aTEM
6oablile ¥ 3aTeM ONATL MeHbile, ueM p (k; ).

31. Ecau n—»>co, p—>0, TaK 9TO np =) OCTAETCH MOCTOAHHOH, TO

b(ky n, p)—>p(k })
pasHoMepio 1o k.
32. lloxasarp, uTO

R Y-k )R AL yan
?!—(1~7) = bk n’p)>7{' (1—;\) (1—;) . (10.2)
33, BuiBectn u3 (10.2), ncmonsays nepasencrsa (8.12) ra. II, uto
123 PE

Pk ™ = bk n, p)> pkidye PP RET, (103)

3ameuanune Xora HepaBeHcTBO (10.2) asaserca oueHn rpy6oiM, COOTHO-
mexue (10.3) o6ecnevuBaeT NPEBOCXOAHYI0 OUEHKY omubku. HeTpyiHo yTounuts

(10.3) ¢ moMombIO paccyxeHui, aHanoruunpx paccyxaenusam § 9 ra. Il. Mexay
HpoYNM, HCHOJB3YS pesyabraT 3agauu 30, Jerko mnokasaTh, UTO SKCIOHEHTY

N mh
B aesofi uactu (10.3) mMOXHO 3aMeHHuTb Ha =, 10, B CBOIO OUepeib, MeHble,

ueM (p4-n-1)).
Opyrue mpeneabHbe TEOpeMBl

35. bunoMuaabHoe MpUOGAHMKEHHE JaAd FHOEPreoOMETP U-
4YeCKOro paclipeaenenus B renepaibHOH COBOKYNHOCTH, cOCTOsIeil
u3 N mapoB, UMEKTCA KPACHbIE W YepHBIE Iaphi B Mponopuus p:q (p 4+ g = 1).
Ws stolt cosokymuoctH BoGWpaercs Ge3 BO3BpAIICHWA TPYMANA B 1 MWAPOB.
BeposTHOCTL TOro, YTO BHOOpKa COXEPXMT DOBHO £ KPACHEIX INAapoB, 3ajaercs
runepreoMerpuueckum pacnpegeaenveM § 6 ra. Il TNokazats, uto ecau N — oo,
TO 3Ta BepPOATHOCTh cTpemutcst k & (%; n, p).

36, JomycTuM, 4TO B UpeAblIylle# 3ajaue p Ma’go, n BEIHKO, a NPOHU3BEAe-
Hue A= np He Mano M He Beauko. B aToM cayuae rumepreoMerpuueckoe pac-
BpeleleHHe MOXHO anNPOKCHMHPOBATh pacnpexenenueM Ilyaccona p(k; b).
[Iposeputh 3TO HENMOCPENCTBEHHO, HE HCHOJMb3Ys NMYacCOHOBCKOE mMpubanxeHue
I 6MHOMMAJALHOTO PacmpeneaeHus.

') B nepsom usganum 6uiio chopmynuposano Goaee ciaaboe yrBepieHme,
a HMEHHO | k; — np; | < r. Hacrosinee yTOUHEHHE U ero H3AIHOE 0Ka3aTelb-
¢rBO Oblau gaunm P. A, P. Moran.
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37. ldonmycrum, 4TO B OmpuuamessHoOM OCUHOMUAALHOM pacnpedesenuu

{f (% r, p)}, BBedeHnoM B § 8, g-—>0 n r —> oo Takum o06pasoM, 410 rg = A
ocraetcs noctosaHHoii. [ToxasaTe, 4TO

f(kropy—>pk M)

(3ameuvanue. Tem caMBiM Mbl IIPHXOAHM K NpenelbHOH Teopeme nast pac-
npedensenus Iloia; cm. 3apauy 24 ra. V.)

38. MuoromepHoe pacnpejgesenne [Iyaccona. [lokasars, uto
Korjaa n BEJHKO, a np; :}‘i HE MAaJbl H He BCJHKH, NOJHHOMHANbHOE pacnpe-
nenecnue (9.2) MOXHO aNNPOKCHMHUPOBATH IOCPEACTBOM

k k
e_'(hl+"'+)‘r)_i\_1‘_",'_)\’_r__
AR

JloxasaTbh TaKke, UTO BEPOATHOCTH B 3TOM pacCIpele]eHHU 3T B CYMMe €Tu-
Huuy. (3ametnM, uyTo B 3ajgaue 17 moaydaercs JBYMEpHOE pachpejledeHue
[Tyaccona.)
39. a) BmBectu (3.6) HenocpejpcTBeHHO u3 (3.5), HCHOJB3YA OUEBUAHOE
COOTHOIIEHNE
b(ky n, py=0b(n— k& n, q).

6) BoiBecTn OunHOMuanbHOE pachopeieldeHHe Kak 10 HHAYKIMH, Tak W ONH-
pasicb Ha ofmylo dopmyay (3.1) ra. IV.

40. Nokasars, uto X\ kb (k n, py=np u X, k% (k n, p)=n’p* + npq.

41. Joxasarb, 4TO

N Ep (ks Ay =224

42. TlpoBepHTb TOXIECTBO

R

3 6% ny, p)b(k—v; ny, p)= b (k; n;+ny p) (10.4)
=0
¥ £
W yKa3aThb €ro TEOPEeTHKO-BEPOSATHOCTHBIH CMBICI.
Yxaszauue. Papencrso (10.4) — mpumep xounosuyui, KOTOphle paccMa-
TpuBaloTca B It X[, apyrum mpumepowm sasasiercs (10.5).
43. {lposeputb TOXNECTBO

) 4
Zop (v M) Pk — v M) = p (& A+ 1), (10.5)
44. Tlycrb
k
B(kn,p)= b n, p) (10.6)
v=0

€CTh BEPOATHOCTh HOJAYUHTb B n HCHBITaHusX He Gosee k ycnexos. Torpma

B(k n+1, py= B(k n, p)— pb(k n, p),
B(t+1; n+41, py=B(k n, p)+qb(k+1; n, p) (10.7)

ITony4uTb 370 a) U3 BCPOATHOCTHHIX coobpaxenui, 6) analuTHYECKH.



180  Ia. VI BunosmuaabHoe pacnpedeaerue u pacnpedeaenue [Myaccona

45. lpu toM e 0OO3HaYEHHH

q
B (% n, p):(n——k)(Z)ft”'k‘l(l — Bk dt (10.8)
0

J4
1— B(k n, p):n(”’k'l)f R (1 — k- 1at, (10.9)
Q

Yxasaune MarerpupoBath no uactaM uin auddepeHuupoBath ofe
yactu no p. BuiBecTu omHy dopmyny u3 Ipyroi.

3ameuanue Uurerpaa B (10.9) uaseiBaerca HenoAnol Gema-gyriyued.
Ta6anupl 3HaueHuilt 1 — B (& n, p) ¢ ceMblo JECATHYHBIMH 3HAKAMH AaA &k u n,
menpminx 50, u p =001, 0,02, 0,03 npuBemeusi B xHure K. Pearson «Tables
of the Incomplete Beta Function», London (Biometrika Office), 1934,

46. Joxazars, 4T0

PO+ ... 4 p(n, A):Tll!—fe‘xx"dx. (10.10)

3aMeuanue. B nocaedywouux 3a0a1ax Mo OQ0UM HUNCHIOIO OUCHKY OAS
gcex sepossmuocmel 8 CUHOMUAASHOM pacnpelenenun. Buwucaenus dosorsro
HECAOHCHBL, @& CaM Memod, HADALHAWUM 00 Pa30M YCOBLPUIEHCMBOBAHHYIIL,
NO360ATEM NOAYHUME OYeHs NPOCMOL DOKA3AMEAbCMEO NPe0eib Ol Meo persl
Myaspa — Jdanaaca (cm. 3a0ayu 19—21 2a. VII). Ioaoscum 0rsa coxpawenus

e 1
£ = f_(”.'tp_‘.”_;}‘”/__/l (10.11)
{(n+-1) pg} =
U nycmes m-— HOMep MAKCUMAAbHOL 8€POSIMKOCHU, M. €. A0 4UCAO, YJO-

saemeopsioujee wepasercmsasm (3.2).
47, Noxa3aTb, 410 Npu r > (n-- 1) p

Ly
b(rin Y <b(min, pye T (10.12)
rae 8 =m— (n-+1) p-1/2. Ouesuano, |8 | < 1/2. ¥Ykasanue. 3amucars (3.1)
B opwme

b np) __(at+Dpg—{k—@+1)pip
bk—Ln p (+H)pg+{k—(n4+1plg’

BriBecTH OTCIOfA, UTO

b (& n, p) E—(m4+Dp E—(n+1)p
08 ety < B 1= G e P < G e (019

nocae uyero TpeGyemoe yTBepieHHE NMOAYYaeTCs CYyMMUPOBAaHUEM 1O A

48, Nlpu r < (n+1) p nepasencrso (10.12) Bemoansercs ¢ 3amMeHo# MHO-
JuTeNst p B 3KCNOHeHTe Ha ¢. [losTomy, ecim p 3aMeHUTb HA pg, TO HEpaBEHCTRO
OyZeT BOCMOJHEHO JJif BCEX 7.

E>(n+1Dp (1013




FJTABA VII

HOPMAJBHOE NPUBJIHXEHHUE AJS BUHOMHUAJBLHOIO
PACIIPEAEJIEHHUS

§ 1. HopmaabHoe pacnpenenenue

Bo wuslexanne panpHeHIIMX MepepbiBOB B U3JONKEHHH OCHOBHEIX
niefl crenaeM 31eChb OTCTYIIEHHE M BBeAEM JBe 4Ype3BHYARHO Bawppe
GYHKIHH.

@ (T)

05t

q 599

0242

Ll 1 I z
-J -Z -/ =067 0 0671 2z J

S0% nnowadu

§8.3% naouagu
, '?jé’% /7/7011;07(/ ,
I

. 39 7% nnowadu \

Puc. 1. [110THOCTL BEPOATHOCTH HOPMANLHOTO pacnpe-
JeNeHus. )

Onpenenenue. dynuyus
1 _y2
P (x) = e™ " (1.1

HA3bBaEMCS NAOMHOCMBIO BePOAMHOCHLU HOPMAALHOZO pacnpede-
AEHUA; ee uUHMezZpas
pa

f e-¥2dy (1.2)

-0

1
PO=

Ha3vlgaemcs HOPMAABKOL PYHKUueld pacnpedesenus.
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[paduk ¢ (X)-— CHMMETPHuYHAs KOAOKoJ000pasHas Kpusas, u3obpa-
keHHas Ha puc. 1. 3ameTuM, 4TO MHl NOJb3yeMCA Pa3HBIMH MacuitTabamu

—1
Bloab oceft ¥ m y. MakcuMmyMm ¢(x) paen (27 = ~ 0,399, Tax uro
B OOLIYUHOH JeKapTOBOH CHCTeMe KOODAMHAT (C OJMHAKOBHIMH MacuiTa-
6aMi MO OCSM X M y) KpuBasg y =¢ (x) Obaa 6b Gosee APHILTIIOCHYTOH.

DT,

L1 I
5 -2 10670 G671 7 K Z

Puc. 2. Hopmaabnaa yHkinus pacmpeleneHHs.

Jdemma 1. [Haowads, ozpanutennasn epaguxom @yHK{uu o(x)
u ocelo X, pasHa edunuye, m. e.

[ ewyax=1. (1.3)
JdoxazateabcTso. Mveem
l' 4 0 2 -~ 4 o
i fcp(x)dx = f f o(x) g (y)dxdy =
N -0 —00
+ oo -+ 0
=%f [ @ acay. (.9
—00  —00

[lepexons B 9TOM JIBOHHOM MHTErpaje K TNOJADHLIM KOOPAUHATAM,

NoJyyuM
pas oo =) i

%f def e-'”/?rdr_—_-fe"”%dr:——e"’/2 =1, 1.5)
i 0 0 0

YTO ¥ IOKAa3LIBaeT JeMMY.
W3 onpesenenus u JeMMBl CJeAyeT, 4TO PYHKLZUA D (x) mono-
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monno gospacmaem om 0 do 1. Ee rpadux (puc. 4)-— S-obpasnas

KpHBas, NpuyeM
D(—x)=1—D(x). (1.6)
B raba. 1 npusenenn sHauenns ) @ (x) aad noaomurenbHBIX X; 3Ha-
uenust @ (— x) noayyawr ¢ nomouwwblo dopmy.n (1.6)2).
Hdas MHorux uelell yAoOHO uMeTb NPOCTYI0 oueHky Mas I — @ (x)
npun Gospuinx x. Takylo oueHky naer
Jdemma 23). Ilpu x-—>oo .
l — D (%) ~———e 2 1.7
(%) o x (1.7)
Go.tee Mmo4nyiw 0a8 aw6o2o x >0 daem HepageHcmso
l ) 1 1 1 2 1
— x-,2}____} 1 —®(x e ¥ 1.8
o) R (x) < ony - (1.8)
(cM. 3anauy 1).
HokasareabcrBo. JupdeperunpoBaHueM MOKHO NPOBEPHTh, UTO
I, 1 1A 1
s S= ew{l —}»d. 1.9
(27)'" ¥ @n)" xf + TR (1.9)

[MoauHTerpansHoe BBIPAXKEHHE NpPaBOH YacTH Goablile NOIUHTErPaib-
HOIO BbIPaXKeHHA B HHTErpaje

[ —D(x) =

[Ee]

f e Yi2dy, (1.10)

X
4r0 M JIOKa3wBaeT BTOpoe u3 HepaBeHCTB (1.8). Tleproe HepaBeHCTBO
NOJAYYaeTcss COBEPIUEHHO aHaJOTM4HO, ecJH B KadecTBe MOJUHTE-
TpanbHOTO BLIPAKEHMA B3ATb  yHKuUIO e Y72 {1 — 3[yt) < e V"2,

3ameuvanue o tepMunoaoruu TepMmun @ynryus pacnpederenust
npuMenseTcs B MaTeMaTaueckod JauTepatype ais ofo3HaueHus moboi HeyOoi-
Baouleii GyHKOHH F (X), KOTOpas CTPEMHTCH K HYJMO NPH X -—>— o0 H K efH-
Hulle NIpU x —>o0. [laomuocme seposmuocmu — HeOTpULaTe bHas GyHKuuA f(x),
WHTErpal KOTOpoH, B3ATHE Ho Bcell ocu x, paBen eanunue. Murterpaa or — oo
10 x oT MoBGOH naomuocmu geposmuocmu sBiseTcs GyHkuued pacnperneneHus.

HopMaabHylo ¢QyHKOUIO pacmpeje]eHHs YacTO Ha3blBaT paclpelefieHHeM
laycca, wo e TOAb3OBAAHCL B TEOPUH BeposatHOocTed eme Myasp u Jlamnac.

1
(2n) A

") Boaee mnoapo6ubie Tabauubl cM. B Tables of Probability Functions, 2,
Nat. Bureau of Standards, New York, 1942, 3naueHus oyHkuuu ¢ (x) u
© (x) — @ (— x) npuBedeHbnl B 3Tux TabaHuax ¢ 15 3Hakamu [0cie 3ansAToRH.
MMpu 0 < x < 1 3Hauenus x Gepyrca uepes 0,0001, mpu x > 1 —uepes 0,001

?) B pycckoit auteparype BMecto dyHkuuu P (x), onpenensemoil dhopmy-

X
Jdoit (1.2), wame Ttabyaupyercss dyuxkuus ¥ (x) = —(Q—I)Tfe‘ywdy, CBfA3aHHAs
T 2
0
€ @ (x) oueBuanpiM cooTHOmenHeM ¥ (x) == ® (x) — 1/2. d1a dyHkuua yIoOHee
T€M, uTo faa Hee cooTHomenre (1.6) samensercs GoJsee HPOCTBIM COOTHOIIE-
HgeM ¥ (— x) = — W (x). — I[Tpun. peo.

%) 3pech u B jaabHedlleM 3HAaK ~ YHOTPEBAAETCHA AJds 0OO3HAYEHHS TOro,

910 OomuOweH e BENUYKH, COCJIRHEHHBIX 3THM 3HAKOM, CTPEMHUTCA K eIHHHLE,
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Ecau uameHuTb Havano OTCYETa M eluHHUY H3Mepeuus, o ® (x) npeo6pasyercs
B ® ((x — a)/b); 31a ¢yHKuus Ha3HBaeTca HOPMAaJAbHOH dyHKIMeH pacnpenene-
HUi CO CpEejHHAM 3HaueHHeM a M Juchepcued b? (MAM CTAHZAPTHBIM OTKJOHE-

unem | 6]). Pynxuuo 20 (x)'2) —1 wacto HaswBaLT GynKyuel OWUGOK.

Tabauya 1
HopmanbHoe pacnpeaeneHHe
¢ ¢ {t) D (f) ” t ’ ¢ (8 & (f)
i
0,0 0,398942 0,500000 23 0028327 | 0989276
0.1 0,396952 0539828 24 0022395 0.991802
02 0,301043 0,579260 N 1755
03 0381388 0617911 ?é gglgggg g%g;gg
0.4 0.368270 0,655422 ; : »
97 0,010421 0,996533
05 0,352065 0691462 28 0007915 0,997445
0.6 0,333225 0725747 29 0,005953 0,998134
0.7 0,312254 0758036 ,
08 0.289692 0,788145 g? 8’883323 g‘gggggg
: 0,266085 0,815940 : : :
09 ’ 32 0,002384 0999313
10 0241971 0841345 33 0001723 0999517
11 0217852 0864334 34 0001232 0999663
0,194186 0,884930
ig 0,171369 0,903200 35 0,000873 0,999767
14 0,149727 0919243 36 0,000612 0,999841
' ' ' 37 0,000425 0,999892
15 0,120518 0933193 38 0000292 0999928
16 0110921 0,945201 39 0,000199 0,999952
04049 0055435
L7 0 1955 4,0 0,000134 0,999968
18 0,078950 0,964070 )
19 0.065616 0971283 41 0,000089 0,999979
' ' 42 0,000059 0,999987
20 0,053991 0977250 43 0,000039 0999991
21 0,043984 0982136 44 0,000025 0999995
29 0035475 0,986097
’ : 45 0,000016 0,999997

§ 2. MpeneavHas Teopema Myappa — Jlanaaca

[Tycte 8, O3HauaeT YMCAO YCMEXOB B 7 HCMHTaHHAX bBepuyiiu
¢ BepoaTHOCTbIO ycmexa p. Toria b(k; n, p) aBiseTcss BePOATHOCTHIO
cobuitus §, == k. Ha mpaxTuke Hac OGBIYHO HHTEPECYeT 8€pPOAMHOCHL
Mo20, 4MO 4UCA0 YCREX08 HAX00umcs mexndy 3adandvimu npede-
aamu o u B. Ecav a u B— ueibie HeoTpuuarteisHbie uucaa u o < B,



§ 2. Hpedeavnas reopema Myaspa — Jlanaaca 185

TO HHTepecyiollee Hac cOGbTHe ONpeaeseTcs HepapeHCTBOM & <S8, << B,
M €ro BepOATHOCTb DaBHA

Pla LS, <Bl=b(@n p+bo@e+Lnp+...4+5@ » p). Q1)

CnaraeMbix B 3TOH cyMMe MOXeT ObITb OYeHb MHOTO, U MPAMOE
BBIUMCJAEHHE CYMMB OOGLIYHO NpAKTHYECKH HeBO3MOxHO. K cuacrbio,
KOrJa 7 BEJNHMKO, I/ BHIBOLA NPOCTHIX NMPUOJIMMEHHBIX BBIDAXKEHHH /s
sepoaTHoCTH (2.1) MoxeT OHITh HMCNOJb30BAHA HOpMaibHas (YHKUHS
pacnpeneieHus. JT0 OTKPHTHe NpuHaasexut Myaspy!) u Jlangacy 2).
Mpl yBUAMM, YTO 3HAYeHHe TOTO OTKPHITHS BLIXOAMUT JAJNEKO 34 NPefeJbl
06J1acTH YMCJIEHHEIX DPacyeToB.

Hama O6mukaitiuas uesb — BbIBECTH ACHMNTOTHYECKYIO GOpMyJy Aas

OTAEJLHOTQ CJ1araeMoro
n!

b(k; n, P)ZWPkQ”‘k- (2.2)

Bepoarnocts p Oymer octapaTthbCsd (UKCUPOBAHHOW, a 7 MBIl ycTpe-
MHM K OeCKOHEUHOCTH.

CoraacHo 3akony Ooabuinx uncen [(4.2) ra. VI}, seposatHocts TOroO,
410 |8, —np|> ne crpeMutcs K Hymo npu moboM € > 0, u mosTomy
JeHCTBUTENbHBIH HHTEPeC [Jdg HAC INPEACTaBJAAOT TOJbLKO TakWe 3Haue-
uus k, Iad KOTOpHX |R—np|n~t—>0. Yno6uo BBecTH HOBYIO nepe-
MeHHyIO 0, =k —np. Torna

k=np+3%, n—k=ng—3,. 2.3)
B panbnefiieM Mbl GyleM paccMaTpHBaTh KOMOWMHAuuu n ¥ k, NPH KO-
TOPHX 7 —>00 H B—:——>0.

3amensia Bxoasiwue B (2.2) daxropuans no ¢opmyae Crupausra 3)
((9.1) ra. II], momyuaem

. " % np\*( npg \*~*
bik; n, p)'”"( 2nk(n—-—k)} (T) (n——k) =
y

2 1
:{ on (np—}-%:) (ng —13y) } (l+%)np+ak(l_z_;)nq—6k v (2.4

) Abraham De Moivre (1667—1754) «The Doctrine of chances, 1718,

2) Pierre S. Laplace (1749—1827) «Théorie analytique des probabilites», 1812,

%) Hamomuus, uro B ra. Il Mbl He 33aKOHUHAH NOKa3aTeAbCTBO (POPMY.l
CrupauHra, a Juimb nokKasaniy, YTo r!~ch’e”, rge ¢>0—koncraura. B rek-
CcTe mnpeanoJaraercd, 4To € = (27:)'/2. Ecan MBI XOTUM 1O0Ka3aThb 3TOT QaKT, TO

MHOXHTEb (2n)‘/2 B ypaBHeHusax (2.4), (2.7) u (2.8) nomueH GBITL 3aMEHEH Ha C.
B stoM cayuae B mpaBbie uacTH ypaBHeHu# (2.11), (2.14) u (2.18) cnenyer Bcra-

-1
BHTh MHOXHTENb € (2r)~ "2 [ln9 noKasaTeAbCTBA TOFO, YTO 3TOT MHOXHTEIb
paBeH 1, ZOCTATOUHO MOJNOKHTD Xg M —Xx, jocraTouHo Goapuwumu. [lpasaa

4acTh MoauduuHpoBaHHOrO YypasHeHus (2.18) Ttorma ckoab yrogHo Gaumska
K c(2n)"/2, a nesag uactb 6auska k 1 no onenxam § 3 ra, VL
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Tle 8HAK ~ O3HAY4eT, YTO OTIOUICHHE BeIHYHH, CTOSIWX B NpaBoH
il JeBOH 4YaACTH, CIPEMHTCA K elMHIUe.
Yro6sl OUSHHTh BeIHuHHy Apodm B (2.7), nepefiieM K Jorapugmam.
B unrtepsaie |8,|<(npg MOXKHO BOCNOJIL30BAaTLCA (opMyaod TeHuopa
{(8.9) ra. 111 u sanucarh jgorapudM 3HaMeHaTels B BUIe
B

(np+8k)log(ll -+~ z—;)%- (’“I—Bk)log( —ﬁ) -

B L
”(’1p+8k)(7;——w+w—+~~ —
% % i

TleperpynnupoBaB uJeHbl TIO CTeNeHAM O,, UOIyYHM

52(1 1) 52(1 1)
w\p T 7)) e\ )=

82 p—q
k k 1
1 — ... .
, 2npq{ T8 T (- 20
S
B atoM BhIpaXeHUH 4YJeH %% fBAAeTCA  npeobiaalalomnM, TaK Kak
33

o
k
—’1390. [TpeanoaoxuM Tenepb, 4TO F»O. Torma Bce caaraemble

B (2.6), xpoMe mepsoro, crpemarca x O u dopmyaa (2.4) npuHuMaer
6osee NMpOCTON BUA

;2

ook
. n 9 <
bk n. p)N{ 2n(np+ak)(nq-—ak)} e 27)
Ho np+38,~np n ng —3,~ng, tak uro (2.7) MOxHO eme Gouee
VIPOCTHTb:
0

b(ki n, p) I = @( s ) (2.8)

(2rnpg)*: (np)" " \(npg)''

10 — ucKoMag acuMnToTHyeckas (opmyna. IlepenuweMm ee, BBeas Go.aee
yunoGHble obosHayennd. [Tonomum

1
= ——, 2.9
(npg)™:
1 onpeenuM (YHKUMIO X, HE3ABUCHMOH HepeMenHOH R (opmyaoi
xk=(k—-np)k=_°k_T. (2.10)
(npg)”
[loabaysch THMM OBO3HaYeHHAMM, MOXHO 3anucath (2.8) B Buie
bk, n, p)y~ ho(xp). (2.11)
Ipu BuBOZe 3TOH OpMyJABl MBI NpeAnoJarasd, 4T0 #-—>00 U B—> 0O
5 3

0
k k
TakuM 00pasoM, HTO T—’O H TaKxe 712—-»0. Ilocnennee ycaoBue, KO-
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3 -t
TOpPOE, OYEeBUAHO, BKJIOYAET NMepBOE, MOKHO 3aANUCATD B BHIE Xpn /2—>0.

Hamu noayuena, TakuM o0pasou,
Teopema 1. Ecaa n—>20u R—>00 menstiomes maxum 06 pason,

3 =1,
4mo xyn” "—0, mo sepua acumnmomuseckan gopayia (2.11). Tounee

!
. 1 i ! . ’
7 / g p T S

P uc. 3. HopMmanbHoe npubinienue Jas OHHOMMAJbHOrO pacmpejeleHHus.

Crynenuaras dynknus gaet sepostHoctd b (k; 10,1/5k) ycmexos B 10 uc-

nmiTanusx Bepuyaau ¢ p= 1/5. HenpepriBHas kpuBas JaeT AJs KaWAOro
HEJAOro 2 COQTBETCTBYIOLICE HOPMAJbHOE NpUOIHIKEHHE.

roBops, Mbl IMOKa3ajW, YTO CYLIECTBYIOT ABe MOCTOsHHEE A M B, Takue,
uTO
b (k; n, A Bl x,?
AL I <.~+__l/&, 2.12)
he (xp) n n”

(Idpyro BapuaHT #OKa3aTeAbCTBA HepaBeHcTBa (2.11) cM. B 3agayax
19 u 21.)

Puc. 3 wuaacrpupyer TeopeMy nas caydas #==10, p==0,2, rae
npq paHo Bcero 1,6. Mul BuauM, uro Aaxe B sToM KpaiiHe neGuaro-
NPUATHOM CJy4yae NpUG/IIDKeHHe YAMBHTENbHO Xopoluree!).

!y Buauenuss b(k, 10,0, 2) upu k=0, 1,..., 6 pasus 0,1074, 0,2684,
0,3020, 0,2013, 0,0880, 0,0264, 0,0055. CoorsetcTByIOWHe npubamkenns AP (xpz)
parunt 0,0904, 0,2307, 0,3154, 0,2307, 0,6904, 0,0304, 0,0021.
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Hawma teopeMa cpa3y NpPUBOIAMT K NPOCTOMY NPHOTHXKEHHOMY Bblpa-
weHuw aas cymm (2.1). Ecau

hxi—>0 u hxg—>0, (2.13)

To (2.11) BHNOJHSETCA pPABHOMEPHO I BCEeX u/IeHOB CyMMul (2.1)
1, CJAeJ0BaTeNbHO,

PlaS, <Bl~n{e(x )+ o)+ ... Fo(x]. (214

[TpaBas yacTh NMpPeNCTAB/IAET DPHMAHOBY HHTErPajbHYI0 CYMMY, aNnnpoKcu-
MHPYIOLLYIO MHTEerpatl), u MH CHayaja HCCielyeM CTeNeHb 3TOro npubiu-
KeHHs.

[lo TeopeMe O CpelHEM HalijierTcd TaKoe 3HaueHHe &,, YTO

1 .
(D(xk+1/2)— [\ (xk,:/z) == }l(P (Ek), Xp— 5 h<< Ek < xk—'}——;- h. (215)
Torna
'/2(52;3‘15?3)
hgo(xk) ==& {(I)(xk+1/2)—¢)(xk_|/2)}. (216)

BuiGepeM mnpouspoasHoe ¢ > 0. Ecan Buinoaneno (2.13), to nas mo6oro
a< k< P u noctatouno Gonbmoro n

18— =g 5 — ) [Gb ] <[ el 8] <.

[TostoMy
O e e A M RS}
2.17)

Cymmupys mno k2, y6exiaeMcs, UTO OTHOLIeHMEe BHIPAXEHHHA, CTOSIIErO
B npasoft uactu dopmyan (2.14), k D (xpyy,) — P (x.-y,) cTpemurcs
Kk eaunuune. Hamu noxasama, takuMm o6pasoM,

[Mpenenbnas Teopema Myaspa—Jlanaaca. Ecau o u §
Mensomen mar, 4mo hxi—>0 u hxj—0, mo

Pla <8y <P} ~ P (xp41,) — P (Xay,), (2.18)

20e h:(npq)“"z 4 x,=(t—np)h. Hurauve zo80ps, omHocumesvrasn
pasnocms seaunun Pla <S8, B} u [P (xpyy,) — P (Xa-y,)] cmpe-
MUMCA K HYA0 BMecme ¢ hxg u hx?

e

1

) ScHo, uTO d)(ka,lz)—¢)(xk+(/2) npejacTaBageT II.HOILIalllb Tpanmelny
OCHOBaHHEM KOTOPOH CJAYXKHT OTpPE30OK Xr— g h<x < xk—}-? h u KOTOpas
OFpaH{uEHa CBEPXY KacaTeJbHOH K KPHBOH y == ¢ (X) B TOUKE X == X, & ho (xp)
HpejcTaBafeT MAOIWAAb NPAMOYTOMbHEKA C TEM e OCHOBAHUEM,
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B uwactHocTH, (2.18) BunmOJHsieTcs, ecaAM a H  NPUHMMAIOT 3Haye-
HUsl, LJsl KOTOPBIX X, M X5 OCTAIOTCS BHYTPH (UKCUPOBAHHOTO HHTEp-
Baja. [Cayua#, korza a u 8 CTOJb BeJHKH, YTO HAPYLIAeTCH YCJIOBHME
(2.13), 6yner paccmoTped B § 5 u 3anave 14.]

B cratuctudeckux npunoxeHusx ¢opmyaa (2.18) o6bYHO HCTOJIB-
ayetcst Aas 3HauyeHH# o u 8, MpPH KOTOPHIX |X, | | X3! He TMpeBOCXO-
ot 3 uan 4. B reoperHueckuX INPHJIOKEHHSX YacTO NPHUXOAUTCA TNOJb-
30Bathca Gopmyaolt (2.18) aaa uHTepranos («, B), HaxoLMWUXCS JAJTEKO
OT ILeHTpaibHOH yacTu OMHOMHAMBHOIO paclipeleseHus, JJaIA KOTOPHX
M X, M X; Beanku. B Takux ciyuasx obe vyactH pasenctsa (2.18) maawl,
M TOrfa BaXXHO 3HATh, YTO HMX OmMHoweHue OIM3KO K eNWHUIlE, TaK
YTO He TOJbKO pAa3HOCTb, HO M OTHOIIEHHE STOH pa3HOCTH K YMeHb-
114eMOMY (MJM BBIYHTAEMOMY) CTPEMHTCS K HYJIO.

[Ipenenbnas Teopema (2.18) npunumaer OoJsee NPOCTOH BHI, eC/H
BMecTO §, BBECTH HOPMUPOBAHHOE HUCAO YCnex08, ONpelesiseMoe
¢dopmy.ioh

Sp—n

§p="t""L. (2.19)

(npg)™
.~ 1
ITO0 pPaBHOCUIBHO BHOODY (npq) " B KaueCTBe eNMHHLLI H3MEPeHUA OTKJO-
HeHu#t S, or np. Besuwuna np Ha3v8aemcs cpeOHUM 3HQUEHUEM,

1

a (npq)/z—cmam?apmubm omrAOHeHueM BeAuduHy S,; 3TH TEPMUHHI
B3ATH U3 Teopuu caydyahHbx BemuuyuH (cM. ra. IX). HepasehcTso
2 < S, <3 5KBUBA/ICHTHO HEPABEHCTBY Xo-< Sy xp M (2.18) o3Ha-
yaer, 4TO 1. NPOU3BOJLHBIX (UKCHPOBAHHBIX X, < X4

P lx, < 8y < x3) ~<1>(x5+§)_q> (xa——g—), (2.20)

rie /z:(npq)“l/z. Hanee, A—>0 mpu n—>0o, 4, CAelOBaTeAbHO, Tpa-
Bas uacth (2.20) crpemutes x @ (x5)— @ (x,). Mel nmeeM, Takum 0Gpa-
30M, caenymwliee

CrenctBUe nmpenenbHo# TeopeMmu. JMAas awoboux durcu-
posarnbix a < b

Pla <8, <b) - @ (b)— D (a). (2.21)

to ocnabiennoe yrepxieHue Teopemsl (2.18), apaswouleecd, 04HAKO,
TPaaMUHO HHOH ¢popMOH mpedeabnoli TeopeMwb Jlamanaca. Ot6pachiBaHue
#{2 B (2.20) BBOZMT OWHOKY, CTPEeMAMYIOCH K HYMIO NpU 17 —> 0O, HO
OKA3HIBAIOIIYI0 3HAYMTE/bHOE BJAMSHUE TMpPH HeGOJbIIMX BHAUEHUAX N1 Pg
(xax B cayuae mpUMepoOB ,a“ —  BY).

I'naBabiM cieactsueM ¢opmyarst (2.21) aBasgerca TOT QakT, 4T0 AaA
00/bIINX 72 BEPOSTHOCTD P{a<S’,“,<b} NPaKTHYeCKd He 3aBUCUT OT p.
710 nmO3BOJASIET CPABHATH CAYyYaHHble KOA€O0aHUs B DPa3IUYHLIX TNOCIEAC-
BATENbHOCTAX HCMBITAHUH DepHyanu, NpPOCcTO OTHOCH MX K HALIMM CTaH-
JAAapTHHIM eJuHULAM.
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Teopema (2.24) 6bla MCTOpPHYECKH MEPBOH HpeJeJbHOIl TEOPeMOH TeopHu
BeposiTHocTell. C COBpDEMEHHOH TOUYKH 3pEHHs 3TO BCEro JAHHIb UPE3BbIYAHHO
YaCTHHIHA cayuall yenmpaavHOU npedensHOl meopemst, K KOTOPOH Mbl BepHeMmca
B ra. X, HO ofulee JOKa3aTeNbCTBO KOTOPOH NpHIETcs OTJAOXKHTL A0 BTOPOH
kuury. CTATUCTHKHM MNOJAb3YIOTCH npubamxeHHok dopmynoi (2.21) paxe npu
OTHOCHTEJNBbHO M2JIOM 7pg, ¥ B TaKHX CJIydasX KejgaTedbHa OUEHKA OIIHOGKH.

Oka3spiBaeTcs, 4TO B GOJbIIMHCTBE CcayuaeB omunbka dopmyanl (2.11) masaa
no cpaBHeHHIO ¢ ToH OIHOGKOH, KOTOPYI BBOAMT 3aMeHa cyMMbl B (2.14) unter-
panoM. (K cuactbio, 37y omuOKy MOXHO B3HAYMTENBHO YMEHbUIMTb, HCHOJb3YS
¢dopmyay cymmupoBaHus Jifinepa — Makaopena.) C. H. Beprmteidin mocBsatua
psiil cratedl WCCAENOBAHHMIO OCTAaTOYHOIO uYJAeHA B oOleM ClydYde U 3aHUMaacs
BONPOCOM O TOM, KaK HYXHO BHIOH3MEHHTDL ONpEJEACHHE BEJHYHHBI X;, UTOGHI
YAYULIUTE CXOAMMOCTb B (opmyae (2.18) 1).

3amMeuanue. HeoOXo lHMO OTMETHUTb, YTO HAlIU A pedesbHble Meo-
pems. U RpUCIUNCEHHbBlE QOPMYAb CRPABEOAUSH MOABKO mo20a,
K020a HUCAO UCHBIMAHUL N1 PUKCUPOBAHO 3apaHee, He3ABUCUMO
om ucxoda ucnemarul. Eciy Urpok NO NpaBH/aM HUIPbl MOXKET KOH-
YUTh Urpy B OJaronpusATHHN IJsI HEro MOMEHT, TO B LEJOM pe3y./bTaT
UIpBl HE MOMeT OBbITb OlLEeHEH € MOMOLIbI0 HOPMA/JIbHOrO NpUGIHMeHH,
TaK KAaK HPOJOJKUTEJbHOCTb WIpPhl 3aBUCUT Telepb OT cayuad. Jlas

2106020 PuKcuposankozo n uYpe3BHYAHHO MaJOBEPOATHO, 4uTO S, Be-
anko. OnHAaKO B IJMHHOM DSy MCHBITAHHH Jaxe caMOe MaJOBEPOATHOE
coGbitie 0O0si3aTe/IbHO npou3ofser. Mbl yBUIMM, 4TO NPH HeNnpepuBHOH

urpe S, NPAKTHYECKH HaBepHOe OYyJeT MMEThb NOC/JEAOBATENLHOCTb Ma-

KCUMYMOB [OpPSAKa BeJHYUHBI (loglogn)l/2 (3aKOH MOBTOPHOrO JOra-
pupma, cM. § 5 1.a. VI

§ 3. lpumepn

a) Ilycts p:é, n=200, a==95, 8==105. B s3aroM cayyae

x =P {95 S, <105} moxHO paccMaTpuBaTb Kak BEPOSTHOCTb TOTO,
yro npu 200 6pocanusx MOHETH YHC/JAO BbiMaieHuH repba OTKIOHHUTCA
or 100 camoe Gosbmee Ha 5. st TOrO 4TOOB BRIYMC/IUTL TPABYIO YaCThb
(2.18), naxoxum h==>50""2==0,141421..., orxyza —X 2= xwl =
-5 By
=15,6h=0,7778. U3 Tabuuu noaysaeM @ (xg.y,)—P(x4_1,)=0,56331....
Tounoe 3HaueHue (Onpele/aseMOe ONATb-TaKH IO Tabaunam) pasHo 0,56325.
OwmubKa MeHblIe, ueM C/ef0BaJ0 OBl 0XKUAATb, HO 9TO OODBACHAETCA TeM,

) ¥Ynpomennnit BoiBon pesyaptatoB C. H. Bepumreiia ¢ HEKOTOpbIMH XO-
6aBnenusivu manaraerca B craTthe W. Feller, On the Normal Approximation
to the Binomial Distribution, Annals of Math. Statistics, 16 (1945), 319—329.

[Cv. C. H BepunmrTeiiy, Bosspar k Bonpocy o TOYHOCTH NpeLebHO
dopmyret  Jlannaca, Hzs. AH CCCP, cepus Matematud.,, 7 (1943), 3—16;
10. B. JlunHnk, O TOUHOCTH HPUOJMKEHHS K TaycCOBY pPacHpeleeHHI0 CYMM
HEe3aBUCUMBIX CAy4YaiHpix BeauuuH, 38. AH CCCP, 11, 1947. — Ilpun. ped.)
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410 B PACCMATPUBASMOM IIHTCPBAJE HHTErpal 1deT BEPXHIOW OULEHKY sl
cymMbl B (2.14), a npubGmukennas ¢opmyna (2.11) ouennsaer KaxnIbif
YJgeH C HeLOCTaTKOM.

6) IMoaowum p=—1/10, n=>500, a==>50, B =>55. HcruyHoe 3Ha-
yenne P {50 < S, < 55] pasno 0,317573...; & 3xech paBHO (45)4/2:.
= 0,1490712..., orkyaa ®(5,5/) — @ (— 0,54)==0,3235. ... Omwnbka
0KO0.10 29;.

B) [Toaoxkum n =100, p==0,3. Tab.1. 2 noka3biBaeT Ha THIHYHOM
npuMepe (118 OTHOCHTETbHO MadbiX 7), Kak YXYyAUAETCs HOPMaIbHOE
npubaukeHde MO Mepe YiajeHus HHrepBasa (o, ) OT LEHTPAJIbHOrO
u/1eHa.

Ta6aruya 2

CpapHeHHe GHHOMMAJNLHOTO pachpejeneHda npu n = 100,
p =03 H HOPMAALHOIO NPHOJIHKeHHS

! H
opMaJbHOE Oiubra

YHe10 yCmexos ‘ BepostHocTs NpHGAMAerHe | B MpoUEHTAX

9< 8, <11 . 0,000006 0,00003 1400
12< 8, < 14 0,00015 0,00033 --100
15< 8, <17 0,00201 0,00283 - 40
188,20 0,01430 0,01599 -4 12
218, <23 0,05907 0,05895 0
4L S, <2 0,14887 0,14447 -3
27 < 8, <29 0,23794 0,23405 ~2
31< 8, <33 0,23013 0,23405 42
34< 8, < 36 0,14086 0,14447 43
37 <8, <39 0,05886 0,05895 —0
10< S, <42 0,01702 0,01599 6
43< S, <45 0,00343 0,00283 —18
46 L S, <. 48 0,00049 0,00033 —-33
49 S, <51 0,00005 0,00003 —40

IMpumeps. r) Haftaem uucio a, rtakoe, 4ro a19 OOJBIIHX A He-
*

pPaBeHCTBO \S,,]> @ ¥MeeT BepOATHOCTh, O.u3kyw K 1/;. Iaa srtoro
neo6xonumo, urobnt P (@) — O (— a)=1/, nm P(a)=23, Tlo 1a6-
JHLAM HOPMAJbHOFO pacnpenefeHus HaxonuM a = 0,6745. Tlosromy
HepaBeHCTBa

|8, — np| < 0.6745 (npg)™ u |S, — np| > 0,6745 (npg)* (3.1)

NpUMepHO PpaBHOBepOATHH. B uactHocTH, 6amaka kK 1/, BepoOSTHOCTb
TOro, 4To npu n OpoCaHUAX MOHETH YHCJO BheINaieHud repba Gyuzer

aexath B npeaenax /2 + 0,3372", w ananoruuno apu n 6GpocaHusx
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KOCTH 4YMCJAO BhIMAJeHUH OZHOrO oOuka OyAeT Jexarb BHYTPU HHTEp-

Baa n/6 * 0,251n". BepoATHOCTb TOTO, HuTO §, Jewur B mnpejestax
np + 2 (npg)", pasua npumepro @ (2) — O(—2)=0,9545 ..., a nj«
np *+ 3 (npg)” oma pasma 0,9973 ... .

1) 3adaua 0 KOHKYpeHyuu. DTOT IPUMEP MIAIOCTPUPYET MPAKTH-
ueckHe TnpuMeHenus Gopmyasl (2.21). IBe KOHKypupyloliue xKesae3Ho-
JAOPOKHEIE KOMMAHUH HUMEIT MO OAHOMY IM0€31y, KYpPCUDYIOLUEMY MeXAY
Yuxaro u Jloc-AHXenecoM; 3TH Noe3ia OTHPAaBASIOTCH M MpuGHIBAIOT
OJHOBpPEMEHHO U 000pyNOBAHbBI TNPHMEPHO OAMHAKOBO. IlpeimonomuM,
YTO 72 TIACCAXKHMPOB He3aBUCUMO M Hayral BeOMpalT cefie TOe3d, Tax
4TO YHCAO MACCAKHPOB B KAKAOM MOe3de OfpelesseTes HCXOIOM 7
ucneiTanuii Bepuyaan ¢ p==1/,. Ecan B noesge wumeercs s < n MecCT,
TO CYILeCTBYeT IOJOKUTebHAs BEPOATHOCTH f(§) TOro, uTo SBUTCS
Ooabule s NACCAKUPOB M MeCT He XBaTuT. IloIb3ysch npubmkennen (2.21),
HattieM
f(s)zl—@(ﬁ;’l>. (3.2)
. 7
Fcmun s croab Beauko, uto f(s) < 0,01, To uyucao Mect Oyxer nocra-
roynsiM B 99 cayuasx u3 100. Boofue xomnanus MOMeT YCTAHOBUTD
NpOM3BOJBHBI yPOBEHb DHCKA & M onpelejuTb § Tak, 4Tolw f(s) < a.
Jns 3TOR UEeaAu JOCTATOYHO MNOJOWKHTHL

s> % (n~t,n"), (3.3)

roe f,— KOpeHb ypaBHeHuss o =1 — D (f), KOTOpHH MOKHO HaHTH
no rabauuaM. Hanpumep, ecan r==1000 u «=0,01, 10 f ~2,33
H jJocratouHo §=037 Mect. Ecin ofe KOMNAHMM NPUMYT YpPOBEHb
pucka a=0,01, 10 xBa noesna O6yiyT uMeTb B OOLIeH CJOKHOCTH
1074 mecra, 74 n3 xoropmx 6yiyT nycteimd. AnanorudHo 514 mect
6pi10 Ob pocratouno B 809 Bcex cayuae, a 549 mect—B 999
u3 1000 cuayuaes.

[TonoGurie coofpamenus NPUMEHHMB M B JAPYrUX 3a4aYaX O KOH-
Kypupyollem o6ciayxupaHud. Hanpumep, ecan m KUHOTEATPOB CONEpHHU-
YalT M3-33 OAHUX U TeX XKe n 3pUTeseH, TO CaefyeT MOJOKHT p==1/m,
1 (3.3) 10/KHO ObITb 3aMEHEHO HepaBeHCTBOM s> (1/m) [n~}—tanl/7 (m—1y"].
O61ee 41CA0 MYCTHIX MECT IPH TAKOH CHCTEME PABHO MS— :vtan'z (m——-l)’/g.
Oas 0 =0,01, n=1000 u m=2, 3, 4 3naueHus 3TOro uucAa NpH-
6/XeHHO paBHbLI COOTBETCTBeHHO 74, 126 u 147,

e) Caynaiinsie wucaa (nporonxkenne). B npumepe 3, 6 ra. Il mu
paccmarpusanu  cobpitue ¢ BepoaTHocTbio p = 0,3024. Tlpu n=1200
HCOBLITAHUAX 3TO cOOnTHE MMeno cpendwoo uyactory 0,3142. OrtkaoHeHue

4acTOTH OT BePOATHOCTH p paBHo e=0,0118. B stom cayuae (pg)’*=0,4593
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He (rL/pq)'/2 =0,890 ... BeposTHocTb HepaBeHcTBa |S,/n-—p| > ¢ paBHa
npumepro 0,37 ... Dro 3Hauur, uTO npuMepHo B 379 BCeX ciaydaes
CpelHee YHC/O YCNeX0B OTKJIOHAIOCH OB OT BepOATHOCTH p OoJjblie,
uyeM B HalleM NpHMepe.

B) BuaGop. Hoas p ureHos HexoTOporo obuiectBa KypuT. Honycruwm,
Y4TO p HEH3BeCTHO M 4TO C LeJbI0 OMNpedeHTh P MNPHMEHSIOT BHOOP
¢ Bo3BpalleHHeM. JKemaTeabHo Ha#TH p ¢ owuOKOH, He NpeBOCXOAA-
we# 0,005. Kaxkum nomkeH Obith 0o0beM BeGOoPkU AP [lycts p’ — 044
KypsIMX B BHIOOPKe; MBI XOTHM, 4TOOM |p— p’| < 0,005. Hukaxo#
00heM BHIOOpPKH, ONHAKO, He MOXeT AaTb abCOMOTHOH YBepEeHHOCTH
B TOM, uTO | p — p’| < 0,005; MO:keT cayunTbcs Tak, 4TO BHIGOpKA OyieT
COCTOATh M3 OAHHX KypslHuX. [lockoabky abcOMIOTHAT YBEPEHHOCTb He-
LOCTUKUMA, Mbl Ha3HauaeM TIpOM3BOJIBHBLI OoBepumenvHblll yYpoBeHsd,
ckaxes, a=10,95, u tpebyem, urobel HepaBeHcTBO |p— p’|<C 0,005
BBHIIOMHSA0CH € BeposTHOCTbi0 0,95 wuim Goaslied. 3aMeTuM, uto #p’
€CTh YUCJAO YCHeXOB B 72 MCMBITAHHAX, OTKyZAa

P(|p—p'| <0005) =P} |2 — p| < 0,005 }.

[TosToMy 7 1O/MKHO OHTh BHIOPAHO HACTOJIBLKO 0O0.IbIUNM, YTOOLl 3Ta BeJu-
upHa caeaanack 6oabiue 0,95, Bocnoib3ayeMcs HOPMaabHEIM NPUGIMKEHUEM.,
KopeHs x ypaBHenus @ (x)— O (— x)=0,95 paBen x = 1,96, orxysaa
0,005 (n/pq)l/”> 1,96. Mu npuxonum, TakuMm 0O0pasoM, K HepaBEHCTBY
n>> 3922pg wmu, npubamxenso, n > 160000 pg. B 910 HepaBeHCTBO
BXOINT HEH3BECTHOE p, TO TaK KaK pg HHUKOrAa He npeBocxonut 1[4,
To o6beM BouibOpkH 1 ==40000 6p1 On HalexHBHIM NpPH BCeX 06GCTOA-
Te/bCTBAX; MpU 3TOM npumepHo 20 1IaHcOB NpPOTUB OIHOrO 3a TO,
yto 'p— p’| < 0,005.

§ 4. Csasbp ¢ npuGanxenHoit dopmyaoit Ilyaccona

Omubka HOpMajbHOro npubaM:KeHHR Mala npum  O0abIIOM 7pq.
C npyro#i cropoHu, npd 00OAbIIOM 7 H MaJAOM p uieHn b(k; n, p)
OKAa3HBATCA OMu3KUMH K BepoaTHOCTAM p(k; ) B pacnpeneneHun
[lvaccona ¢ A==np. Eciu A Mano, TO NpHUMeHHUMA JHINb NPUOIHKeHHASA
¢popmyaa Ilyaccosa. Oanaxko mpu GOJbIIOM A MBI MOXeM HOJb30BATHCHA
KaK HOPMAJbHBIM, TaK W MyacCOHOBCKMM NpHOAM:KeHueM. ITO 3acrapiaser
NpeinofoXuTs, 4T0 npun Goabuiom A pacnpelesedue [lyaccoHa Momer
ObiTb TNPUOAMAKEHHO 3aMEHEHO HOPMA/JbHBLIM pacnpeleneHHeM; B [PH-
mepe 1, B ri. X MBI yBHAMM, YTO 3TO HEACTBHTENbHO TaK (CM. TaKxe
sagauy 9). 3aech MBl YIOBJRTBOPHUMCA HJIIIOCTPAUUER ITOrO MOJ0KEHUSA
Ha OIHOM 4HCJAGHHOM MpHUMepe M Ha OJHOM IIpUMepe, B3ATOM M3
TIpaKTUKM.
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Mpumepn. a) Paccmorpum pacnpeneienue Ilyaccona p (k; 100).
Mpbl MOMXeM CUHTATb 3TO pacnpeleeHHe, cKaxeM, NpubamxeHdeM OuHO-
MHAJpHOrO  pacnpedeneHus ¢ n==100000000 u p=1/1000 000.

Toraa npg ~ 100; sTa BeauunHa XOTH M HeBeAMKA, HO LOCTATOUHA
174 TOTO, uToOH HOpMa.IbHOE pacripeleseHde AaBal0 xopoluee npubauxe-
HMe Mo KpafiHelt Mepe B cpenHell yacTy OUHOMUAABHOrO pacnpesenenus. Pac-
npenesenne [lyaccona p (&; 1OO)COBna11aech(k; 10%, 10'6) C TOYHOCTHIO
1O MHOTHX JeCATMYHBIX 3HAKOB, M MBI MOXeM CPaBHWUTb 3TO pacilpeiese-
nue [lyaccoHa ¢ HOpMaidbHbIM NpulbJKeHHeM AJs b(k; 10°, 10‘6). ITo-
J0KUM, Las Kpatkoctd, P(a, H)=p(a; 1004+ p(a—+1, 100)+ ...
.. =+ p(b; 100), rak uro P(a, b) Gyrer azavenars P {a <SS, b}
¥ JOMKHO OkasaTbcsd  OauskuM Kk BeaduudHe @ ((b— 99,5)/10) —
— ®((a—100,5)/10). Taba. 3 maer npeicraBJeHde O CTEHEeHH IPH-
BaHAKeHUS.

6) 3adaua o mexneponnbnx aunusx. Cheiywuias 3afaya B3sTa
C HEKOTODHIMH YMpPOLUEHHAMH H3 LeHCTBHTENbHON npakTixu !). Tenedon-

Ta6ruga 3

Tounnle HopmaasHoe
aHaYeHus 3HAUCHUE
P (85, 90) 0,11384 0,11049
P (90, 95) 0,18485 0,17950
P (95, 103) 0,41763 0,41768
P (90, 110) 0,70652 0,706_8
P (110, 115) 0,10738 0,11049
P (115, 120) 0,05323 0,05325

Has craHuus A, obcayxusawowas 2000 aGoHEHTOB, 10/KHA COEAUHATH
X ¢ cocenHell craHuue$t B. Buigo OBl CARIIKOM KOPOrO M OECCMBICJIEHHO
nposoauts 2000 nuuuit us A B B. HocTarouso caeaatb uucao aunud N
HACTOJIBKO O0JIbIINM, YTOOBI NPH HOPMAJbLHLIX VCJIOBHAX JHIIL HA OIHH
W3 KaXAO# COTHU BHIBOBOB HEe HAWAOCHL OB HEMeAJeHHO CBOOOAHOHR
aunnu. Ilpeanonoxum, 4TO B TeueHue HauOoJee HAMPSKEHHOTO 4dca IHHA
KawApll aboHEHT pasroBapuBaeT ¢ 5 B cpexHeM 2 munythl. Mpl, ecrect-
BeHHO, MOXEM CPAaBHUTb IOJOXEHUE B (PUKCHPOBAHHBIN MOMeHT Haubo.lee
HANpsAKEeHHOro waca c¢ rpynmo# u3 2000 wcnblTaHuil ¢ BEPOATH( CIbI0
«ycnexa» p==1/30 (BepOATHOCTbIO TOrO, 4YTO MOTPedyeTcsa JuHUSH). ITH

Y E. C. Molina, Probability in engineering. Electrical Engineering,
54 (1935), 423 — 427, uau Bell Telephone System Technical Publication Mono-
graph B-854, rne samaua pemaercs HCNIOAb3YEMbIM HaMu MeroaoM [lyaccoda,
foJee yNOOHBIM sl MHXEHEPOB.
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UCTILITAHMS NPY HOPMAJBHBLIX YC/AOBUAX MONHO CUHTATbH HE3aBUCHMbIMHU
(X0Td, KOHEUYHO, 3TO NepecTaeT OBITL BEPHBIM, KOrla TakdHe COOBITHA,
KdK HeOXHIAHHBIH JIMBEHb MJAM 3eMJeTpsACeHNe, 3aCTaBJAAIOT MHOTUX
BbI3bIBAlb TaKCH WJH 3BOHMTb B MECTHYIO raseTy; TeOpUs CTAHOBUTCHA He-
npuMenuMoft; JanHuu Oyayt 3abutsl). Mrak, Mbl umeeMm 2000 ucnsitaHuft
bepuyaau ¢ p =1/30, tpebyerca Hafiru HanmeHbliee uucio N, Takoe,
YTO BepOATHOCTL Oojdee 4yem N «ycnexo» Medbwe 0,01; B Hamux
o003HaueHusx
P Sy > N} < 0,01

[lpn ucnonb3opanuu npubauxeHHON ¢opmyanl IlyaccoHa MB ROKHBL
Obl.11 Obl B3saTe A —200/3 =~ 66,67. [lo TabauuaM Haxooum, 4YTO Bepo-
siHocIs 87 wuau OGojee ycuexos pasHa npumepuo 0,0097, rorma kax
Bepoda1HocTh 86 uam Gosee ycnexop npuMepHo 0,013. Dto noxaseiBaer,
410 Gb20 6o docmamouno 87 aunuil. Tlpu MCNOAL30BAHUH HOPMA Ab-
HO20 npubGaudcernusi Mbl NpexAe BCEro HAXOAMM N0 TabJjulaM KOpPEHb
ypasHeuust 1 — @ (x)=0,01, pasunift 2,327. Jlanee, NOMKHO UMeTb

MecTo HepaseHcTso (N — 1/2 — np)/(npq)”z > 2,327. Tax kax n == 2000,
p=1/30, 10 N >67,17+42,327.8,027 ~ 85,8. Taxum o6pasom,
HOpMaJibHOe NpubJMKEeHNe I[OKasbBaeT, 4TO0 dJdocmamouno 86 iunui.
C Touxu 3penust npakTuku o0a orBera cosmazaiT. ToT Xe MeTOlL
NO3BOJISET MOJYYHUTH W ADPYrUe NPAKTHUECKHE pe3yAbTaThl. DHITh MOwWKel,
puironHee pasbuth 2000 aGonentoB Ha aBe rpynmsl no 1000 uenosex
M KXY U3 9TUX rPynn coeAMHUTb npoBoiamu ¢ B? Iloabsyach TeM xe
METOTOM, HAXONHMM, YTO OpM 9TOM norpebosanock Ob 10 AomosHUuTEdb-
HBIX JIAHHH, TaK 4TO CJjelyeT MpelNouyecTb MePBOHAYAbHYIO CHCTEMY.

§ 5. Boasmue oTKJAoHeHus')

Yacto enateAbHO HMeTh OLEHKY BEPOATHOCTH TOTO, YTO HOPMH-

pPOBAaHHOE UHCJO YCHeXos Sf, [cM. (2.19)] npeBOCXOAUT  3alaHHOE
uncao x. B aToM cayuae BepxHeft rpaHuuelt HHTepBana siBafeTcst GeckKo-
HEYHOCTh M HeoOX0AMMO 0co00e paccyKieHue, KOTOpPOe MOKa3biBajo
6bl, 4TO Hawa npelejbHas TeopeMa (2.18) mo-npexueMy npuMeHuMa

Teopema Ecau n-—>00 u x, KAK GYHKUUSL OM N, MeHAEMCH
mar, 4mo x —>o00, Ho x3h—0, mo

PS> x} ~1—d(x). (5.1)
Bearedcmeaue (1.7) amo sxBugarenmuo momy, 4mo
* 1
P S~ _ e~ X, 5.2
180> ) ~ e (5.2)

1y Jtor maparpad BechbMa MOME3EH, HO er0 PEe3yAbTaTH GYAYT HCMOAL3OBAUH
B HaCTOsIel KHUTe JMIUb TIPH [OKA3aTeJILCTBE 3aKOHA NMOBTOPHOrO Jorapud.ua
(ra. VIII)
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Hoxasateanctso. Bulbepem B (2.18) « u B rak, urobut x

3
JeXAN0 MEeXAY X, W X .1, & Xg=~ x-tlogx. Toraa x;A—>0 u (2.18)
BhinoaHeHo. CrenoBaTe/bHO,

Pla<lS, <P~ {l =0 (x))— {1 =D (xp)]. (5.3)

Us (1.7) u m3 Toro, uro x,~ x,-+ logx,, BuiHo, urto 1-— @ (xy)
ecTh BeNHYMHA BBICIErO MOpsIKa MajJocTH cpaBHuTensHo ¢ 1 — @ (x ),
al—0(x,)~1—(x). Orciona

Pla S, <B} ~1—0(x). (5.4)
C npyro#t cropoun, us (2.11) u ¢opmyas (3.5) ra. VI caeayer, uro

h2
P Sy >8] < g7y 0@ m P~ (). (5.5)
Hanee, nh?==1/pg — nocrosiHuas, u
1
T PG~ 1 =D (%), (5.6)

Mb Buienu, uro npasas uacth (5.6) crpemutca K Hymo GhicTpee,
ueM 1-—®@(x); sro o3Havaer, uro P {§,> B} — BeauuuHa Bbiclwero
nopsaka Majaocty o cpapHeHuo ¢ 1 — @ (x). O6benuuas 3TOT Pe3yipTaT
¢ (5.4), HaxomuM, 4¥TO

P(S,>a} ~1—®(x). (5.7)

310 M eCTb YTBepWAEHHE HaleR TeOpeMEl.
HasnbHeftiine npepenbible TeopeMmbl Aaf GOAbLIHX OTKJOHEHWH mNpH-
BeleHb B 3agavax 12— 17.

§ 6. 3agaun
1. O6obmas dopumyay (1.8), nokasars, uto
1 1 1-3  1-3.5
1— @ ()~ —x%{_—— — —..
) )" ¢ x X xS x7 v *
e 1-3...2k—1
+ (=D ~—x@‘¢——’} (6.1)

u uto npu x >0 mnpaBas uvacts npegocxodum 11— @ (x) mpu k ueTHOM u
Menvwe 1 — @ (x) npu k nweueTHOM.
2, Jlng moboro nocrosHHOro a > 0

\
{1—@(x+;—)}:{1~@(x)}_>e—“ 6.2)
IpH X ~»CO. '
3. Haiitu Bepostnocts TOro, uro cpeiu 10000 cayuyalinbix nubp nuppa 7
nosBuTca He Gonee 968 pas.
4, Hatitu npubaumenHoe BhIpaweHHe A8 BEPOATHOCTH TOrO, YTO UHCIO

BhlmazeHu#t epuiunyl mpu 12000 6pocanuit kocTu OyJET 3aKMIOUEHO MEXAY
1900 u 2150.
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5. Ha#itu Takoe 4Mca0 &, 4TOGBl ¢ BEepOATHOCTHIO ~ 0,5 4HCIO BhIMALeHH
repba npu 1000 6pocanuax MoHeThl ObLIO 3akaloueHo Meway 440 u k.

6. YroOnl HafiTH NPOUEHT KEHIUHMH B HEKOTOPOM OOLIECTBE, NMPOU3BOIHTCS
goiGopka. Hafiti Takoll o6bem BHOOpKH, YTOOB ¢ BEpOATHOCTHIO, HE MeHbIIEH
0,99, omnbra npu Bhbopke Gpiia MeHpine 0,005. .

7. Npu 10000 6pocanuii Monerst rep6 Bhiman 5400 pas. Caenyer ad cuuratn,
4TO MOHETa HEeCHMMeTpHuHa?

8. Haiitu npubauxenHoe BHIPAKEHHE I/ MAaKCHMaJbHOH BEPOATHOCTH
B TPUHOMHAABHOM pacrnpeleneHuu

n! R, r
ml’xpz (I —p—p5)

n—k—r

9. HopMaabvnoe npubaunxenne gas pacnpenenenusn Iy-
accouna. [Toabsyach dopuyaoit Crupaudra, moxkaszats, YTO €CaH A ->o0, TO
npu Ao6bHX GHKCHPOBAHHBIX a < §

> P2y > 2(@)— 2 (a) 6.3)
A+a).'/“ <k <>\+g>\’/z

10. HopMaabHoe npubaHxKeHne AJAA rENepreoMeTrpHue-
ckoropacnpeneaenus [lycte n, m, k— nenble HONOKHTEAbHBIE YHCAA U

~>q, h {k—rp}—>x, 6.4)

LS n m
n-tm n-bm =P nt+m
rae 1/h = {(n-+ m) pgt (1 — H)}'"2, Jlokasats, uto

() )

——(ﬁ_—}_——m—\_ ~ ho (x). (6.5)
r

Ykaszaune. Jlydme ucnoan3oBath HOpManpbHoe npubaumenue aag Gumo-
MHaJbHOTO pacnpejetenud, a #e dpopmyay Crupiunra.

HopmanbHoe pacupeneienue K KOMOUHATODHBE Ce-

puut). B sanave (11.19) ra. [l Ml HalaM, YTO HPH pa3MEIEHHH 1 KPACHBIX H m

6enplx npeAMeTOB BEPOATHOCTh HMETb POBHO & CcepuHH KPACHBIX NPEIMETOB

paBHa
w=( (")) ©6)

\

fTycts n—>co u m—>co 1ak, ure eunoateno (6.4). [pu dukcuposanubx o < 3
BEPOSITHOCTh TOTO, 4TO YMCJAO KDPACHHIX CepHH JEWHT MeXAy npq -+« (npq)'/2
® npg -+ 58 (npg)”, cipemnres k © (3) — © (w). .

3ameuanne. B caedywuyux sadavax h=? = npq, S, — HOPMUPOBAHHOC
4UCA0 ycnexos, onpedeasiemoe gopmyaoi (2.19), u

Fp(x)=P{S, > x. (6.7)

Y A, Wald and J. Wolfowitz, On a test whether two samples are
from ‘the same population, Annals of Math. Statistics, 11 (1940), 147 — 162,
Bosee obmue pesyabraTsi cM. B ctathe A. H. Mood, The distribution theory
of runs, tam e, crp. 367 — 392,
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12, Ecan x, Kak YHKIUA 1, MCHSETCH TaK, 4T0 £ %% —> 0, HO x —> <0, TO 1)

1{1(?()7) = 14 0 (x4), (6.8)

rae o (x%) o3HAYaeT YJEH BBICIIENO DOPHIKA MANOCTH HO CPaBHEHHIO ¢ x7.
13. Ecau x3h -0, x —> o0, 10 2) nas ao6oro noctosHHoro a > 0

Fo () = Fy x4+ 2)
F(x)

>1-—e 4 (69)

*
UHpiMu cioBaMu, yCI0BHAA BEPOATHOCTh HEPaBEHCTE x < 8, < x -+ a/x
NpH YCJIOBUH, UTO S" > x, crpemurcs kK 1 —e™ %,
[Yrkasanne. BOCIIOJ]bSOBaTbCﬂ (5.2).] ‘
14. BeposTHoctu 6oabmux OTKAOHCHHH Vexons us (2.4), no-
Ka3aThb caegylomyno rteopemy. Ecan n-—>o0, a & MeHserca Tak, uTO
(k—np)ln—->0, 10

b(k n, hl e~ XS ), (6.10)
(2n)'le :
rpe x=(k—np)h u A
=1 (e gyl
flo)= Z r : (V(_ {’)) B2y, ®6.11)
v=3 .

Bameuanne Ecau x4 -0, 0 f(x)->0 u (6.10) croturca x (2.11).
Ecan x umeer mopsajaox h' (1 Mano No CpaBHEHHUIO C h‘l/’), TO

Fx) = _12;6*_9 x%h. (6.12)
Ecan x umeer NOPSLOK h“'/z, T0
Fym 228 op 4 T + s (6.13)
¥ T oI
15. llponoaxeunne. Jokasars, uT0 npu x-»co, xh -0,
e+ L) =r -0, 19
OTKyza '
Fp(x) ~ e 01— a(x)] (6.15)

16. Boreectn (6.9) u3 (6.15), npunumas auumb, ato xh —> 0.
17. Ecau p > ¢, 10 gas Goapmux x

P{S,>x) < P{S, <—x}

(Yxazanune Hcnoabsosare 3amauy 14.)

Y"H. B. CMupros, O BepoatHocTAXx 6oabmIuX OTKJAOHeHuH, Mamenxa-
muueckuii cGopruur M., 40 (1933), 443 — 454.

2y A. Xuunuun, Uber einen neuen Grenzwertsaiz der Wahrscheinlichke-
itsrechnung, Math. Annalen, 101 (1929), 745 —752. Cm. taxwe 3anauy 16.
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18. HoBmit BHBOI 3aKkoHa 6oabmux uucea [lokasaTe, 4rto
3aKOH 6OJbUINX YHCEN ABASETCA CJAENCTBHEM MpelensHoil Teopemst Myaspa —
Jlannaca.

19. Hopoifl BHBOZ TeOpeMH O HODMaJAbHOM NpHGJIHKe-
Huu OGnHOMHuAABHOTO pacnpenedaenunsn!) OrmmpaBasacs or ¢op-
mya (10.11) — (10.19) ra. VI, noxasarb, uTO €ciM n—>20 H k->co TaKUM 06-

pason, uto &5n~ " 0, 10

b (k; n, p)~ b (m; n, p)e~ e, 6.17)
20. Toxazavs, uro npu np L m<{(n-+1) p ¥Meer MeCTO HEPABEHCTBO
[ m--1 . . m
b\m, n, m)<b (m; n, p)gb(rn, n, 7) (6.18)
m-+1

Ecan (n+ 1) p— 1 < m < np, T0 BepHO TO XKe HEPABEHCTBO C 3aMEHOH T

. m
B J€BOH YacTu HA ———.
” n-+1

21. Jlokasath, ut0 & (m; n, p)~ {2z (n-}1) pq}”'/’, M 1aTh BEPXHIOI H
HUKHIO OLEHKH.

'y 3anaun 19 u 20 BMecTe NOKA3HBALT, 9T0 b (& 1, p) ~ {{n 4 1) pgl ™20 (5,).
dtoT peayabTaT CoBHajaeT ¢ mpubamkeHHOH dopmynoit (2.11), ecan 3ameHutnh
xp ua Ep, a h={npg}" na ' = {(n+4+1) pg} . Tax Kak xp~E, W A~ N,
To 0ofe (GOpMYyJaB ACHMOTOTHYECKH 3KBUBAMCHTHB. B jAeHCTBHTENBHOCTH e
nosast popMyna Goxee TouHa [NpH ee BhIBOAE yJaaeTcs H3bexarb omubKkH, CBsi-
sanHofl ¢ mepexoilom oT (2.7) k (2.8)]. Caeayer OTMETHTh, UTO BHIYHCIEHHH,
fipoBefenunie B 3atauax 19 u 20, upowe ¥ uarxsiHee, 4eM Te, KOTophie Ouian
HCTOAb30BaHbl B TekcTe. [10 cyumiecTBy, OHH ONMHUPAIOTCA TOJABKO HAa CTaHAAPTHYIO
npubanikenHyio GopMyay nas Jorapupma, koropas yxe Oblia HCNOJb30BaHa
B§8rn Il u§ 3 rn VI Kopoue rosopsa, Hosad ¢opMmyAa U €€ BHIBOA Bbl-
rasaat 6oJee NpermouTHTENbUbIME, HO OHH HE COTJacyloTcs ¢ TPajHUHOHHBIM

ynorpeGaennem np BMmecto (n-+1) p.



FJABA VI

HEOTPAHUYEHHBIE NOCJELOBATEJLHOCTH
UCHBLITAHUNA BEPHY U

B 3toft raaBe H3yualTCsd HeKOTOphle CBOHCTRA ciayuaHHOCTH 1,
B UYAaCTHOCTH, 3AKOH MOBTOPHOro Jjorapudva miasd ucnouitaHuft Bepayaan.

PasauuHble acHeKThl Teophu CaAy4YaliHelx  KOJeOaHuH, CBA3aHHBIX
¢ ucnbitanuamu BepHynnau (mo kpaftHefi Mepe npu p =1/2), 6nlau pac-
cMorpenst B ra. I

§ 1. BeckoHeuHkie NOCJEAOBATENLHOCTH MCNHITAHUM

B npeabnymuxX TrJaaBax Mbl HUMEAH JeJ0 C BepOATHOCTSMM, CBSI3aH-
HBIMHI € 72 HCOBITAHUSMH DepHy/ad, W H3Y4aad acUMITOTHYECKOE TOBe-
IeHhe 9TAX BepodATHOCTeR npu nn-—>co. Teneps Mbl nepefizeM k 6o.ee
oflueMy THOY 3alay, B KOTOPHX cOOBITHS He MOTyT ObITh OTNpefeleHsbl
B KOHEYHOM TNPOCTPAHCTBE 3JeMEHTAPHHIX COOBITUH.

Ilpumep. 3adana o cepusx. Ilycth 2 ¥ § — 1BA NONOKUTEIHHBIX
ueabX yucaa. PaccMOTpUM HEOPPaHWUYEHHYIO MOC/AeAOBATENAbHOCTb WCHBI-
TaHuf DepHyaad, Kak, HanpuMep, ROCJEIOBATEIbHOCTb OpOCaHBH MO-
HeTol nan kocth. Ilpeanosnoxum, yro Ilasen u IleTp mocnopunu o TOM,
YTO TIPOUBORAET paHbllle: Cepuf, COCTABJEHHAas M3 o IOCJeNOBaTelbHbIX
«yCmexoB», WAM cepus M3 [ mnocaeloBaTenbHBHIX «Heyxau». Cubica
BOTIPOCA O BepPOATHOCTH COOBITHA, cocToAulero B ToM, uto IlaBea Bul-
HrpaeT, JLOCTATOYHO HATJsleH, HO BCNOMHUM, 4YTO B MAaTeMaTHYeCKOMH
TEOPUU TEPMUH «COOLITHE» O3HAYdeT MHOMKECTBO 3JEMEHTAPHHIX COObI-
THH» 4 NOITOMY He HMeeT CMBIC/J1a, NOKa He ONpelesieHO COOTBEeTCTBYIO-
lee MPOCTPAHCTBO dJeMeHTapHbiX cobbrruil. Has Hammx uesel obbiuHas
MOZeab KOHEWHOrO uHCA2 £ HCNBITaEnE DepHy M OkasbBaeTcd Helo-
CTaTOYHOM, HO TPYAHOCTL MNPeQNOJeBAETCS MPOCTHIM MNepPeX0orlOM K mpe-
neay. B rteuenne n wmcnwramn#i IlaBen MokeT WM BHIMIPaTh. HWJAH NPO-
urparth, HAM ke nobGefa ocTaHeTcd ellle He pelifeHHoil. liycTb cooTser-
CTBYIOLUHE BEPOATHOCTH OVAYT X, ¥, U 2,(x,—+ ¥, + z,=1). Korna
uiCJ0 HMCMBITaHUR B BO3pacTaeT, BEPOATHOCTh HHUYCHHOIrO pesyabTara
MOXET TOJMBKO YOHIBATH, B TO BpeMs Kak X, 4 Y, OUEeBMIHO, BO3-
pacrawor. CaenopatensHo, npemeast x =limx,, y==limy, u 2=hme,

!y Jta raaBa He CBA33aHA € MATEPHAJOM MPEIBAYIUX TIJaB U MOkel ObTh
ONYLICHA MPpH TEePBOM U1CHUHU.
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CyulecTByoT. HHKTO He YCOMHHUTCS B TOM, uTO 3TH INpele/sl MOXKHO
Ha3BATb BEPOSATHOCTAMH TOrO, YTO B KOHLE KOHILOB [leTp MM BHIMLpaerT,
MM TIPOMFpaeT, WJAM YTO Hrpa 3aKOHUMTCA BHUYbIO. ONHAKO ONHCAHHBIE
COOBITHA MOryT ObITb ONpENEIcHBl TOJAbKO B IPOCTPAHCTBE 3.1eMeHTap-
HEIX  COOBITUH, COOTBETCTBYIOLLEM OeCKOHEUYHOH MOC/e10BaTe 1bHOCTH
MCIILITAHUH, @ 9TO MPOCTPAHCTBO He HBJSETCS AHCKPETHBIM,

Vanomennpiit npumMep Obl1 PACCMOTPEH TOJLKO B KAYECTBE HAAIOCTPALMH,
W HaxoXJEHHEM YMCAEHHBX 3HAYCHHUH x, y, U 2, MBI 3aHUMAaTbCd ceduyac He
6vieMm. Mpl BosBpaTHMcs K UX Bbluuclenuio B mpuMepe 8, 6 ra. XIIL [lpereast
X,y m 2 MOTYT ObiTb BbIYMCJAEHB HPOCTHIM METONOM, KOTODHIH NpHrOIeH H
B Gonee OOMHUX Caydasx. ITOT METOIL MBI M3JAOKHM 3/1€Ch M3-3a ero BaXHOCTH
M TOro uHTEpeca, KOTOPLIH O mpeicrasaser cam no cebe. [lycts 4 — cobuitne,
cOcTOoAlEE B TOM, UTO Cepusl o NOCAeO08AMENbHbLX YyCnexos npouzolidem
pansuie, weMm cepusi 3 nocaedosameishsix neydaw. Toria A osHauaeT BHUMIPHILI
Mertpa, u x= P {A}. Ecan u n v — ycioBHbie BEPOATHOCTH coObTHA A npu
YCAOBUAX, YTO COOTBETCTBEHHO PE3YJbTATOM NEPBOTO MCILITAHMA ABJACTCH yCnex
Wan Heymaua, 10 x = pu-tqu [ra. V, ¢opmyna (1.9)]. [pennoxoxum cHadaia,
4TO pe3yJbTATOM [EPBOrO HCIHITAHUA ABASETCA ycnex. B atom cayuae cobuitue A
MOKET IPOM30HTH TOAbKO CHENYIOWHMI @ B3aUMHO HCKJIOYAIOMIUMHCS Crocobamir:

1) Bamxaiime ¢ — 1 UCOBITAHHA 0OPHBOIAT K YCIeXy, BEpPOATHOCTb 4ero
pasua p* L. i

2) Tlepsasa Hey1ada NpOH3OHACT Mpu v-M HCOBITaHmM, rie 2. v < Obo-
sHaunM 5To cobmitue uepes H,. Torma P {H,} =p"% u P{A|H,}=r.
CJiieoBaTebHO, HCN0Ab30BaB GOPMYNY NOAHOH BEPOATHOCTH, TMOAYHHM

n=p hgu4p+ .+ D=p oA —pD. (LD

B caywae, xorga pesyabTaTOM I€PBOTO HCOBITAHHA ABASETCA Heylaua,
aHaJorHuHbple coobpaxeHHs NPUBOIAT HAc K Qopmyie

—pu(l4+g4+ ... +¢ D=ul—4g"N (1.2)

[Toayuus, TakuMm o06pa3oM, jJBa NpPOCTEIX JUHEHHHIX ypPABHEHHA C JIBYMs
HEH3BECTHBIMUY 4 H U, Mbl HAaXOIHM s X = pu -} U BHpaxeHie

3
oo a-1 1«;_1q a—1 8-1"° (1.3)
A oF M

Y1066l AOAYUHTH y, MBl ROJKHb TOABKO MNEPEMEHHTh MECTaMH p H ¢, « H 3.
Hrax,

XxX=p

S — 1,‘;1’“ _— (1.4)
P =g

Tak xak x-+y==1, Mol umeeM z=0: gepoAMHOCMb HUHCIIHOZO pe3ylb-
mama pasHa HyAIO.

Hanpumep, npu 6pocanuu Mouetn (p==1/2) BepoaTHOCTb TOrO, UTO CEPHA
u3 ABYX rep6OB NpOM3OHIET paHbIIe, ueMm cepua M3 TpeX pemerok, pasHa 0,7
BEPOATHOCTL TOrO, 4TO JBa MNOCJENOBaTejbHbX rep6a BLINAAYT paHbLIe, 4YEM
4eTpipe IHOCJEeNOBaTE]bHblE DEMETKH, paBHa /g BEpOATHOCTb TOro, 4T0 TpH
nocjaegoBaTeapHbIX rep6a BHNANYT paHplie, YeM UYeThHPE MNOC/AeNOBaTeNbHbIE
pemeTkH, paBHa '%/y,. [Ipn 6pocanunm KOCTH BEPOATHOCTb TOI'O, 4YTO JBa IO-
CAEIOBATENbHEIX BHIMAACHNS €IMHHUIL NMPOM3OHAYT paHblle, YEM MNATh HOCAEN0-
BaTeAbHbLIX HeBbinajeHud, pasna 0,1753 u . A
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B Hacrosue#t xHure Mb OrpaHHyMBaeMcsl Teopuell HAMCKPETHBIX Ipo-
CTPAHCTB $/]eMEHTAPHBIX COOBITHH, ¥ 3TO B 3HAUHTEJLHOM CTENEHH YMeHb-
waer U3AWECTBO MaTeMaTHYecKuX paccmorpenufl. OOwas Teopus pac-
CMATpUBAET 7 HCObTaHWH DepHy/aM Jump Kak Hayano OeCKOHeYHOMR
NOCACA0BATEALHOCTH WCHbITaHUA. ODJieMeHTADHBIMH COOLITHSMH SBJIfIOTCH
Toria GeckoHeunble T10C/I€40BATEJBHOCTH, COCTaBaeHHbie U3 OVKB ¥ u H,
a NpPOCTPaHCTBO 3JAeMEHTAPHBIX COOHITHUH COCTOMT M3 BCeX TAKHX MOCJe-
nopareaphocTedt. [lon KOHeYHON moc/Ien0BaTeALHOCTBIO, Hanpumep YYHY,
NOHUMAeTCst TOrJa COBOKYMHOCTL BCEX 3JMEMEHTAPHBIX COOBLITHH ¢ Takum
Ha4aJoM, T. €. COCTaBHOe COObITHE, COCTOfLIEE B TOM, YTO B OeckoHeuHOH
10C/Ae10BaTeIbHOCTH UCTILITAHUE Pe3yIbTataMil NepBEIX YeThiPex HCHLITaHHH
6yayr coorserctBenHo ¥, ¥, H u V. B cayyae GeckOHeUHOro npocrpau-
CTBa 3JEMEHTAPHBIX COOBITUH WIpa, pACCMOTPEHHass B BbILIENpPHBEJCHHOM
npuMepe, MoxeT OBTb UHTEPIPeTHPOBaHA U Oe3 oOpallieHHs K MpelesbHO-
My nepexony. BosbMeM HekoTOpoe saeMenTapHoe coObiTHC, T. €. NOCJ/e-
zoBatensHocts YYHYHH. .. B Hell MOmeT BCTPETHTbCS WJII He BCTpe-
THTbCS cepust U3 « molpsa uaywux V. Ecau sTa cepusa BCTpeTHTCd, TO eff
MOXET NpellecTBOBATL HJH HE MPEAIIecTBOBAaTh Cepuf, cocroawas uz fi
nocaenoBarebHbiX FI. Takum o0pa3om, Mbl pasienseM Bce 3/eMeHTapHble
coOuiTis Ha TpM Kaacca, npeacrasiasioumme coboff cobmtud «lietp sbiur-
pany, «IleTp npourpan», «HeT HUKAKOro peayJstaray. KX BepOsSTHOCTAMH
ABAAIOTCA YMCAd X, Y, Z, HalileHHble Bblle. EAMHCTBEHHBIM 3aTPyAHEHHEM
SIBJASETCA TO, YTO 3TO NPOCTPAHCTBO 3JAEMEHTAPHHIX COOBITHH He ABJAsETCH
LHCKDETHBIM, a MBI €LI€ HE Onpele/M/IH BepOATHOCTH B TAKHX HPOCTPaH-
CTBAX.

3aMeTHM, YTO MBI 3aHMMaJHChb CKOpee BOTPOCAMH TEPMUHOJOTHH, 4YeM
NeHCTBUTENbHBIMY TPYAHOCTIMH. B Hamem npumepe Bompoc o0 onpencie-
HHM WM MHTEpPNPEeTalnd uHuCJa X He BBI3LIBAET COMHeHuH. 3aTpyaHeHue
COCTONT JIMIIbL B TOM, 4TO, Kejas ObITb NOCJeI0BATebHBIMH, MBI JO.DKHDL
peliuTb, MCTONKOBATb JH UMUCAO X KAK Npeles BePOATHOCTH X,, W1 Ke
ropoputh 0 co6uiTHH «[leTp BBIMTpas», ONpejeeHHOM B HEAUCKDPETHOM
NpPOCTPaHCTBe 3JIeMEHTapHBIX COObITUH. Mbl OylneM meaaTb M TO U APYIOe.
[aa ynpoiueHus TepMHHOJIOrud OyleM roBoputs O cOOBITHAX Jaxe Toria,
KOrja OHM OMnpelejeHbl B GecKOHeUHHIX npocrpaHcTsaX. OQHAKO B He.sx,
TOUYHOCTH TeopeMbl OyayT GOpMYJIUPOBATLCA B TePMUHAX KOHEUHBIX NMPO-
CTPAHCTB 3JeMeHTapPHBIX COOBITHH M NpelelbHbHX nepexo108. Bce co-
ObITHs, M3ydyaeMple B 3TOH raase, 00JamanT 0xHOH BawHOH 0COBEHHOCTI IO,
KOTOPYI0 M 00bAcHuM Ha HawleM npuMmepe. Cobwitue «Iletp BBHIMrpai»
XOTS M OMNpejle/eHO B GeCKOHEYHOM NPOCTPAHCTBE, HO SBJAETCH CYMMOM
cobutufl «[lerp BHIMIpan Ha n-M HembiTanuuy (n==1, 2, ...), Kax1oe
M3 KOTOPHIX 3aBHCHUT TOJbKO OT KOHEeUHOro uucja ucheiTanufl. Mckomas
BEPOATHOCTh X SBJASETCS TIpelejOM MOHOTOHHOH MOC/EL0BaTe/IbHOCTU
BepoaTHOCTe#l X, KaXIas M3 KOTOPBIX 3aBUCHUT TOJbKO OT KOHEUHOro
MHOxecTBa HcnbiTaHufi. Ham Hurze wHe norpebyercs Teopus, WAyLIAs
Hadblie MOJeaH f1 UCTILITAHHR DepHyaIu; MLl TOAbKO COXpaHu/au 3a cobOH
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¢B0001y VNPOILATL HEYKIIOKHE BBIPAXKEHMS, HCHOJAb3YS B ONMPeReIeHHbIX
CIy4aaxX TEPMUH «BEPOATHOCTb» BMECTO TEPMHHA «ilpele.d BepOITHOCTeN» 1),

§ 2. CucreMb Hrph

[le4aJbHBIl ONMBIT MHOTUX UTPOKOB YUMT, 4TO HUKAKAA CUCTEMA UIDbL
HEe MOXeT YBeJHUHTb [IAHCOB HIPOKA HA BLIUTPHIN. Ecau Teopus Bepo-
ATHOCTeH TNpPaBUILHO 0100paKAET XKU3Hb, TO ITOMY ONBITY NOJKHBE COOT-
BeTCTBOBAalb KakHe-TO YTBEDXKIAeHHS, HOKA3VeVBlE B paMKax TeOpHH.

Yr1obel pa3obpathest B 9TOM, PACCMOTPUM HEOTPAHUYEHHVIO TMOC 1e10-
BATe/bHOCTb HCHBITAHHA DBepHy.1iM ¥ NPEINoI0KHUM, YTO nepen KawIAbiM
UCTBITAHNEM WPPOK MOXMET BHIONDATb, YUACTBYET M OH HA TOT pa3 B
urpe uan Het «CucrteMa» M npeactaBasieT coO0# (PUKCUPOBAHHOE MPABILIO
spi0Opa  Tex MCHpiTaHMH, TNPU  KOTOPHIX UIPOK Y4YaCTBYET B  urpe.
Hanpuviep, Hrpox MOMeT BK/IOUUTLCH B UTPY JHIIb NIPU KAAKIOM CEIbMOM
HCTIBITAHUE MM Ke [OCJAe KawAOro BCTYIJCHHS B Urpy OXUIaTh, MOKA
7 pa3 He Bbmanser pemerka. OH MOMET BCTYNaTh B UTPy TOJIbKO MOC/e
BEINIZAeHUS cepun u3 13 repGoB #/M ke NEPBLIA Pa3 BKAIOUHTLCS B HIPY
nocJ/e BbIManeHust nepsoro rep6a, BTOPOH pas — MOCJAe NEpPBOro Bhinale-
HUA JBYX MOCJAeNOBATeNbHBIX repbOB U BOOOmIe R-H pas mocje BhMajeHus
k repboB noapsia. B mocaentem caydae ox OyAeT y4acTBOBATb B HIpe BCe
Oonee u Oosee pearo. IIpyrofi BO3MOXHOH CHCTEMOH $IBJSETCH yyacTie
B WUrPe TOMLKO TOrAa, koraa oblilee 4YuC/AO BHINABLIMX ¢ HAYANAA UTPLL
rep6oB npesbiiaeT obliee YUCAO PEHIETOK (B 3TOM CJyyae HTPOK CKopee
BCEro OXuaaetr BHMaleHus pemieTku). Mpl He 6ylnem kacaTbcst BHOOpa
pasMepa CTaBOK TIpH KAKAOM HHIUBUAYAIbHOM HCMBITAHHUKH: MBI XOTHM
nOKa3aTh, YTO HUKAKAs «CHCTEMA» HE MOXKET U3MEHUTH MOJOMKEHHE Urpo-
Ka M 4TO pe3yabTaT OyieT TOT Ke caMbili, Kak ecqu Obl OH y4acTBOBA.
B Hrpe npu xaxnoM ucnsitanun. Camo cobolt pasymeercst, uro :TO yTBep-
JKIeHse MomeT OLITh NOKA3aHO JULIb AA9 CHCTeM B OOBIYHOM CMBIC/E,
KOrda WIrpOK He 3HaeT 3apaHee pesyJ/brata OyAywux ucnsitanuft. Ilpu-
XOAMTCH TaK¥e MpPH3HATb, YTO TNPABUIO «YXOAUTb LOMOH nocte Tpex
NIpOUrpHILle» U3MEHSIET TIOJIOXEHHE, HO MbI HCKJIIOYHM TaKue HeuHTepec-
Hbie CHCTEMBI.

Mot onpedeasiem cucmemy KAK MHOMCECMBO PUKCUPOBARKIX RPA-
88U, KOMOpbie 0AA KAHO020 UCNBIMAHUS eOUHCMBEHHLM 00pA3OM
onpedessiom, Gydem uau He GY0em uzpox y4acmsosamp 8 upe npu

1 das wvuratedd, 3HaKoMoro ¢ oOiefl Teopued Mepbl, NOJOKEHUE MOMET
ObITb OXapakTepu3oBaHo cileaywmuM o0pasoM. Mbl paccMaTpuBaeM TOJNbKO Te CO-
GuiTus, KOTOpBIE 3aBUCAT OT KOHEYHOrO UHCJAA HCOLITAHHH HJM Ke SIBAAIOTCA fipe-
XeaaMu MOHOMOHHOL TOCAELOBATEAbHOCTH TAaKHX COOBITHH. Mpl BhIyHCAAEM
fpene/bl COOTBETCTBYIONIMX BePOATHOCTEH H MO3TOMY HE HYXIaeMCs JUis HAaUUX
heneit B Teopuu mepnl. OnHako o6mias TEOpUA MEpbl [OKa3bIBAET, YTO HAIIX
Hpejenbl He 3aBUCAT OT cnocofa Mepexcla K Npejely H ABAKIOTCR BNOJHE alld-
THBHBIMHM (DYHKIMAMH MHOMECTB.
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amo.m ucnsimanuu. i k-20 UCABIMAHUS IMO PeulerHe MOMCEM 3asl~
cems om ucxo008 nepswix k-—1 wcnomanui, Ho OHO 00AdCHO He
3asucems om ucxooos k-zo, K-+ 1-20, k4 2-20, ... wucnoimanuii;
HOKOHEY, RPABULO OORICHO obecnedusams OeCKOHEUHOE npodo.axce-
Hue uzpu. Tlocaennee yciaoBue o3HavaeT caeiyionee. Tak Kak MHOMKECTBO
npasua GUKCHPOBAHO, COOBITHE «NPU 71 WCMBITAHHAX UFPOK y4aCTBOBaI B
urpe 6ojiee ueM r pas» BINOJHE OMNPENeIeHO M MOXHO HalTH ero Bepo-
atHoCTb. Tpefyercsa, uToOnl [ KaXAOTO 7 NpH 7-—>20 572 BePOATHOCTL
CTpeMUJIach K elnHule.

Mpl chopMyaupyeM Tenepb HAIy OCHOBHYIO TeOpeMy KaKk yTBep-
kAeHUe, uTO npu 4106004 cucmeme uzpv. nOCAe008AMENbHbIE UCHbL~
MaHuA, RPL KOMOPHX U2POK YuQcmByem 8 uzpe, o00pa3yiom
nocaedosameavnocms ucnoimanuil bepuyaru ¢ nHeusmennold geposnm-
Hocmero ycnexa., TIpu COOTBETCTBYIOLIMX HM3MEHEHHAX (GOPMYAUPOBKH
3Ta TeopeMa OKA3bIBAETCS NPUMEHUMOH KO BCEM BHAAM HE3aBUCUMBIX
ucnoitanui. TlocaenoBaTeabHOCTH Hrp, B KOTOPBIX Y4dCTBYeT WUrpoOK,
ABAAETCA TOYHOH KONHeH MEepBOHAYAAbHHIX WCIBITAHUH, TAK YTO HHKAKAA
CHCTEMA He MOXET MOBJAHATL HA yAady Urpoxa. Baxnocrs 9TOro yTBep-
waeHus Oblia BIIECPBBIE MNMOJAMEYEeHa MHBGCOM, KOTOprH BBOIUJT HEBO3-
MOMKHOCTL YCHeLIHO# AeHCTByIOU[eH CHCTEMBI HIpbl B KauyeCTBe OIHOMH
u3 axcuoM. [lpuBoauMele 34ecb GOPMYAUPOBKH M JOKA3aTeAbCTBO 3aMM-
crosanbl y [ly6a !). JlAg npocTOTH MLl HpHHHMa&eM, 4To p == 1/2.

Tvets A, o3HauaeT coObITHE «NepBOEe BCTYIICHUE MIPOKA B Urpy
NpOuCXOAUT Ha k-m ucnumtauuu». Hs OnpeneaeHus1 CUCTEMbI BLITEKaer,
4TO MpH 72 —> OO BepPOATHOCTb TOrO, 4YTO IEepBOe BCTYILIEHNE NMPOM3OHLeT
He M103Xe #A-TOo HCNBITAHWUA, CTPEMUTCA K €I1UHHILe. 3rto 0O3Hd4yaeT, 4yTo

P{A)+P(A)+ ... +P{A,) —>1

HJIH
Y PA,) =1. 2.1

Jdanee, nycts B, o3nauaeT coObITHE «NDH £-M HMCMBITAHUH BHINAA repO».
Toraa cobbitie B — «B MOMEHT MepBOTO BCTYIVIEHHS B Urpy pe3yabTd-
TOM HCMBHITAHUA OKA3aNCqd repo» ~— OKAKETCH CYMMON B3AUMHO HCK/K0YAI0-
wux Apyr apyra cobwmuft A B, A,B, AB; ... Tax xak A,
3dBUCHT TOJbKO HCXOAOB NepBuIX k— 1 ucnuitanuft, a Bj, — TO.IbKO
OT UCNHTAHMA ¢ HOMepoM K, TO cobwituad A, u B, HeaaBuCUMB K
P{A,B,)=P{A,} P{B,)=1/2P{A,]. Taxkum ob6pason, P {B}=
= 2 P[{A,B,)=1/2 X P|A,} =1/2. J10 suaunr, uro mnpm Hauei
CUCTeMe BEPOSTHOCTL BHIMAleHUss repéa B MOMEHT NepBOTG BCTYMAEHHS
B urpy paBHa 1/2, u TO e camoe NOJOXKEHHE COXPAHMTCH M AJs KaX-
10ro U3 MOCAEeNYIOIHX BCTYIJAEHMH B Urpy.

" J. L. Doob, Note of probability, Annals of Mathematics, 37 (1936),
363—367.
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OctaeTcs TOJILKO TOKA3aTh, HTO BCTYMJEHHS B UMDY HE3aBUCHMBI,
T. e. YTO BEPOATHOCTbL TOro, 4To rep0 BHMAZeT U B MOMEHT NMEPBOrO
W B MOMEHT BTODOrO BCTYI/IeHHSs B Hrpy, pasHa [/4 (4 aHanoruyno
LI BCeX ApYrux KoMOuHauu# ¥ AJg MOCASAYIOUIMX BCTYIJIEHHH B Wrpy).
Hdaga toro uro0bl NPOBEPUTb STO YTBEpKAeHHe, 0003HauuM uyepes Aj
co0BITHE, COCTOSILeEe B TOM, YTO BTOPOE BCTYMJIEHHE B HFPY NpOH3OHAET
Ha k-M uUCOBITAHMH W uepe3d £ — cobuitue «repOnl BHNAIM B MOMEHTH
nepeoro M BTOPOro BCTyMIeHHs B urpy». Cobbitue E sBasercd cyMMoH
Bcex cobutuil A;B,A,B; (ecrm J<k 10 A, nm Ap HecOBMeCTHH H
A, A, =0). Caenosareaso,

PE}=2X 3 PlA;B AB,] (2.2)

1k=j+1

—
[]

Kak u npesxie, Mbl BHIUM, YTO NpH (UKCHPOBAHHHIX j U k > j cobu-
THe B, (rep0 BHINagaeT npy A-M MCOLITAHMM) He B3aBUCHT OT COOLITHA
A;BjA, (nocjeiHee 3aBUCHT TOJbKO OT MCXOLOB MNepBHX A — I
vcnbitanufl). CheloBaTe/bHO,

1 o0 [e'e} . 1 oo [o%] .
PIE) =53 X PlaBa)=5Y P48} Y Pl4lAB)
j=l1k=J+1 j=1 R=j11

(2.3)

[eMm. ra. V, ¢dopmyna (1.8)). KakoB 06wl HM 6blI HCXOA NEPBOrO BCTYy-
nieHnst B Urpy, urpa OyaeT npoao/MKeHa Aasjbile, T. €. PaHO WJIN MO3AHO
npou3oiiier BTOPOe BCTYMJIEHHE B Mrpy. DTO 3HAYHT, YTO NPU A4AHHOM
A,B,, raxom, uto P {A;B;} > 0, ycaosHble BepOATHOCTH TOTO, HYTO BTO-
poe BCTyNJeHMe B WIPY NPOM3OHNET TMNpPH MCHNBITAHUH C HEKOTOPHIM
(QUKCHPOBaHHBEIM HOMEPOM, HaloT B cyMMe enununy. Cymma no k B (2.3)
PaBH4, CIEIOBATEbHO, eIMHUIE, H Mbl YKe BHACTH, 4TO O P {4;B;} =1/2.
Caenosareasno, P (E)=1/4, kak u npennosaraiocs. [Toro6ubie coobpa-
KeHUsl MPUMeHMMBl U NPH APYrHX KOMOMHAUHMAX HCHBITAHUH.

3aMeTHM, UTO MOJOXKEHHE CTAHOBUTCA HAPYTHM, €C/IM HIPOK MONeET
NPOU3IBOJbHO WM3MeHHTb pa3Mep CTaBKW, HAa KOTOpPYG OH wurpaer. Ilpu
TAKHX YCJOBMAX CYLIECTBYIOT BHIIOJHBIE H HEBBIFOAHBIE CTPATErHH, U pe-
8Y/AbTaTH HUIPHl 3aBHCAT OT BHOOpa cTpaternu. Mbl BepHeMCH K 3TOMY
sBonpocy B § 2 ra. XIV.

§ 3. Jlemmbt Bopeas — Kauteaau

llBe Hukec/Helylollie TNPOCThie JeMMbl, Kacawouuecs OeCKOHEYHOH
NOC/IeNOBATE/AbHOCTY UCTILITAHU], UCNOAL3YIOTCH TAK YaCTO, YTO 3ACAYKHU-
BAIOT CNENMaJbHOTO BHUMAHUS. Mbl cOpMyIHDYeM HX TOAbKO IJs HCHbI-
Tauu#t BepHyaiaud, HO OHM NpHMeHHMB! M B Oo0jee OOILEeM Cayuae,
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Mu paccMoTpUM cHOBA OECKOHEUHYIO MOC/AENOBATENLHOCTh HCMBITAaHM{]
Bepuyaau [Tycts A,, A, ... — 6ecKOHeuHas NOCACAOBATE/IbHOCTb COObI-
THA, KaX10€ U3 KOTOPHIX 3aBUCHUT TOIbKO OT KOHEUHOTO 4YHC/A4 HCITLITA-
HUM; APYruMu CJIOBAMH, MBI HpeINO.JaraeM, 4To Aag KaxXLOro HoMepa kR
CYIIECTBYET lenoe uucao 7,, Takoe, u4to A, aBaserTcs cOOBITHEM H3
NpOCTPAHCTBA MepBHLIX 7, ucnbTaHul DBepuymin. [Toaoxnm

a,=P{A4,]. 3.1

{Hanpumep, A, VMOXeT COCTOATb B TOM, UTO HCIBITAHHIO ¢ HOMepoM 24
HeMmOCPEACTBEHHO NPEANIECTBY eT 10 KpafiHell Mepe £ nocJenopate.IbHbiX
ycnexos. Toria n, =2k u a, = p*.)

Ilpu npoussoabHOH (GUKCUPOBAHHOK BGECKOHEUHOH NOCACNLOBIT? Tb-
Hoctu Oyks ¥ u H MoxHO ycranoButb, ocyuwtectsunocs an 0, 1, 2,
unn GeckoHeuno OGoabuioe uuciao cobuitnit {A,}. 910 3HAUUT, uTC MBI
MOXeM TOBODHTb © <cOObITHH U,, cOCTOSILEM B TOM, YTO Pe3Y.IbTaThi
OeCKOHEYHOH MOC/eN0BATEbHOCTH HCTEITaHufl OaaronpuarcTsyior OoJee
yeM r cobvitnam {A,}, a Takke o coburun U_, cocrosimeM B TOM, 4TO
npousomw1o GeckoHeyHo Muoro cobuituit {A,]. Cobuitue U, onpeneneno
TOJALKO B OECKOHEUHOM TpPOCTPAHCTBE 3JeMEHTAPHHIX CcOOBITHH, U €ro
BEePOSATHOCTbIO  siBaderca mnpenea P {U, |} BeposTHoCTH TOrO, HTO
B De3yJpbTaTe A MCOLTAHHA mpousofiser Oogee uyeM r cobuitult A}
Hakoueu, P {U_}=1im P {U,}; sror npenen cymecrsyer, tak xax £ (U}
MOTYT TOJAbKO YOBIBaTb, KOTAa r BO3PAcTaer.

Jlemma 1. Ecau psd X a, cxodumcs, mo ¢ 8eposSmMHOCHLLO
edunuya npouzolidem moasko rKouewHoe wucso cobvimuii A, bosee
TOUHO YTBEPXKAAETCH, YTO €CaW r LOCTAaTOUHO Beanko, 10 P {U,} <e:
0as aw6oz20 & >0 Halidemcsn yesoe wucao r, maxoe, 4mo, KaAK080
Ot KU Coln0 1, BEPORAMMOCHs MO20, MO 8 PEIYAbMAMe 1 UCNb-
marutl npou3oiidem 00HO uau Goavwe coovimuli A, . A, o0 -..s
MEHbULE, HeM e.

IlokasaTeanbcTBO. BospMeM r TakuM, 4TO6H @, -+ &, 4+

... <& 3TO BO3MOXHO, TaK Kaxk psi Eak cxoaurcsa. bes orpanu-

ueHUs OOLIHOCTH MOXHO Tpenonaarath, uto A, ynopsnoueHbl TaKuM
00pa3oM, uTo ny < Ry ny<C ... yctsh N — BanOO/bIIME MHIACKE, DU
xoropoM ny < nl). Toraa A, ..., Ay onpeleneHs B NPOCTPAHCTBE 71
HCMBITAHUA, ¥ JeMMa yTBeP)K1aeT, 4TO BEPOATHOCTb NMPOUSOATH OIHOMY

nin Ooapire cobuituaM A, 4, A, o, ..., Ay MeHbIle €. JTO BEPHO, TaK

'y Ecan 6b HepaBEHCTBO 7y < 1 HMeENO MecTO 1as GeckoHewHOH Moc/esosa-
TSAbHOCTU 3HaueHu# kB, Ry, k3, ... HHIEKCa R, TO MOCJAENOBATEJbHOCTb BEpOAT-
noctel ay, ap, @, ... COAepkana Obl JWIIb KOHEYHOE UHMCIO DAISUUHBLIX
4ucCed, U U3 CXONMMOCTH PAAA Zay BhITeKa0 Obl, UTO BCE 4JeHbl 3TOH mochelnoBa-
TEAbHOCTH, 33 MCKJIOUEeHHEeM KOHEWHOrO YUC/a, PaBHB HVMO. B atom cayuae 3a N
CAeMoBano 66 TPHUHATH HanboJbliee cpead 3HaUeHuil HHAEKCE, KO1OPbiM COOIBEI-
CTBYIOT OTAHYHBIE OT HYJAd uaeHbl. — [Tpuxt. peo.
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KaK corjacho d¢yHaamentanbHovy HepapeHcTBY (6.6) ra. I, Mbl uMeem
AJs 9TOR BEpOSTHOCTH

PlA U AU .o UAy <@+ 8400+ ... +ay<s, (3.2

4yTOo ¥ TpeOOBA/IOCh N0KA3aTh.

YaoBaeTBopuTeqbHoe ofpalieHde 2TOH JAeMMbl M3BECTHO JHIb AJS
CMeNHUaTbHOTO CAYYas B32MMHO He3aBHCHMBIX cobbiTuii A,. Takoe noso-
deHHe BO3HHKaeT, KOTJA BCE HCIIBITAHUSl pasie/ieHbl Ha B3aUMHO Henepe-
KpHIBalOKecs rpynnsl ¥ A, 3aBUCHT TOJbKO OT UCOBITAHUH R-H rpynrbl
(nanipumep, A, MOxeT OHTL COOLITHEM, COCTOSILUMM B TOM, UTO B pe3y.lh-
Tare R-# THICAYH HCMbITaHUA npousoiizer 6osee uem 600 ycnexar).

Jemma 2. Ecau cobumun A, 83QUMHO HE3GBUCUMb U €CAU

pao 2 A, pacxooumcn, mo ¢ sepoamHocmyio eOuHULQ OCYULe-
cmeumea  GeckoneiHo Mmuo20 cobumuli  A,. Jpyrumu caosamu,
11 moboro r BepoATHOCTb TOrO, YTO B pe3yabTaTe £ UCHblTAlUR
npousoiiner 6osee ueMm r coObTUH Aj,, CTPEMUTCH K edHHHULE MPHU 72 —> CO.

HokasateabcTBO. Kak W npu IokasareabcTse JeMMmbl 1, nycTh
uyepes A, A, ..., Ay o0003HauawTca cOOBITUsA, OINpeleNeHHEE B IPO-
CTPAHCTBE 3JEMEHTAPHHIX COOLITHH, COOTBETCTBYIOLUEM A HCHBITAHHSIM.
BepoaTHOCTh TOrO, YTO HE MPOU3OHAET HU OLHO M3 3THX COOHITUH, paBHa,
BBIIY HPeIno.JIoxeHHs 0 HesapucuvocTH, (I —a) (1 —ay) ... (1 —ay).
Tak xak 1—x<e™ nmpu O0<<x <<, 70 (1—ap(l—ay)...

o (l—ap < e (Mm%t ANy IlpaBass uacTb 3TOrO HepaBeHCTBA
npu Bo3dpactaHuun N cTpeMuTCcs K HyMo. Mbl aokasaad, TakuMm o6pasoM,
YTO C BEpPOATHOCTLIO €IHHUIA MNPOH3OHIET 1O MeHblle# Mepe OAHO U3
cobuituit {A.}.

Hanee, pasoObem nocaenoBatensHocTs {A,} Ha ABe noanocienosa-
Te.IbHOCTH {AZ} 1 {AZ*} TaK, 4ToOH o00a psna ZP{AZ} H ZP{A;*}
pacxonuanch. [IpMMeHHB HAW Pe3YJbLTAT K 9TUM MOJNOC/AEL0BATENbHOCTSIM,
Mbl y6exJaeMcs, 410 ¢ BePOATHOCTLI0 eAUHHUA NPOUIOHAYT no xpakHed

* #3%
Mepe 0IHO u3 cOOblTul Ap W o1HO u3 cobwitufl A, . Takum obOpasom,
C BEPOSTHOCTBIO €IuHNLA NPOM3OHIYT nO KpaiHeH# mepe ABa COOBITHA
u3 nocaenoBateasHocty {A,}. TIpUMEHHB STO yTBEpKAEHHE K 1OC./EN0Ba-

TeJbHOCTAM {A;} H {A:}, MBI yOexnaeMcs, 4TO JOJ/IKHBL MPOM3OHTH
no kpafueft Mepe uyetnipe coOuTHA M3 mocienosatenbHocTn (AL} M T, A

[Tpumep., Kaxkosa BepoATHOCTb TOrO, YTO B [OC/JeLOBATE.IbLHOCTH
ucnertanuit Bepuysaiau komOunanus YHY 1iosBuTcq GeCKOHeUHOE UHCAO
pas? Tlycts A, Oyzer coOuiTHEM, COCTOAIUMM B TOM, YTO HCIbITAHHS
¢ HoMepamu k, 21, R+ 2 nanyr B pesymprate YHY. Cobutusa A4,
He gBJMIOTCA, KOHEYHO, B3aUMHO HE3ABHCHUMBIMH, HO NOCJAENOBATEALHOCTH
A, A, A, Ay ... COLEPXUT TOJABKO He3aBUCHMble COObITHS (TaK Kak
HUKaKWe ABa M3 HHAX He 3aBHCAT OT HCXO0NA OJIHOTO M TOIO Ke MCITBITa-
Hun). Tax Kaxk @, = p’g He 3aBUCHT OT K, pai a&;-F @, a;+ ...
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pacxoauTcs, M, CJelOBaTeqbHO, ¢ BePOATHOCTLIO e€IMHMIA KOMOUHAunA
YHY nossutcs OeckOHEYHO MHOrO pa3. AHA4JOTHYHOE [NOKA3aTe/IbCTBO
NIPUMEHMMO, OYEBMIHO, H K IPYruM KomOuHauumaMm. ([lajpHeflline npHMephl
MOXHO HaliTu B 3amayax 4 u 5.)

§ 4. YcusenHsii 3aKoH GOJbMIMX uHCeN

Harasanoe npeacrab/ieHHe O BEPOSTHOCTH OCHOBLIBAETCS HAa MpencTa-
BJEHUK O MNPABHJbHOCTH CJELVIOLIEr0 yTBEPKIGHHMS: eCJAU HHCJIO YCNexoB
B INEepBHX 2 HCOBITAHUAX TOCACAOBATeJbHOCTH MCNbITaHu# DBepryri
pasuo §,, TO

N
5 p. #.h

n

B alcrpakTHOR Teopud 3ITO He MOXeT ObTb BEPHBIM 1JAs Kaddod
NOC/eN0BATEILHOCTH MCNIBLITAHUA, HdeHCTBUTENBHO, B HAlle NPOCTPAHCTBO
3JEMEHTAPHBIX COOBITHUH BXOASAT 3NCMEHTAPHbIE COOBITHA, AAWOLIHE JOryue-
CKYI0 BO3MOXHOCTb [OfIBJEHHR B pe3y.hTaTeé HCHOBITaHud, HanpuMep,
TOJIBKO OIHUX YyCnexoB; B 3ToM cayuyae §,/n—1. OIHaKo MOXHO
10Ka3ath, 4TO (4.1) BHINOAHAETCA ¢ BEPOATHOCTLIO EAHHHIA; MO3ITOMY
cayuad, xoria (4.1) e BEIMOJHAETCHA, SIBAAITCS HCK/IIOUEHUEM, KOTOPHIM
MOXHO TpeHebpeyb.

OrMeTHM, 9TO MBI paccMaTpHBaeM cefluac yTepuacHue 60Jee CHIbHOER,
yeM OOBIUHBIH 3aKOoH 60abwIMX uuced [ra. VI, dopmynaa (4.2)]. TMocaenuutt
FOBOPHT O TOM, 4TO Aas a0GOro Z0CTaToyHO Goabluioro gurcuposar-
HO20 4YHCJA £ BecbMa NpaslonoAoGHO, YTC OTHOUIeHHe §,/n OKawercs
6/1HM3KUM X p, HO OH He yTBepxnlaeT, uto S,/ 00s3aHO OCTaBaTHCA
6/M3KHM K p, KOrla YHCJAO HCHBITaHKH 7 BO3pacTaeT. JTOT 3aKOH GOJb-
HIMX Yucea OCT4B/IAeT OTKPHITOH BO3MOXHOCTH TOTO, Y4TO B TOCJENYIO-
WHX UCMBITaHUAX OCYLIeCTBUTCH 10 Kpaltne#t Mepe OZHO u3 cOGHTHH
S,/in+ 1< p—e, umm 8, ,/(n+2) < p—s, ..., i 8,,/2n < p—¢;
3leCb MBl UMeeM Jelo ¢ ofbeddHeHueM OOJbIOro uucaa COOBITHH,
O KOTOPHIX MBI 3HAEM TOJBKO, UYTO BepOSTHOCTb KaAWKAOLO U3 HUX
B OTAeJbHOCTH Majaa. JIOKaXeM Tenepb, YTO C BEPOSITHOCTHLIO e€AWHMLA
pasHOCTb S,/n— p CTaHOBUTCH 4 ocmaemcs Majoh NpH HeorpanitueH-
HOM BO3pACTaHUM I

Ycudenun ¥ 3akon Goabmux duceda Jdaa aw6ozo ¢ >0
BEPOAMHOCHE MO0, HMO OCYUWECMBUMCA MOABKO WOHEYHOEe HUuC.10
coboimutl

|~§nﬂ—p[>e, (4.2)

pacna edunuye. Orciona caenyer, 4to (4.1) BHINOMHAETCS C BEPOAT-
HOCTbIO eauHuua. Ha sidblke KOHEYHBIX NPOCTPAHCTB 3JEMEHTAPHHIX COObI-
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TH# yTBEpHAaeTcd, 4TO AAs MobsiXx € > 0 u 8 > 0 nanaercs r, Takoe,
4TO [pU BCeX v BepPOATHOCTh COBMECTHOTO OCYIIECTB.IEHWS v HEPABEHCTB

Sr+k ’
e g, =1, 2, ..., v 4.3
1 rrr P < (4.3)
Goabnic, yem ! -— 3.
JloxasateabcTBOo. MbB nOKaweMm Go.ee CHIbHOE YTBEDKIECHHE.
O06o3nauum yepes A, coObiTie

* S, —kp
|Sp|=|2—F
| (kpg)™
Torna no dopmyne (5.2) ra. VII noxyunm

> (2a log k)™ (4.4)

P A} <€_”'°gk=—kl{;. (4.9)

W, crerosareaino, pan X P(A,) cxoantcs. Takuum o6pasoM, no Jemye |
NpeAbIYUero paslela ¢ BePOAMHOCMbO eO0UHULG BbBLLOAHACMCA
MmoAbKO KoHeuHOe 4ucao #epasencms (4.4). C npyro# cTopoHwl,
u3 (4.2) BHITeKaer, 4ToO

S,—np €
(npg)": (rg)"

. y
¥ npu GoJblIKX £ npaBas cTopoHa Goablie, 4eM (2a logr)™®. Caenosa-
TeJbHO, BHIMOJHEHHE OeCKOHeYHO OOJBINOTO 4YHCJA HepaBeHCTB (4.2)
Brever 3a cobol ocyuwecTBleHHe OeCKOHEYHOro 4ucaa coOuTui A, n
HMEeT MO3TOMY BePOATHOCTb HYJb.

YcunenHplf 3akOH 0oJblMX uucean OblT CHOPMYAUPOBAH BIEpPBbIE
Kanreanmn (1917); ewe 1o storo DBopeab n Xaycnopg paccMatpusain
HEKOTODHIE ClellHaibHble CJayyau. YCUJeHHBIt 33KOH, TaK e Kak U
OObIYHBIH 3aKOH GOJbIINX YMCeJ, SIBJSETCH JUUIb BECbMa YaCTHBIM CJayuaeM
onHO# oOuiefi TeopeMhi O C/AyualHBHIX BeJHuUMHAX. PaccMOTPeHHBLI COB-
MECTHO ¢ Halued TeopeMOH O HEBO3MOXKHOCTH CHUCTEMBI MIpbl 3aKOH
6o/bIIMX uMces BJaedeT 334 coGo#t cyluiecTBoBanue npepena (4.1) He ToJbKO
175 NepBOHAYaJbHOH NOC/IEL0BATENbHOCTH MCIBITAHUH, HO U Aa8 JIOOBIX
I0AN0C/Ie10BaTEILHOCTEH, MONYUYEHHHIX B COOTBETCTBUM C NpasuioMm § 2.
Tarum oGpa3om, smu 08e meopeMmwv. gmecme onicwsanom @HyrLoa-
MEHMAAbHOE CBOUCMBO CAYHAUKOCHL, KOMOpOe npucyuwe HA2AA0-
HOMY npeocmasreruro 0 8eposmuocmu. SHavenue 3mo20 csolicmsn
yeuaenno noodwepruganrocr Mu3econ.

't (4.6)

§ 5. 3akoH noBTOpHOro Jorapudma

Tak ke kak W B ri VI, paccMOTpUM HOPMHPOBAHHOE YHCIO YCMe-
XOB B 7 UCHNLITAHUAX.
S* _ Sy—np

- 3 5. 1
(npg)™: G



210 Ta. VIIl. Heoepanuuennsie nocaedosaressnoctu ucneitaruil bepuyaau

*
[lpenenbHast TeopeMa Jlamiaca yTeepxiaer, yto PP {S,, > x} ~ 1 —®(x).
Taxkum 06pasoM, Mg KaKIONO UYACTHOTO 3HAYeHUs M  HEBEPOSTHO,

£
yTo6bl §, OBLIO BeNMKO; OAHAKO MHTYHTHBHO {CHO, YTO NpPH Na/jbHefinew
&
NpOI0.LKeHUK HCObLITAHME §, NpUMeT paHO HJAM MO3AHO CKOJb YTFOLHO

0o.bllHe 3HA4YeHHUA. YMepeHHble 3HaYeHHUs S; 60J/iee BepOATHLEI, HO MaKCH-
MyM OyjleT MelJieHHO BoapacTath. C KakOH CKOpPOCTHIO?

B xofae 10Ka3aTeNbCTBA YCHJICHHOTO 3aKOHA OOJbIINX 4uCea MBI
BUEMH, YTO C BEPOSTHOCTHIO €JHHUIA TIPU BCeX NOCTATOUHO OOJbIIHX 2
1 ¢>>1 BHINOJHEHO HEPABEHCTBO S, < (2a log n)". dro naer nam BepxHO0

*
OUEHKY AJd S, Lanekylo, O4HAaKO, OT OKOoHYaTeabHOH. Ilaa TOro utoOml
y6ennTbC B 3TOM, NPUMEHUM HAlIM DACCYWAEHUS K MOANOC/el0BATE/]b-

+ ~ * *

Hoct 89, 84 Ss ..., S ..., T. e. onpeneaum coOntHe A, cooT-
* 1

HOUIeHHEeM 82k>(2alogk)/2. HepaseHctso (4.5) 1nokas3niBaeT Temeps,

H 1
uro 8,k < (2a log/e)/2 npu a >1 u Bcex Jp0CTaTOYHO OOJBIIKX £,
Ho ecat n=2", 10 logk ~loglogn, u Mb noiyuaeM, 4TO Las H0GOrO
a>1 u Bcex n Buaa n =2 Hepamenctso

Sy < (2a log log n)™ (5.2)

BLINIOJHEHO HauMHAags € HekoToporo k. BecbMa 3aMaHuMBO MPEANONOKHTb
Tenepb, 4r0 (5.2) BHLINOJHEHO /A BCeX JOCTATOYHO OOJBIIHX 7, H
IeHCTBHTENLHO 3TO OJHO M3 HeNoCPeACTBeHHHIX CJaeICTBUI 3aKOHA MO-
BTOpHOro Jorapupma. Ira 3aMeuaTejbHas TeopeMal) yCTaHaB/IMBAeT,

uto (2 loglogrn)‘/2 ABAFETCST TOYHOH BepXHe#t TpaHuuUed B TOM CMBICIe,
yto npu a < 1 ¢ BepPOATHOCTBIO elMHMLUA A1 OeCKOHEYHOro YMC/A4 3Ha-
yeHHN 7 OKA3bIBAETCA BHIMNOJIHEHHHIM OBpPATHOE HEPABEHCTBO.

Teopema. C gepoamHocmbio e0UHUUA BHILOAHAEMCS COOMHO-
werue

*

s
lim sup ——%———==1. (5.3)
nswo  (2log log n)'

Imo o3nauaem, wmo npu A>1 ¢ 8epoamuocmpvio e0UHUyA He-
pasencmso

S, > np—{—)x(anqloglogn)l/‘ (5.4)

OCYULeCMBUMCS MOABKO KOHEUHOe 4UucA0 pa3, a npu h <1 ¢ geposm-
HOCmbio eQuruya Hepasencmso (5.4) oxagcemcs BoINOAHEHHbIM OAS
0eCKOHeUH020 HUucCAQ 3Ha4eHuld n.

1y A. Xunuun Uber einen Satz der Wahrscheinlichkeitsrechnung. Funda-
menta Mathematicae, 6 (1924), 9—20. DTOMY OTKPBITHIO MPEAIECTBOBAIH 4aCT-
Hble pe3yJbTaThl, NOJYUYEHHble JPYTHMH aBTOpamu. [IpHBOAMMOE 31ech HOKa3sa-
TEALCIBO MOCTPOEHO TakuM 0GPa3oOM, UTO OHO JONYCKAeT HENOCpPeLCTBEHHOE
o6obiienne Ha caydail Godee 06mMX CAY4YaiHbIX BeJIWYHH.
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ITo coobparkeusaM cuUMMeTpuu u3 ypastieHus (D5.3) BHITeKaeT
. S,
{im mf————————T = — 1. (0.3a)
n>w (2loglogn)’
HNokaszaTeabcTBO. Mbl HauHeM C IABYX MPEIBapUTEIbHBIX 3aMe-
HAHRAH,
1. Cywectyer mnocTosHHas ¢ > 0, 3apucslas oT p, HO He 3aBU-
cfllasg OT K, Takas, uTO NPH BCeX N

P(S,>np| > c. (5.5)

IleficTBuTebHO, paccMOTpeHHe OHHOMMAJBHOTO pacrpefesieHHs NOKa3bl-
BaeT, 4TO JcBas 4acTb (5.5) HUKOrZa He papHA HYJIO, a IO fIperefibHOH
Teopeme Jlammaca ouna crpemutes K 1/, npu n—>oo. [Tosromy .iesas
4yacTh G0JibLIE MOCTOSHHOH, OoablIeH HyJas, KaK U YTBEPXKIa.J10Ch.

2. Ham Hywxuna rtakwme caenywomas demuMa. Ilycte X ¢uxciposano
u uepes A o06o3HaueHo coOwbITHE, COCTOsllee B TOM, 4TO TO KpakHe#
Mepe INpH OI1HOM 3HayeHun Kk, YLOBJIETBOPSIOUIEM HepaBeHCTBY k< n,
1MeeT MeCTO HEpPaBeHCTBO

S,—kp > x. (5.6)

Torna

PlA) <+ P(S,—np> x| (3.7)

Haa  noxasarensctea 3Toft JemMMbl 0003HauYMM yeped A, cobniTue,
cocrosiiee B TOM, 4TO (5.6) BHIMOJHEHO NMpH R =1V, HO He BHINOJHEHO

npu k=1, 2, ..., v—1 (grecs 1 {v<n). Cobmitua 4,, 4, ..., 4,
NONApHO HecoBMecTHH, co0bithe A ectb cymma. CuenosarelnHo,
P{A)=P{A}+ ... + P[4, (5.8)

Hanee, mycts npu v < n coGuitue U, COCTOMT B TOM, 4TO OOluee YuC.IO
YCMEXOB, BHIMABMIAX B pe3y/bTaTe MHCNHTaHH# ¢ HoMepaMmu v— 1,
v+ 2, ..., n, npesomaer (n—v)p. Ecmu A, u U, ocymecrsarca
coBMecTHO, T0 S, > 8,4 (n —v) p > np— x, u 13K KaK cobuitua AU,
NONapHO HECOBMECTHH, TO OTCIOAA CAelyeT, uTO

P {Sn —np > x} >
> PAUS+P{AU)+ ... +P{A, U, L)+ P4} (5.9)
Tak kak A, 3aBUCHT TOJbKO OT NePBHX v uchbiTaHult, a U, — ToJbKO OT
CAeRyWIUMX n—v HCnuitanui, to A, 1 U, wesasucumsl u P{AU | =
== P{A)P{U,}. Vs npensapureasHoro saMeyauus (5.5) Mbl 3HaeM, uTO
P{U)} >c, u, tak xak ¢ <1, us (5.9) n (5.8) moayuaem
P(S,—np>x}>cRP[A)=cP|4). (5.10)

3rto u nokaswiBaer (5.7).
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3. IloxameM Temeph yTBEPKJICHHE HallleH TeOpeMbl, OTHOCALleecs
Kk cooTHoweHHo (5.4) mpu A > 1. TlycTb 7 — HEKOTOpOE 4ICJO, YAOBJe-
TBOP#IOIIee HEPABEHCTBY

1< <\ (5.11)

U nveTh n,— Uejoe uyucao, Gmnkadimee k 7 (r=1, 2, 3, ...). Iycms
B, — cofuiTie, €OCTOSIIEE B TOM, YTO HEPABEHCTBO

S,—np>(@2n,pgloglogn,)* (5.12)

BBITIOTHACTCH MO KpaHHed Mepe MPH ONHOM 7, TaKOM, 4T0 n, <1 < #,, .
OuyeBuano, 4TO (5.4) MOKeT O0Ka3aTbCA BHIIOJHEHHBIM 151 OeCKOHeyio
MHOTHX 7 TOJBKO TOTNA, KOTAa OCYLIeCTBUTCA OECKOHEYHO MHOrO cOOBI-
tuft  B,. Coraacuo mnepso#t nemMme Dbopead — Kaureanu, 10CTaTOUYHO
J0Ka3aTb, u4TO Pl

2P (B} (5.13)
cxoanres. [To nemme (5.7)

P {Br} \< C_Ip {S”r+1 - nf+lp > )\ (Qnrpq log Iog nr)l/z} p—

_c—lp{ >k( r)llz}. (5.14)

-1
Tak xax n,/n,, .~ > i " 10 mpu ROCTATOUHO GOJLLIOM 7

P{B)<c7'PlS, > 2\(loglogn,)™. (5.15)
13 npeieabHolt Teopemsl Myaepa — Jlanaaca [dopmyaa (5.2) ra. VII]
c.lelyeT, 4TO Npu OOJbIIUX F
1 1
e (log n,) ¢(rlog )’

P{B,) < ¢ le7 Ml len, (5.16)

Tak xax k> 1, yrBepxkaenue (5.13) nokasaHo.

4. HaxoHen, noKaXkeM yTBepxkIeHHe, Kacawolueecs (5.4) npu A < 1.
Ha 10T pas BuniGepeM B KauecTBe A HAcCTO/AbKO OOAbliOEe LeJ0oe YHC.IO,
4T0O0b

1=l o s, (5.17)
i

rlle v — HEKOTOpas INOoCTosHHas, KoTopas OyleT oOmpelejcHa MO3IHeEe.

[TonoKum
n,=1". (5.18)

Bropas 1aemma Bopens — KanTenau MpuUMeHHMA TOMLKO K HE3aBHCHMBIM
cobpiTuaM. [loaTOMy paccMOTPHM BEJIHYHHBI
D,:Sﬂ,—S . (5.19)

nr—1
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D, ssaserca yuc/JIOM YCUEXOB, MPOHCINEALIMX B HCHBITAHHAX, CJAEAYIOUIMX
33 n,_,-M BILNIOTb JO N,-TO BK/MIIOYHTeALHO. Beauuuna D, umeer 6uHo-
MUalbHOE pacnpedenenue b(R; n, p) ¢ n==n,—n,_,. Ilycts A, —co-
ObiTie, COCTOALIEE B TOM, HTO
Y2

Dr—“(nr_nr-—l)p > ﬁ(gpan lOglOgﬂr) . (520)
Mo ymsepocoaem, 4mo ¢ 8ePOAMHOCMBIO €OUKLLA OCYULECMEUMCS
OeckoHenno MHO20 coOwmuid A, Tak kak pasinudbie coBbitus A,
3aBUCAT OT HeNepeKpBIBAWILUXCH TPYNN MCMBITaHu#t (MMeHHO: A, 3aBUCUT
OT HUCHHTAlini ¢ nomepamn n,_ ;< n<{#,), TO 3TH COOLITHS B3aHUMHO
He3aBUCHMBI M B COOTBETCTBMM CO BTOpOH nemmoH Bopeas — Kanreanu
ILOCTATOYHO AOKA3aTh, YTO PAl

2 P4 (5.21)

pacxoautca. Ho

D,—(n,—n,_)p 2n 23
P{A,}:P{ ==t P g (2 jogtogn, JRECR )

{(np—n,_) pq} " Iy ey
Brecw nf(n,—n,_)=1/(1— 1) <71 no (5.17). CrenosarenpHo,

D,—(n;—n,_ !
PA) >P{ rm (e RreD P oy loglogn,)/z}. (5.23)
{(ng—n,_) pg} "™

Wcnoasaysa cuosa oueHky (5.2) ra. VII, yGewnaemcsa, 410 1pu
60 IbIHX T

PA) > 1 pnloglogn, 1 . (5.24)

27 log log n, 27 (log log n;) (log n,)™
Tak kak n,=7v" u 7 <1, Mb yGexzaeMmcss, 4r0 npu OOIbLIKX r
P{A,} > 1/r, uro noxasmaer (5.21).

B kavecTBe mocaenHero sTama 10Ka3aTe/bCTBA MOKAMXKEM, 4YTO MOXKHO
npeHebpeub BeJHUNHOH S,,r_1 B (5.19). Va3 nepsoit, yxe I0Ka3aHHOH,
yacTH TeopeMbl ciaexyeT, uTo Aas moboro e > 0 moxHO Ha#tth N Taxoe,
UTO ¢ BEPOSATHOCTBbIO 1 —e uau Ooubliel npu Bcex r > N BBHIOJHAETCH
HEpPaBEHCTBO

|S,, 1,10 <2@2pgn,_,loglog n_)" (5.25)
Tenepb MpeANnOJOKHM, YTO 7 BHIOpAHO CTOJAb OJH3KUM K eIHHHUE, YTO
—n< (”—'2‘5)2 : (5.26)

Torna u3 (5.17) caenyer, uro
dn,_ =4 ”_{ <, () — W2 (5.27)

CaenosarenabHo, u3 (5.25) nosayuaem
Su,_,— Rpap > —(1—10) (2pgn, loglogn)”.  (5.28)

[Tpubasus (5.28) k (5.20), mMpt moayuaem (5.4) ¢ n=n,. OTcozra
clelyer, 4TO C BepOATHOCTHY | —e niau Gosblied HepaseHCTBO (5.4)



214 T'a. VIII. Heoeparuuennsie nocaedosareivHocTu ucheitaduil Bepuy 1.au

BLIMOJHACTCA AJsi OeCKOHeUHO MHOTMX r; 3THUM 3aBeplIaeTCH 10K13a-
Te.1bCTBO.

3akoH nNOBTOPHOrO Jaorapudma s HcnbTannd  Depuyaan npen-
cTaBasgerT cofol uyacTHbI cayuaft Gosee oOuicH TeopeMbl, Breppble cop-
myanposannot A. H. Koamoroposwim ). B wuactosuiee Bpems MOKHO
copmyauposaTe # Go.1e€ CU.ALHBIE TeOpeMbl (cM. 3amnadyn 7 u 8).

§ 6. HuTepnpetanus Ha fA3bIKE TEOPHH uuced

[Tycts x — neftcTBU1CIbHOE yuca0o 13 uHTeppada 0 <Cx <1 u
x =0, a,a4a; ... 6.1)

AECATHYHOE DABIONKCHHE 1070 YhCaad (TAK YTO KAKIOE M3 @; O3HAuAET
oady w3 unopp 0, 1, ..., 9). Takoe pasjoxeHHe eINMHCTBEHHO 47
BCeX uuces, xpome umcea Buna /107, rie n — weaoe; nocaenue MOryT
OblThb 3amuCcaHbl KaK B BHAe KOHEYHOIO pAas.IokeHus (CONepiKailero
OecKOHeYHO MHOTO HyJeH). Tak U B BHJe DAas3IOKeHUH, COJdepiKaulero
OecKoHeuHo MHOro NeBATOK. “I100ml u3bexaTb HeoMNpepeleHHOCTH, YCI0-
BHMCH He NO0Jb30BAaTbCA Pa3/JIO0WEeHHIMH BTOPOIO BUJIA.

Hecarnunoe pasioxeHie CBH3AHO C HCUBITAHUAMH BepHyJIH ¢ BepoaT-
Hoctblo p = 1/10 nmoss1eHus nudps 0, urpawuedt posab «ycmexa» (Bce
ocTanbHbie HUGPB HIPAT po/b «Heynauy). Ecau Mbl paccMOTpuM Undgphl
nocqae sanatok B (6.1) u 3amenum Bce Hyau Oyxpamu Y, a Bce npyrue
uudpel Gyxksamu F, 10 (6.1) OyaeT npeacTaBaaTs BOSMOXHBIA HCXO.
GeCKOHEYHOH M0C/Ae10BATENbHOCTH HcnbiTaHufl Bepuyamn ¢ p ==1/10.
OO6paTHo, npoOM3BOJLHAA MOCAENOBATEbHOCTL OYKB ¥ n F MoxeT Obirb
noJyueHa OMUCAHHBIM CNOCOOOM H3 pas10XKeHHus HEKOTOPOro uuciaa X.
Takum 006pa3oM, Kaxnoe cOOLITHE B NPOCTPAHCTBE 3JEMEHTAPHBIX COObI-
TuH, CBA3aHHOM C ucnbiTaHusimu DepHyanu, usobpaxaercs HeKoTOPO#
COBOKYNHOCTbIO uucen x. Hanpumep, coOBITUIO «ycrneX B f1-M HCHBITA-
HUH» COOTBETCTBYeT MHOXECTBO BCeX TeX X, Yy KOTOPBIX 7n-# decsaTud-
HbIH 3HAK SABJSIETCS HyJdeM. ITO MHOMXECTBO NpeacTaB.ser COG0H cOBO-

kymnocts 10" untepanon aaunot 107" kamanifl, u obias NAMHA 9THX
uutepBanos pasHa 1/10, T. e. BepoarHocTn hamero cobwitha. Kamxmomy
MCXOLY KOHEYHOrO YHC/A HUCIMEITAHUH COOTBETCTBYET ONpelNe/eHHasd coBO-
Ky[MHOCTb MHTEPBANOB; HAMPHMep, MCXOIL MEPBHIX TpeX UcAbTaHuil YHY
usobpaxaercs nesarblo uureppagamu: 0,01 < x < 0,011, 0,02 x <
< 0,021, ..., 0,09 < x < 0,091. BepoATHOCTb KaXAOr0 UCX0a KOHeU-
HOFO YKHC/A4 KCOBITaHUH paBHa CYMMApHOH JJIMHE CODTBETCTBYIOLIMX
WHTEpBatoB Ha ocH x. BepostHocTH 0ojee CAOXHBIX COOBITHI BCeraa
BLIDAXKAIOTCS Yepe3 BEepPOATHOCTH TAKUX HCXOLOB, H BHIUMCICHHE HX
ApOM3BOAUTCA B COOTBETCTBHM C INPABU/IOM CJAOMEHUS, KOTOPO¢ BEpHO

Y A. H. KoamoropoB, Das Gesetz des iterierten Logarithmus. Ma-
thematische Annalen, 101 (1929), 126—135.
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aas oObiuHON Mepnl JleGera na ocm x. [1o3TOMy HalM BepOSITHOCTH
OynyT Bcersa coBnalaTbh ¢ MepaMi COOTBETCTBYIOIUMX MHOXKECTB TOUeK
ocu x. Mu noayuuau, Takum o006pasoM, cnocob mnepeBoxa BceX Ipe-
JeabHBIX  TeopeM 00 ucnbTaHuAX DepHyain ¢ p==1/10 B Teopemml,
OTHOCSIILIMECH K DPa3/Oo:KeHHdM B JecsiTHuHble 1poOu. TepMuH «c BeposT-
HOCTHIO eIHHMIA» OKa3bBAeTC SKBUBAJIEHTHHIM TEPMHHY <«AJs NOYTH
BCEX» MJH <IMOYTH BCIOAY».

PaccyoTtpum  cayualiHyo  BeauunHy §,, PaBHYI0 YHCAY YCNeXOB
B 1 HCHbITAHMAX. 3lechb OKaseiBaeTcs O6oJjee yAOOHBIM NONYEPKHYTb,
uto §, ABAfgeTCHs YHKIINEH OT 3.1eMeHTapHBIX COOHITHH, W MBI HCMOJb-
3veM TOSTOMY 3anuch §,(X) 1a8 Ko.suuecmsa Hyaell cpedu nepswvix fl
decamunubix 3Harxko08 yucaa x. CueBuuno, yt0 S, (X) sBASETCH PYHK~
wite oT x, rpadnk KoTOpoH u3oOpawmaercs CTynenuaTtofl JOMaHoOMH
AuHWeH ¢ paspelsampm B Toukax BHAa @f10”, rae @ — Lesoe uucJo.
Ornowmenne S, (X)/n HasbiBaeTcd #aAcCmMOmMOL HYAS CpPefll TEPBLIX 7
LeCATHYHBIX 3HAKOB YMC/IA X.

Ha sspike oObuHO# Teopuu Mephl 3aKOH OOJBIIMX YHCEJd TOBOPHUT
o TtoM, 4t0o §,(x)/n-—>1/10 no Mepe, B TO BpeMs Kak yCHJAeHHHH 3aKOH
GopwMX uucesa yTBepwaaer, uto §,(x)/n—>1/10 nouru sclony. 3akon
HOBTOPHOTO Jorapugma XHHYHHA TOKA3LIBAET, YTO

Sa()=n/10 __ (0,3)2" (6.2)

lim su -
P (n log log n)'"2

IS TOUYTH BCeX X. JTO AaeT OTBeT Ha npob.eMy, W3YUaBLIYIOCS PALOM
aBTOpoB, naynHas ¢ Xaycnopda 1) (1913) u Xapan u Jlntassyna 2) (1914).
JlasbHefine ycoBepLIEHCTBOBAHUS 3TOrO pe3yabTaTa CM. B 3a1adax 7 U 8.

ByecTo uudpsl Hyab MOXKHO paccMOTpeTh .100VI0 APYryio undpy
H, HCIIOIb3VS YCHAEHHHH 3aKOH OOJBIIHX uMce/, MOKa3aTh, 4TO 4aCTOTA
Kaxao# us npecarn uudp crpemurca k 1/10 nns nouru Bcex x. Amna-
JOTHYHAs TeopeMa OCTaeTCs BepHOW, ecau MNepelTh oOT AeCATHUHOH
CHCTeMbl HCUMC/IeHMS K J1000H apyro#i. IT1oT ¢akt, oOHApYXeHHbIH
Bopeaeym (1909), ofbiuHO BhIpakaeTcst yTBeDMHIAEHHEM, YTO [MOUTH BCC
YHCAd «HOPMAMbHBI» 3),

§ 7. 3anauu

1. Haiitu rtaxkoe uexoe uucao P, uToOBI NpH OGpPOCAHHH KOCTH BEPOSATHOCTDL
TOro, YTO CepHsS M3 TpeX NOCJAeNOBaTeAbHbIX eIMHMI BCTPETHTCA PaHblie, yeM
cepus U3 3 HeeJMHHH, 0Ka3alach NPHMEDHO DABHOH I0JOBHHE.

2. PaccMOTpHM INOCJEJOBATEAbHOCTb HE3AaBHCUMBIX HEIBITAHHH € TpeMma
BO3MOXHbIMH HcXofaMu A, B, C u COOTBETCTBYOIIUMH BEDOSTHOCTAMH p, g

Y F. Hausdorf, Grindziige der Mengenlehre, Leipzig, 1913.

2y Hardy and Littlewood, Some problems of Diophantine approxi-
mation. Acta Mathematica, 37 (1914), 155—239.

%) Bompocbi, 3aTtpoHyTeie B 3TOM mnaparpade, Oblan NOAPOGHO OCBELIEH!
B pabote A. 9. Xnnuuna ,Merpuueckue 3a4a4u TEOPHH HPPALUOHAIBHBEIX qHcen“,
(Yenexu mamem. nayx, suin. 1, 1936, 7—32). — H pum. peo.
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u r(p-+ qg-+r=1). Haiitu BepoatTHOCTb TOrO, 4TO cepus A IaHHBI o Npou3oHaeT
paHblue, ueM cepus B AJHHBL §.

3. Dponoaxenne. HaliTu BeposTHOCTb TOro, uTO cepus A aunbel «
npou3ofiieT paHblie, uem cepus B AauHBL 3 uan cepus C IAMHBEL v.

4. B mocaenoBaTteabHOCTH MCOBITaHuil Bepuyaau mycrs A, 6yizeT cobbiThex,
COCTOANIMM B TOM, UYTO CepHsl M3 7 I0CJeTOBATENAbHBIX YCIEXOB NMPOH3OHAET
sexay 2%-m u 27 "M uenbitamusMu. Ecan p > 1/2, TO ¢ BEPOATHOCTHIO €IHHUIA
OCYIIECTBHTICA GECKOHEYHO MHOTO CcOoOunTHH A, ecau p < 1/2, To ¢ Beposr-
HOCTBIO €IMHMIA OCYIIECTBHTCS TOJbKO KOHEUHOE UHCI0 cOoOhTHH Aj.

5, O6osuauum gepes N, MJIHHY CEpUH yClexoB, HauuHasd € n-r0 HCHBITAHHA
(1. e. N,=0, ecny pe3yabTaToOM n-ro HcObITaHHA sBasercd 1, u 1. 1). Jloka-
3aTh, YTO C BEPOATHOCTLIO €IMHHLA

lim sup L/c\)lgn =1, 7.1

1
rie Log o3nauaer jorapudv Opu OCHOBAHHH — .

Y kasaune Paccmorpers cobeiTHe A, coCTOsllee B TOM, 4YTO M[OC/]ae
n-TO WCOBITAHWS CcJAEAyeT cepus He MeHee ueM a logn ycmexos. Ilpu a > 1
lafpHeHIIne paccy&aeHuss nosoabHO mpocThl. Ilpu a <1 nccaemoBars mnoa-
NOCJE/I0BATENBHOCTL COOBBITHH C HOMEPAaMH a,, dy, ..., [IE @, — IEJ0e YHCIO,
Gamkatiimee Kk nLog n.

6. BriBecTu M3 3aKOHa NOBTOPHOro Jorapudma, 4TO ¢ BEPOATHOCTHIO €HHHUA
cymecTByeT 6ecKOHeUHOe YUC]0 3HAYeHUH n, TaKHX, 4To Bce Sy npu n < & < 17n
nonoxHTeJbHL. (3aMeuanue. 3HauuTebHO GoJee CUIbHOE YTBEpPKIEHHE
MOXHO 10KasaTh, HCMOAB3Ys peadyabrtaThl ra. IIL)

7. [lyctb ¢ (£) — noaoxuTeNbHasi MOHOTOHHO BO3pacTanmas (QyHKLHS H

iycrb 1, — 6amkaiiwee menoe uucao x e”°27. Ecan pan
r P
! —Ya¢? (1)

- 7.2
- () (7.2)

CXOIHUTCHA, TO C BepOHTHOCTblO efHHHuua HepaBel{CTBO
Sy > np+ (npg)’ ¢ (n) (7.3)

HMEET MECTO TOMBKO JJg KOHEYHOro 4ucsaa n (OTMeTI/IM, y1o 6e3 YMEeHblUCHUA

OBIHOCTH MOXHO npeanoaarats, uto ¢ (r) < 10 (log log n)"%; 3akoH MOBTOPHOIO
aorapudpMa ofecneynBaeT BEPHOCTb TeopeMbl aas Goapmux ¢ (n)).
8 Jlokasartb '), uro pax (7.2) cxomurca TOrja ¥ TOAbKO TOTAd, KOrjia

CX0xuTCA pAal ]
Z 2 -t @4
n

Yrkazanue Co6paB uieHb € HOMEpPAaMH 7, YIOBJCTBOPAILINMH HEPAaBEHCTBY
n,_, <n<n, 3aME€TUM, 4TO N, — N, ~n,|1 ——Eg—r); caenopartennbho, (7.4)
MOXET CXOAHTbCA TOJABKO TOrjAa, korma 92 (n) > 2 log log n.

) 3agauu 7 u 8 moxasmBaKOT, 4TO B ChAyuae, Korja (7.4) cxoaurcs, HepaBeH-
¢TBO (7.3) BBHIMOJHAETCA C BEPOATHOCTBIO €AMHULA JUIIL A8 KOHEYHOrO 4YucJja n.
Joxasate obpatHoe yTBepwieHue Gosee tpyasno. Cm. W. Feller, The general
form of the so-called law of the iterated logarithm, Transactions of the Ame-
rican Mathematical Society, 54 (1943), 373—402, rae 6oaee obmas Teopema
JOKa3bIBaeTCs [/ MPOH3BOJBHBIX CAYYaHHEIX Beanuuy. YacTHHH caydyaid ucnbl-
TaHu#t Bepuyaan ¢ p=1/2 cMm. y P. Erdos, On the law of the iterated loga-
rithm, Annals of Mathematics (2), 43 (1942), 419—436. 3akon noBTOpHOro

aorapuMa mOAyHaeTCsa Kak 4acTHbIE cayuait npu ¢ () = A (2 log log £)”2



F'TABA X

CIYYANHBIE BEJIMYUHDBI; MATEMATHUYECKOE OXWJAAHUE

§ 1. Cayuaiinsle BeJTHYHHBI

B coorBercTBMM ¢ ONpeAeJeHHeM, [aBaeMHIM B KYpCax aHamiaa,
peMYHHA Y HasbiBaeTcAd PyHryueld JNeHCTBUTEJIbHOH TepeMeHHOH X,
€C/AM KAKIOMY B3HAUEHHIO X COOTBETCTBYET HEKOTOPOe 3HadeHue Y. ITO
ofpenegeHne MoweT OBITb  PACUIMPEHO M HA Te CJyYyad, KOrla HE3aBu-
cuMasi fiepeMeHHad He fABAAeTCs AeHCTBUTENbHBIM YMC/AOM. Tak, MBl Ha-
3HIBAEM paccrosHne QyHKuKeH HapbHl TOUCK;, MNEPUMETP TPeyrodbHUKA
ABASETCSt (PYHKLIHeH, OmpeleSeHHOR HAa MHOXECTBE TPEYrOJbLHMKOB] [O-
C/eJ0BATENbHOCT @, €CTb (YHKUKSA, OMpeleJeHHas MAA BCeX LeqblX

x
NOJIOMKUTEbHEIX  uMce ; OMHOMHAJbHBEI  KO3(QQUIHEHT (k) IBJISETCS

¢dyHKILMeH, ONpeleseHHON HAa mapax ducea (X, k), B KOTOPHX BTOpOe
YHCJIO SIBJSIETCA LEJABIM M HeOTPHLATENbHBIM, B TOM e CMbIC/iIe Mbl
MOWEM CKa3aTh, YTO WYHCJO ycnexoB §, B 7 HUCIHTAHUAX DBepHynmu
apasgeTcd (yHKunel, onpeneleHHOH Ha MNPOCTPAHCTBE 3JEMeHTAPHBIX
coOmTHH; Kamao#H uz 2" TOUeK 3TOr0 NPOCTPAHCTBA COOTBETCTBYET He-
KOTOpOe uuc1o §,.

DYHKRUA, OnpedereHHAA HA NPOCMPAHCHIBE IACMEHMAPHULE
coboumuli, Ha3oleaemcs cAYLQlHol Besudunod. B npeliecTBYIOIUX
r1aBax Mbl 3aHUMAJMHCL CJAYYaHHBIMM BeJUYMHAMH, He YHOTpebss elue
310r0 TepMHHA, THUMUYHBIMU TIpUMepaMH CJAYYaRHBIX BEJHYHH MOryT
CAYXHTh: YHCJAO Ty30B, NOYYEHHHIX HEKOTOPHIM HIPOKOM MpU caaue
KOJOAL KapT; 4hc/0 AHeH pOXIeHus B Mae LA TPYNNbl M3 7 4Ye/OBeK;
ulca0 CepHi, 0OpasOBaHHBHIX «ycreXaMu» B 7 HCIHTAHHAX DepHyjii.
B mo6oM 3 3THX CayyaeB CYLIECTBYeT eAMHOE [PABUJIO, COMOCTABJSIO-
liee KawIOMy »3JEMEHTapHOMY COOHTHIO HekoTopoe unciao X. MowHO
CKa34Tb, YTO KJACCHYecKas TeOpus BepOSTHOCTEH 3aHMMAlach B OCHOBHOM
N3yueHsieM BBIMFPHILIA, KOTODBIH eCTb Takxe CJAyyakiHas Be/quuuHa; neft-
CTBUTE.IbHO, Kawaas CayualHas BeJMYMHA MOXeT ObITb HHTEPHpPeTHPOBAHA
KaK BBHIMIPHILI MFPOKA B HEKOTOPOH Hrpe, NOCTPOEHHOH N0 Haijiexailei
cxeme. [lTosnowenue wuacTuubl npu  Iuddysuud, 3SHeprud, Temneparypa
M T, M. (H3HYECKOH CHCTEMbl SIBASIOTCH CHYYalHLIMKH BeJHYMHAMM, HO
OHH OTpeaeseHbl N HeJMCKPETHHIX MPOCTPAHCTB 3JeMEHTAPHBIX COOHI-
THH, U TOITOMY WX H3ydYeHHE HaM MPUAETCH OTAOKHTb. B cayuyae nuc-
KDETHOrO TNPOCTPAHCTBA 3JEMEHTAPHbLIX COOBITHA Mbl MOXeM 3anaTh
mobyio  caydaliuyio BeauyuHy X, 3aHyMepOBaB B KAKOM-/#060 MOpsLiKe
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BCE TOUKH [POCTPAHCTBA U COMOCTABHBR KRKIOM U3 HUX COOTBETCTBYIO-
ee 3HAUYEHHe BeJHUHHB X,

TepMiH  «cayuafinas BemduuHa»') He cOBCeM yuauen, u Gogee nox-
xoasmuM Oblt Obl TepMHUH «cayuaiinaa GyHKUusS» (He3aBUCHMOH mepe-
MeHHOH #B.IMeTCS TOUYKAa B NPOCTPAHCTBE 3JeMEeHTapHLIX COOGHTHIH, T. e.
MCX01 SKCMEePUMEHTa).

[Tvets X — cayuyalinas BeaMuuHa, B Xy, X5 Xy ... CYyTh 3HaueHug ?),
KOTOpHIE OHA TNpUHHMaeT (B MOCAeAyIolleM X, B 0OJbIIMHCTBE CaydaeB

Gyayr ueibimy uucaamu). OLHO W TO Ke B3HAYEHHE X; MOXET COOTBET-

CTBOBATH, BOOGIUE rOBOPS, HECKOJbLKHM 3JeMEeHTapHuM cobuitusizi. CoBo-
KYNMHOCTb BCeX 3THX SJEMEHTapHEIX cOOLITHH 00pa3yeT cOCTaBHOE cOOHI-

THe, COCTOfLIEe B TOM. 4TO X=xj. Bepoarrocts 3TOro cobuiTus 060-

anauaercs uepes P {X=x . Cucmena pasencms
P X=ux;}=F(x) (=12 ..)) (1.1

onpedeasiem pacnpedeserue 3) (gepoamuocmetl) cayuainoid seru-
yunot X. SlcHO, 4TO

fxp>0, Xfxp)=1. (1.2)

B TOM e CMBIC/Ie MOKHO CKa3aTh, 4TO YUCIO YCnexos S, B n wuc-
nuTaHuAX DepHyaaM ecTh cayualHas BeqHUHHA C BEPOSTHOCTHLIM pac-
npeneaetuem [b(k; n, p)}, TOrla KaK 4HMCAO WCOBITAHUA 1O NepBOro
yChexa BK/IIOYHTEbHO eCTh CTyYaHHas Be.1HYHHa C pacnpeneieduem {g%—1p).

PaccMorpuM Teneph aBe cayyabinbie Beauuunst X u VY, onpeneaen-
Hble Ha OLHOM U TOM e NPOCTPAHCTBE 3/eMEHTAPHBIX COOBITHH, U 060-
3HAUMM B3HAYEHHS, KOTOPHIE OHU NPUHUMAIOT, COOTBETCTBEHHO dYepe3 X,
Xgy «v+ M Y1, Yo, ...; MYCTb COOTBETCTBYIOUIHE pacrpene/eHuss Bepost-

) B 10CcHOBHOM MlepeBOJE «C/AyuaywHad nepeMmeuHas». — [1pun. peo.

2) Ucnoab3ya CTaHAapTHYIO MATEMAaTHYECKYIO TEPMHUHOJOCHUIO, C/AENOBAN0O Obl
Ha3BaTb MHOXMECTBO TOYEK Xy, Xy, ..., OGJACTBIO H3MEHEHHA BeAnuMHe X.
K comxanenuo, B CTAaTHCTHYECKOH JauTepaType TOT e TEDMHMH yunorpebisercs
751 0603HAUYECHHST PA3HOCTH MEXAY MaKCHMAJbHLIM H MUHUMAJbHBIM 3HaUeHuaMU X.

%) Jlas nuckpeTHo# cayuaitHoit Beanumubl X pacnpeneseHue BepOSATHOCTER
spagerTca QYHKUUeH, oupeleieHHOH Ha MHOXECTBE BO3MOXHBIX 3HaueHud .;
peanyuHpl X. DTOT TePMHH HYXHO OTJHYaTh OT T€PMHHA «)YHKIUA pacopele-
JeHHA», KOTOPBIH MOXeT OnlTh NpHIOKeH K Jo6oH HeyOwBaomed Gyuxuun F (x),
crpeMalieica K HYJMO IPH X —>-—00 H K EAHHHIE NPH X —>— co. PyHKius
pacnipeneaeHus F (x) auckpeTHOH cayuaitHol BeawunHel X onpegenserca Kak

Fy=P{X<xi= Y f(x).
X.<x
i

[Mocaeanas cymma B3fTa IO BCEM Xj, HE MpeBbimaomuM x. TakuM o6pasom,
BYHKIHA pacnpefeenns MOXeT OLTh BbIUKCJAEHA O PacNpeleleHdI0 BeposiT-
HocTeil, n Hao6opor. B sTomM ToMe MBI He OyleM HMETh A€Ja ¢ QYHKUMAMH
pacnpeneneHus.
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Hocret Oyayr {f(x)} u {g(y,)}. CoBOKYNHOCTbL 3J€MCHTAPHBIX COObI-
THH, 047 KOTOPHIX BHINOJHEHB yCaoBus X ==x,u Y=y, obpasyer
cofriTiie, BepOATHOCTh KOTOpOro Oyier ofo3nauarbes depes P{X=x,

i
Y =y,}. Cucmena pasencms
Pl X=x, Y=y,l=p(x, y) O, k=12 ...) (1.3)

3adaem cosMecmHOe pacnpedenerie BepPOSMHOCMeEN CAYHAUHbX
seauwur X u Y. Takue pacnpelefienuss ynoGHee BCero 3amichiBaTh
B Bille NPSMOYroabHbiX Tabaul, aHatoruunnix taba. 1 m 2. fcHo, uro

Py 30 >00 Zp(xy v =1 (1.4)
Kpome roro, mpu xaxaoMm ¢ukcupoBarHoM [
Py YD+p(x, Y4 p(x )+ ... =P {X=ux}=/[(x) (1.5)
M TpH KaxioM (QUKCHPOBAHHOM k&
P Vi) £ p (K ) P (X5 Y)+ o =P Y =yl =gy, (1.6

IpyruMu c/10BaMu, CYMMUPYs BEPOSTHOCTH, CTOflIHE B OTAEJbLHBIX
CTpPOKAX M CT001aX, Mbi MOJAYUHM BEPOSATHOCTHBIE DACHPEIE/EHUs BEJ-
ud X u Y. VX MOXHO npencTaBuThb TAK, KAK 3TO NOKasaHo B Tab.a. 1
W 2; W TOFlAa OHW HA3HLIBAIOTCH <«KPAUHUMUL pacnpedesenusmis.
Inuter «KpafHuey» cBA3aH ¢ nawel (GOPMON 3anmucuH COBMECTHOrO pac-
npeseneHns X u ¥V B BHEe npsMOYroJbHOM Tabauubl K UCMOJb3YETCH
TaKkxkKe JIF CTUIHCTHYECKOH $ICHOCTH, KOrjga B ONHOM U TOM K€ KOH-
TEKCTe TOBOPSIT O COBMECTHOM pacnpelesteHHd IBYX CAyuaHHBIX BEJMYNH
W X Y4CTHBIX (KpaklHuX) pacnpene/cHusx. CTporo rosops, SMUTET
«kpaliniifiy Moxer ObITh OmylIeH.

IToHaATHe COBMECTHOrO pacmpeleneHHs TIePEHOCUTCS TaKXKe K Ha
cucmemvl Goaee verm 08YX CAVHAUHbBIX BEAUHUH.

[TpuMeptu. a) Caywalinoe pa3meuenue 3 wapoad no 3 AWUKam.
OO6paruscd K TNPOCTPAHCTBY  3AEMEHTAPHBIX  COGBITHH, COCTOSILUEMY
u3 27 Toyer, KOTOpoe OpMalbHO oOnpefesseTcs Tabua. 1, noscHsouleH
npumep 2, a rji. 1. Kak u B TOM mpuMepe, CBIXKEM C KakIOH TOuxo#
BepoaTHocTs 1/27. Tlycth N o3HauaeT 4YHCAO 3AHATHIX SIIUKOB, a MPU
[==1, 2, 3 nycrs X, o3Hauaer uHCJAO 1UapoB B i-M siuMke. DTO Ha-
raanHeie onucanud. losops ¢opmaibHo, N — GyHKUNS, onpelenenHas
Ha TPOCTPAHCTBE 3/EMEHTAPHBLIX COOLITMH W TNpHHMMAaOas 3HaveHHe 1
B TOUKaX ¢ HoMepaMu 1—3, sxaueHue 2 B TOukax ¢ HoMepamu 4—21 u,
HAKOHEeN, 3HaueHue 3 B TOYKaX ¢ Homepamu 22-—27. CoOTBeTCTBEHHO
3TOMY, BEPOSITHOCTHOE pacupele/eHue OnperejserTcs CHCTEMOH PaBeHCTB
P{N:l}:%, P{N:Q}:%, P{N:3}:%. ConMecTHble  pac-
npeneaenus (N, X)) n (X;. X,) npusenensr B Taban. 1 n 2,
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Tabruya 1
CoBMecTHoe pacnpeneneHue (N, X|) B npumepe ,a“

0 1Xl p) 3 Pacnpeaenenne N

1

1 29 0 0 ¢ 3g = 7

N2 67 67 6g 0 18g = %

3 0 64 0 0 6q = %

Pacnpepenenne X, 8g 12¢g 69 g

19 129 26
E(N)_T E(N2)~2—7 D(N):ﬁ_
45 2

E (NX)) = %9 Cov (N, X;) =0

N —4uc0 3aHATHIX SIIMKOB, X —UHMCJAO 1WAPOB B NEPBOM AIIMKE, KOIla TPH

mapa caydafHO pasMemarrcs mo 3 samuxaM. a9 kpaTKOCTH HOJ0KEHO =57

6) Kocmu. Ilycts 4vepes X, X, X; COOTBeTCTBEHHO 0OGO3HaueHHI
YRCHA eAMHUL, HBOEK M TPOEK, BHNABMKX TNpPU f OPOCAHWUAX TPABMIb-
Hot koctu. BepostHocTh p (R, R, k;) TOro, uro n Opocauuil pam
k, enunuu, R, NBOEK, Ry Tpoek W n-— k) — k, — k, NpOUUX 3HAUCHUH,
ompeneaseTcs NOJNHOMUAAbHEIM pacnpelenendeM (9.2) ra. VI npu p, =

1 1
:p2:p3:—6, N :—2—, T. €.
. n! n—k—ky— b, —-n
PRy g k) = T (n— By — oy — )1 © 6. A
Jra ¢opmyna 3afaer COBMeCTHOe pacnpelederne BeguunH X,, X, X,
duxcupya k; u ky u cymmupys mo k;==0, 1, 2, ..., n—k —k,
MH MOJYYUM, HCTOJAB3YS (opmyay Gunoma HbloTowa,
. n! n—Rky—kop—n
Py k)= prpr—o — i 6 (1.8)

Mbl npumM K COBMECTHOMY pacnpefenenuto seauuut (X, Xj), xoropoe
ABJAeTCA «KpaHHUM pacnpefejeHueMs I TPeXMEDHOI'O paclipeleneHus
eauund X, X, u X;. Her HyXIb roBopuTb O TOM, 4T0 ¢opmyay (1.8)
MOMKHO NOJYYHTb W HENMOCPEACTBEHHO M3 ONpEeAeJeHHs MOJMHOMHAJILHOIO
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Ta6auya 2
CoBMecTHOe pachpepeieHHe (X;, X;) B npumepe ,a%
0 1 ul 2 3 Pacnpeaetenne X
0 q 3¢ 39 ¢ 8¢
1 3¢ 6g 3¢ 0O 12¢
X, 2 39 3¢ 0 O 6q
3 g 0 0 O q
Pacnpenenenne X, 8¢ 129 69 ¢q
oy 45 2
EX)=1 E(X;)=—o D(X)="
E(X,, X)) =% Cov (X,, X2)=~%

X[ €CTh YHCJO WIAPOB B ¢ M fILLUKE MPH CTydaifHoM pa3Mellendd 3 WAPOB no 3 AUlHa

waM Jas kpaTKOCTH MOJ0MKEHO q:—%.
pacnpenenenus. Cymmupys eme pas no k,=0, 1, ..., n— £k, mMu
npureM K OMHOMUAJLHOMY pacnpenestenuio b (&;; n, 1/6) a1 Beauuunsl X.

B) But6op. Ilycth reHepaibHas COBOKYNHOCTb 7 3JEMEHTOB COCTOHT
#3 TpeX KJAACCOB C OObeMaMH ny,==np,, No==nNp, U Ny==np, COOT-
BeTCTBEHHO (p; -+ py—+ p;==1). M3 3TOH COBOKYNHOCTH U3BJIEKAETCH
cayuafiio pnibopka of6bema r. OGosuaunmM depes X, u X, uucaa aje-
MEHTOR TMepBOro M BTOPOro kjaaccos B BuiGopke. Ecau BHOODP TPOH3BO-
onacs ¢ BosepaieHueM, 10 P (X, = k,, X,=k,} onpeleasercs 1o MHO-
MHAJbHBIM pacnpele/eHUEM

r!

F (ke ko) = rmrr—F = Fy prphpsh R (1.9)

(Cm. dopumyay (9.2) ra. VL) CayuaitHsle Beauuunl X, uMe0oT OHHO-
Muanbroe pacnpesenchne {b(k; r, p,)}. Ecau subop npoussosuiacs 6es
8038pawenusn, TO BeposTHoCTs P {X;==£k;, X,=k,} onpelersercsa
IBOHHBIM rUIepreoMerpudeckuM pacrnpenesenuem (6.5) ra. II, a X umeer
00bIuHOE THIEpreoMerpuyeckoe pacnpenesenne (6.1) ra. I

r) BetGopra caywailinozo o6sema. PaccMoTpuv elie pas npensl-
IYWHH NpUMED, HO TeNepb INpelNnoaoAXuM, 4YTo o00beM r BLIOODKH He
$UKCHPOBAH 3apaHee, a ONpeleaseTcs UCXOAOM CAYYARHOIO 3KCIEPUMEHTA.
ToBopsn Tounee, ponycTuM, uto o6beM BLIOOPKN §BjseTCA Cayvahnoh
BeIMUMHOM, uMelollel pacnpenesncHue Ilyaccona. BepoaTtHOCTb TOro, uTo

r

A
o0bem BHIOODKM paBen r, paBHa p(r; k):e—)j, a ecau o0bem r
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330aH, TO (YCJOBHAS) BEPOSTHOCTL TOro, 4T0 X; =42, n X, =%, onpe-
neasercs ¢opumyno#t (1.9). Ilas cosmecTHoro pacmpenedenus (X;. X,)
noJyuaeM CJelyloliee BHpPAKEHHE:

&
P{X, =k, Xy=rhy}=e" 2‘ Nf(ky ky)frli=

r=Rki+k>
o (PP o)™ Y (hpy)® — prtepn GP)F AR
TR Rl ¢ PR (1.10)
U
P{X, =Pk, Xy=hy} = p(ky; Ap)) p(Ry; Apy). (1.11)

Cymmupys no £k, Haxooum pacnpelenenne X,. 910 — pacnpernejenie
Iyaccona p(k; hp,). (3amauaz 27 ra. VI nosTopseT 3TO yTBepaucdeHHe.)
Cossectaoe pacnpepenenne (X, X,) 3anaercs Oecxoneuno# Tabauueft
VMHOKeHUs ¢ «KpafiHuMu pacnpeieienusmu» {p(k; Ap))} u {p (B hpo)l.
Cayualinbie BeJHuuHbl, 0071al1410l(He TAKUM CBOHCTBOM, HA3LIBAIOTCH He3a-
BUCUMBLMU.

B o6osnauenusx (1.3) yciosHan BepoaTHOCTh coOmTHA Y =y, npu
yeaosun X = x;(n f(xj) > 0) 3anaerca opMyaoh

__PFp )
— flxpy

Yno6Ho cokpamenno oGosHauath (1.12) wepes P Y =y, |X}; s1a
cucteMa Qopmy. sanaer (ycaosuoey pacnpedeaenue Y npa ycaosuu,
ymo uzsecmuo X. Jloctatouno BarasHyTh Ha Taba. 1 u 2, urobw yGe-
INTbCA, YTO ycaoeHas BepoatHoCTh (1.12), BooBuie roBops, oT/nYaeTCH
0T g (¥,). DTO O3HAUaET, YTO IO H3BECTHOMY 3HaueHUI0 X MOXKHO clenathb
HEKOTOPBIE 33KII0YEHHS OTHOCUTEJbHO 3HaueHus Y, u HaoOGopoT; nBe ciay-
YaliHble BENMYHHBI OKA3LIBAIOTCA 3eBucuMsimu. MaxkcuMmanbHas crenenrb
3aBUCHUMOCTH NOCTHTaeTcs TOrna, koraa Y sapaserca ¢yHkuue# ot X,
T. €. Koria 3nauenue X o01HO3HauHbIM oOpasoM onpeneaser Y. Hanpn-
Mep, ecau MoHera Opocaercst n pa3, a X U Y — uucaa Bemasmux repbos
M pemeTok, 10 Y =n— X. Ananoruudo, koraa ¥ = X2, Mm MOxeM
no X BbuucauTh Y. ITO 03HAUAET, YTO B KAKAOM H3 CTOAGILOB TabaAMILLE
COBMECTHOrO pacrpeneseHHa Ha BCeX MeCTax, KPOME OLHOrO, CTOST HYJH.
Ecau, ¢ npyro#f cropoHubl, px, Vo) ==/ (x,;) g (y;) Aas scex komOuna-
UHA X Yy, TO coOrITHd X:xj n Y=y, He3aBUCHMH, COBMECTHOC
pacnpenejsenye uMeeT BHI Tal.auubl ymuoxenus. B srom caydae Mb ro-
BODUM O He3aB8UCUMBLX CAYYAHHBIX BEJUYMHAX,

OHi BO3HMKAOT, B UYaCTHOCTH, B CBS3W C HE3AaBUCHMBIMM HCIBITA-
HusiMH, Hampumep korma X n Y sABaAsoTCH pesysabTaramu ABYX Gpocaunuit
koctH. Mamocrpauynio apyroro poaa zaer npumep (r). 3aMeTuM, HTO CO-
BMeCTHOe pacnpenesedde X u Y onpeiedser pacrnpelefeHus Camux ge-
JuugH X u Y, HO Mbl He MOeM Ompele/uTh COBMECTHOE paclpejedeHHe

PlY =y, | X=1x} (1.12)
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peauuud X u ¥ mo uXx yacTHBIM pacnpeleseHusM. [lse cayuafiHele Beau-
yuiel X u Y, uMewome OIMHAKOBOE pacnpeleseHie, MOTYT OKa3aThcd
KAaK 3aBUCHMBIMH, TAK H HC3aBUCHUMBLIMH. HaanMep, JBE CJIy‘-laﬂHble BeJIu-
yuHel X # Y u3 1al/a. 2 uUMel0T OIAMHAKOBHIE pacrnpeneneHHst H 3aBHCUMEL.
C nmpyro#t cropoubl, ecid X u Y UMEIOT TOT ke CMHICJA, HO OTHOCSITCA
K He3aBMCHMBIM HIpaM, TO UX 4aCTHHIE pacrnpeleeHds OYLYT OJLMHAKOBHI,
#0 X M ¥ OKaxyTcsd HE3aBUCHMBIMM, M MX COBMECTHOE pachpeleseHiie
BEPOSTHOCTEN NpUMET BHI Tal.IUIBl YMHOXEHHS.

Bce paccmoTpenHbie MOHsTHS NPHMEHHMBl TakKike K cayyaio Oosee uem
JABYX cJAyYaiHbX BeJMyHH. MEl NOJBOAMM HTOT CHELYIOIIMM ofpene.te-
HUeM:

Onpenencuue. Cayuwainan sesusuna X ecms PYHrgua, onpe-
O0eAeHHAA HOQ OGHHOM RPOCMPAHCMBE ILEMEHMAPHBLX COObLMUL,
m. e. 0HQ 300aemca RocPedCcmsom CONOCMABACHER KANCOOMY A MeH -
mapromy coOumuin rexomopozo delicmsumenvrozo ducsa. Cucmena
ypasuenuli (1.1) onpedeasem pacnpedesenue (seposmuocmell) cay-
yadnoii seauwunvt X. Ecau O0se uau Gonee cayialinvie Seatquns
Xy Xy, ..., X, onpedesensi Ha 00HOM U MOM e NPOCMPAHCMae
JNCMEHMAPHOLX COOBLMUL, MO UX COBMECMHOE pacnpedererie 3a-
daemca cucmemoli paseHcms, 8 KOMOPHX BCeAm KOMOUHARUAM
Xi=uxj, Xo=Xj, u m. 0. npunucel8aomcs onpeoesenrve seposm-

wocemu. Caysaiinpe seaunwuns X, ..., X, HA368aI0OMCE 83QUM-
HO He3aBucumovimi, ecau 048 400006 KOMOUHQUUL RHAYERUL
le, sz. PPN xjn

P{XI:)CI“, XQZij,...,Xn:Xj ==

n
=P X;=x; |P|X,=x%;} ... P(X,=x; ). (113

B § 4 rn. V Mp onpelenn.d NpOCTPAHCTBO JEMEHTAPHBIX COOHTHH,
" COOTBETCTBYIOLIEE 7 B3aUMHO He3aBHCMMHIM ucnbiTanusM. CpaBHuBas 3To
onpenenenve ¢ (1.14), Mb BHIHM, 4TO ecad X, 3asucum moAbKo Om
ucxoda k-z0 ucneimanufl, mo caywabinse seaununs. X;, X, ..., X,
s3aumno He3agucums. Boobuie, ecan caydaihnass seauuuna U szasucur
TOJABKO OT HCXO0Jda IMepBbIX A MCMBITAHMH, a ILpyras cjydafiHas Beu-
ypHa V 3aBUCHT TOJbKO OT HCXOAA OCTANLHBIX N — R ucnbitahuéd, 1o U
u V HesaBucuMbl (cp. ¢ 3azaueft 25).

Mb MoxeM nmpencTaBaath cefe  CIyYaliHyIO BeJuuuHy Kak Hadop
YMCJAOBLIX OTMETOK HA TOYKAX IPOCTPAHCTBA 3JEMEHTAPHBIX COOBLITHH.
D10 npeacraBaeHHe UMeeT BIIOJHE HarJAAHBIH CMBICJ B CJyyae Hrpajb-
HOH KOCTM, TJie TpaHy 3aHYMEPOBAHHI M THAE Mbl FOBOPUM O uMCAAX Kak
O BO3MOXHBIX MCX01aX OTIEJbHOTO HCMBITAHUA. Ha MaTeMaTHYecKOM sA3bike
MOXHO CKa3aTb, 4TO CJAydyalHas BeJMYUHA sBJSETCS OTOOpAKEHHEM OCHOB-
HOT'O TNPOCTPAHCTBA 3JEMEHTADHHIX COGBITHH B HOBOE MPOCTPAHCTBO, TOY-
KaMH KOTODOrO SIBAAIOTCSL X, Xg .. ..

Ecau {f(xj)} voogaemsopsaem ouesudusim ycaosusm (1.2), mo
3AKOHHO 2080pumb 0 CAY4QUHOH 8eaunune X, npunamaouwed
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SHAUEHUS Xy, Xg, ... € BepoamHocmany f(xy), f(x,). ..., 6e3 dasp-
HeduluX YKA3QHUE HA NePEOHALAALHOE NPOCMPAHCMBO IAeMEHMAp-
roLxX cobamuil; mosKamu x,, Xy ... 00pa3yemca Hogoe npocmpan-
CIMBO IAEMEHMAPHOX cOGbimuil. 3adanue pacnpedesenus 8epoamno-
cmell JKBUBANCHMKO 3A0AHULI0 HEKOMOPO20 NPOCMPAHCMBA IALMEH-
mapHolx coBbaimull, moyKamu KOmopozo ABALOMCS Oelicmgumensrole
yucaa., ogopums 0 0BYX HE3QBUCUMBX CAYHQUHbX Beauiunax X
u Y ¢ pacnpedesenunmu (f(x)} a (g(y)) 3snauwum zosopums

0 NPOCMPAHCMEBE INEMEHMAPHLX COOLMULE, MOUKaMU KOMOpPO20
ABAAIOMCA RAPEL HUCEA (X, V), KOMOPUM OMHECCHY 8 POAMHOCIMU
no npagaay P [(xj, Y :f(x].)g(yk). AHQA02ZUMKO 30 NPOCMPOH-
CMBO IAeMEHMA PHOLX COGBmMUL. coomaemcmayouee COBOKYLHOCMU 1
caviainex gesuuun (X,, ..., X,), MOJCHO 83AMb MHOJCECHBO MO-
Yer (x;l, Xy oo xjn) 8 N-MEPHOM NPOCMPAHCMBE C 8ePOAMHO-

cmaMU, onpecessiemei My COBMECMHbM pacnpedeaenuesm. Caysaiinse
GEAUNUHE BIAUMHO HEIQEUCUMbBL, €CAU UX COBMECMHOE pacnpedese-
nue 3a0aemea gopuyaoi (1.13).

IMpumep. 1) Henwumanus bBepryaisu ¢ nepemenHsimy 8eposm-
HOCMAMU.

PaccMOTpUM n HE3aBUCHMBIX MCIBITAHUH, KaX0€ U3 KOTOPHIX HMeeT
TOIbKO ABa ucxona: ¥ u H. BeposrHocts nosieHust Y npu k-M ucChbi-
TAaHNW PaBHa p,, W, CJACLOBATENbHO, BepPOATHOCTb mnosBjaenus H pasHa
gp,=1—p,. Ecmu p,==p, To onucaHHas CXeMa CBONMTCH K CXeMe
ucnetannit Bepryaau. PasyMHee BCero TpPAaKTOBaTb 5TY CXeMy CleLyi0-
wuM obpasom. Bpemem Bmecto ¥ u H uucaa 1 u 0. [Tocae storo moaedn
MO3KHO MOJHOCTLI0 ONPeLeTHTb, CKA3dB, YTC MBI HUMEEM /1 He3aBHCHMBIX
cayuaftabix  Beamdun X, ¢ pacnpenesedusmu P (X, = 1} = p,;
P{X,=0}=gq,. Oty cxemy HasmBaloT mnHoraa «cxemofi [lyaccouan.
(Cum. npumepst 5,6 u 6,6 ra. XI.)

fIcHO, uTO ONHO W TO e pacrpeleleHHe MOMXeT BOBHUKHYTb MpH
PasJM4YHbLIX TNPOCTPAHCTBAX 9JeMeHTapHHX coOuiTfl. Ecau Mbl roBopum,
yTo CcJayyaliHag seauunHa X npuHumaer 3uavenus O u 1 c BeposTHO-
ctamu 1/2, TO Mbi MOApasyMeBaeM NPOCTPAHCTBO 3I/AEMEHTAPHBIX COOBITHH,
cocrosiuee M3 ABYX toyek O m 1. Oznnako cayuafiHas Beanunna X moxer
O6biTh 3a1daHa TeM yCJa0BMeM, uTo oHa pasHa O wiaum 1 B 3aBHCHUMOCTH OT
TOrO, BHINAAAET JAU NPH NeCATOM OpOCaHMHM MOHeTH repl WM pelleTKa;
B STOM Cjaydae X ONpeleneHO HAa MHPOCTPAHCTBE MOC/EN0BATILHOCTER
(I'TP...), u 370 npoCcTpaHCTBO cocTOuT U3 210 Touek.

B npuHiiune MOXHO OFPaHUYHTb TEOPUI0 BEDOATHOCTEH H3yYEHHEM
NPOCTPAHCTE 37eMEHTAPHHX COOLITHH, ONpelefeHHBIX B TEPMUHIX pac-
npeleseHUit BepOATHOCTEH cayyaHHLIX Beauuud. Ilpu TakoM mnoixone
CTAHOBHUTCSA MBJIMIIHEM o0palieHde K abCTPaKTHOMY !) MpOCTPAHCTBY 3ie-

1) To ectb k neducqaosomy. — [1pum. ped.
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MEHTApHHIX COOBITHH, 4 TaKKe HCIO0.Ib30BAHHE TEPMHHOB, M0100HKIX
HCTIBITAHUSMD WM «HCX0I1aM sKcnepuMenTtas. CreneHue Teopuil Beposit-
HOCTeft K CJaydYafiHBIM BC.IMUMHAM SIBASeTCA KpaTuaHluuM myTeM IJs UCHOJb-
30BaHMS% aHAJAM3A W YNPOLIAET MHOTHE CTOPOHbLI TeOpnH. ONHAKO OHO
uMeeT U OBOPOTHYI0 CTOPOHY, COCTOSLIYI0 B 3aTYyIIEBHIBAHHM BEPOSITHOCT-
HBIX OCHOBaHu#t. MoeT co3naTbes HesiCHOe MpeicTaBieHME O CAyYaliHbIX
Be/IMYNHAX, KAK O «4em-TO, NMPUHHUMAIOEM pa3JuuHble 3HaueHUs C pas-
JHYHBIMH BEDOSITHOCTAMU», B TO BDeMs KaK CaydyalHble BeTHYHHBl ABJASIOTCH
NPOCTO OOLIKHOBEHHBIMH (YHKLHAMH (OT 3JeMeHTapHHX COObITHH]), H B MO~
HATHII CJAy4afiHOM BeNMUMHBI HEl HHMYEro CrHelu@HUueCKOro, NpuHalJeKa-
1Iero TO.1bKO TEOPHH BepOATHOCTeH.

Mpumep. e) [lycte X -—-cayyafiHags BeJAMuMHA € BO3MOXKHBIMH
3HAYEHUSMH Xy, Xg, ... N COOTBETCTBYIOLIMMU BepoaTHoOCTMU [ (x)),
S (x5), ... Hurareap Bceraa cymeer, ecid 370 NOMONKET ero BooGpaxe-
HUIO, IIOCTPOUTL MBICJACHHBIE SKCNEPUMEHT, MNPHUBOIAALNA K CcayyalHoH
eauurHe X. 1A 3TOrQ LOCTATOYHO, HANpHMeEpP, pasAeauTb KOJeCo
pynerku Ha Ayru I, /o, ..., NJAMHB KOTOPBIX OTHOCATCH, Kak J (x,):
S(xy)t ..., n BOOOpa3nTh Urpoka, «HOAYYAOLEros (II0JOKUTENbHYIO WK
OTPULATRILHYIO) CYMMY X; €CJH pyJeTKa OCTaHOBHTCS MPOTHB TOYKH,
npuHanaexauest ayre /. Toraa X ecth BHIMIPHILL (MAA4 TPOUrPHIIL) UTPOKA.

Beiarpeiiun B 77 HCTIBITAHHAX COOTBETCTBYIOT 7 He3aBHCUMBIM CJIyuaiHbIM
BC.HUMHAM € OJMHAKOBBIMU 3aKOHaMu pacmpenenewnst {f(x,)}. “robw
MOIYUUTH JIBe CAyuaiiHble BeJqHYMHBl € 3aJaHHBIM COBMECTHBIM paclpele-
nennem (p(x,, yk)} Haa0 B3ATbL AYTH, COOTBETCTBYIOIME KaKIOH KOM-
Ounaviu (X Vg), ¥ BOOOPasuTH IBYX HMTPOKOB, MOJYYAOUIUX CYMMBl X
0oy, COOTBGF\_TBGHHO.

Eciu X, ¥, Z, ... — cayuafiHsle BeJHYHHBL, ONpefeleHHbie Ha O1HOM
M TOM 3K€ TpPOCTPAHCTBE 3JEMEHTApHHX CcOOLTUH, TO 10031 QyHKUHA
F(X. Y, Z, ...) raxxe ecth cayvafinas seauuuna. Ee pacrpenescHue
MOXKeT OhiTh Jerko NOaAyyeHO H3 copMecTHoro pacnpeienenus X, Y,
Z, ... cobupaHueM 4YJEHOB, COOTBETCTBYyIOLMX KoMOuHauuam (X, VY,
Z, ...), nawwuM ojauHakosuie sHauenus aas F(X, Y, Z, ...).

Hpnmep ®) B npumepe, wamoctpupyouweM tabx. 2, cyMMa X+ X,
BASeTCS CayuyallHOR ReJMUNHOH, TNpuHHMaloleit sHauenus 0, [, 2, 3
¢ BepoaTHocTsMu ¢, B¢, 12q, 8¢ (rme ¢ = 1/27). Ilpoussenenne XX,
npuHuMaer 3uayenus 0, 1. 2 ¢ BeposaTtHocTamu 15g, 6q, 6g.

§ 2. MaremaTHueckoe OxHuZaAHHE

YTo6E NOCTHUL PAa3YMHOH NPOCTOTH, 4acTo GhiBaeT HeOBXOAUMO CyM-
MapHO ONucaTh pacnpene/ieHHe BePOSITHOCTEN HeMHOTHMHM THIIHYHBIMHA
3HAUCHHAMUY.

B xawecTse mpuMepa MOXHO MPHBECTH MelMaHY, KOTOpas Gblla HCHOJb-
30BAHA BHILIC B CBA3H C BOTNPOCOM O BpeveHd Oxuaanud. Meduawnoii
pacnpedesenusn (1.1) cayualinofi peanuuHsl X Ha3wBaeTCA TAKOE YHCIO X,
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1 1
aast xoroporo P{X<Lx,}>5 u P{X> Xm} > 5
BaMH, X, BHOpaHO TakuM 0GpasoM, 4ToOB BepOATHOCTH TOro, 4to X

HOpyrumu  c1o-

1
Menble uau OoJbllie, yeM x,, Ouia BO3MOKHO Oojee Ginaka K 5 -

O1HAKO CpelH BCeX TUIHMYHBIX 3HAueHWi», 6e3yCa0BHO, CaMBIM Bax-
HBIM 4BJSIETCH MaTeMaTH4YeCKOe OXuJAaHWe Wau cpennee 3HaueHue. OHO
Haubosee y100HO IS aHANMTHYECKMX omnepauuit ¥ B To ke ppems ob.ja-
naeT NOJe3HBM JAAd CTATHCTHKOB CBONHCTBOM, Ha3biBaeMbIM BHIOOPOYHOH
ycToliunBocThio. OnpeneseHe MaTEMATHUECKOrO OXKIIAHUS CBA3AHO C 065IY-
HBIM INOHSITHeM O cpeiHeM 3HaueHud. Ecam n, cemell u3 HeKOTOpOH reHe-
pPaJIbHOM COBOKYNHOCTH MMEIOT DPOBHO MO R jJeTedf, To ofuiee HUHCIO
ceMelt paBHO n=n;-+n,—+n,-+ ..., a ofwee uyucrO neTel paBHO
m=n,-+2n,+ 3n,—+ ... CpelHee uHCJAO NeTeH, NMPUXOAAMWUXCA Ha
ONHY CEMBIO, PAaBHO m/n. AHalOTHA MeXAY BePOATHOCTAMH H 4aCTOTAMH
NOACKA3bIBAET Cieldyliolliee

Onpenenenue. I[lycmps X ssafiemcs caytainol seauyurol,

npunumaowel 3HAUEHUA Xy, Xy ... € sepoamuocmamic  f(x,),
f(xy), .... Mamemamuuecroe oxncudarue seaununs X onpedessemcs
dopauyaoi
P
EX)=2x,f (%) & (2.1)
1t

8 npednoaooerun, umo psad (2.1) a6corromuo cxodumesn. B smon
caydae mb 2080pusMm, 4mo X Udmeem KOHEYHOE MAMeMaAmuiecKoe

oxmcudanue. Ecau pso lek[f(xk) PAcXOOUMCS, MO MbL 2080 pUM,
ymo X He uMeem KOHEHHO20 MAMeMAMUYECKO20 0dcUOaHlS.

Camo coGoit pasymeercs, GOJbIIUHCTBO GOBIYHO BCTPEUAOIUUXCA CAY-
YafHBIX BeJMUYHH HMEIOT KOHEYHOE MaTeMaTHyecKoe OXKHAaHHe, B TPOTUB-
HOM cJjyvyae 3TO NOHATHe Obli0 Onl OecrmaopHbM., OnHako cJaydaliHblc
BeJUYNHEl, HE HMEIOLIHe MATeMAaTHYeCKOTro OXHMIAHHs, BCTPEYaloTCcs B CBA3M
C BaXHBLIMH (PU3HYECKUMH 3a1auaMM O BO3BpalleHUH. TepMuHwl samema-
muueckoe 0ocuO0anue W cpedree 3HAYeHUe SBASIOTCA CUHOHUMAMU.
Mpbi TOBOpUM TaKKe O Cpeduer 3HOUEHUU PACHpedeeHus, BMECTO YKa-
3aHHA Ha COOTBETCTBYWOLIYIO caydalnyio Beqnuuny. OGosnauenmne E (X)
aBJsieTc OCIeNPUHATEHM B MaTeMaTHKe M cratuctuiel). B dusuke 060-

auauenne E (X) ob6biuno 3amensercs Ha X, < X > umn < X > 0.
Mbl KeJaeM HAayudTbCA BHLIYMC/IATL MATEMATHUYECKHe OXMAAHHA (yHK-

UMM, Takux, HanpuMep, kak X2 Orta ¢yukuus sBasercs HOBOH ciyuafi-

HOM BeqMuWHON, MpHHUMaiOlle#i 3Hauenns x3. BooGuwe roeops, Beposar-

HOCTb TOTO, 410 X° = X3 paBHa He [f(x,), a f(x,)+ f(—x,) u

') B pycckoit anteparype no teopu BeposTHOCTEH ynorpebasercss Takie
o6osnauenne M (X). — [Tpur. ped.
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E(X?), onpeleaderca kak cymva x3 {f (xk)+f(— xk)} no BceM R, LJd
KOTOpBIX x, > 0. OuesuiHo,

E(X%) =X xif (xz) 2.2)

(B TMpeano.I0kKeHuH, 470 pal cxonurcs). Tem ke cnocobom (rpynnupoBKa
4.ICHOB) MOMKHO MOJY4uTb U 60.1ee 0OINYI0 TeopeMmy.

Teopema 1. Haa npouszgoavnol @Gyuryuu ¢(x) cayialnas
seauguna 9 (X) uneem mamemamuneckoe oxcudanue

E(3 (X)) =X o (xp) [ (%) 2.3)

[npu smom pad abcowmHo cxo0umcs moz2da w MoAbKO H0204,
roeda LE(v(X)) cywecmsyem). ast 410608 ROCMOAHHOU a uUMeeM
E(aX)=aE (X).

Ecan pasanunble cayyalnble Beanuundbl X, ..., X, Onpelejenbl Ha
OLHOM M TOM e NPOCTPAHCTBE 3JEMEHTAPHBIX COOBITHH, TO HX CyMMa
X,-+ ... -+ X, aBageTcqa HOBOH cuayyaliHoO! BesuunHOHi. Ee BO3MOXKHEBIE
3HAYEHHS H COOTBETCTBYIOIIME HM BEPOSTHOCTH MOTYT OBbITHL Jerko Hai-
JEHbl TO COBMECTHOMY PpACIpefesieHHio CaAydalHbiX BEJMUHH Xy, ..., X,
u TakuM 00pasoM MOXeT OBTb BBIYMC/ICHO MAaTeMaTHY4eCKOe OXKHMAAHME
EX,-+ ... + X,). C noMowpio npocToro pacCykieHus NOAyHAETCA
cJelyIOIIas BaxHas Teopema.

Teopema 2. Ecau X, ..., X, cyms caywalnoe seiutins. c

KOHEHUHB MU MAMEMAMULECKUME ONCUOAHUAMUI, MO MAMEMAMULECKOE
00CUOaHUe UX CYMMBL CYWecmBYem U pPABHO CYMME UX MameMma-
muyecKux 0xnCudarui:

EX,+ ... +X)=EX)+ ... +E(X,). (2.4)

JdokxaszareabctBo. JocraTrouno noxasats (2.4) mias AByX cCay-
yafineix BeqnuyuH X u Y. Hcnosp3ys o6o3naueHusi (1.3), MOXKHO Ha-
nucath

EX)+E®X) = ,Zk xp (X )+ ]Zk VP (%) v, (2.5)

rae CyMMHPOBAHHME TPOMBBOAHTCS MO BCEM BO3MOMKHBIM SHAUEHHAM X;, Yy
(koTophle He 00s3aHpl OmiTh BCe pa3auuHbiMi). O6a pana cxoasrcst abco-
JIOTHO, U NMO3TOMY MNepPECTaHOBKOH U/IE€HOB MOXHO INPelNCTaBHTb HX CYMMY

B BuUIe Z (X;-FYp) P (x; Yp). OLHAKO 9TO M eCTb OMNpeleleHue MaTe-
7,k

MaTuyeckoro oxunanusi XY, ueM 3aBepumiaercss 10K43aTeqbCTBO.

SIcHO, uTO aHajoruyHas ofblas TeopeMa O NDOU3BEICHHM He UMeeT
Mecta. Hanpumep, E (X?), BooGwe rosops, orauuaercs ot (£ (X)) Taxk,
ecni X — YHC/I0 OUKOB, BhIMABIUee NpPU OPOCAHHH NPABUABHOH WIpalb-
ot koctu, T E(X)=7/2, B T0 Bpemsa kak E(XH)=(1-+4-+9+
—+ 164 25 36)/6 ==91/6. Onnaxo 119 HE3aBUCHUMBIX C.IYYaHHBIX BeJU-
UMH LeHCTBYET NPOCTOE INIPAaBU/IO YMHOMEHHS,
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Teopema 3. Ecau X u Y —830UuMHO He3a8ucCuMble CAYHALHbLE
BeAUHUHB C KOHEYHBIMI MOAMEMAMUYECKUMU OXNCUOQHUAML, MO UX
npou3sedenue ABAACHCA CAYHQUHOU BeAUHUHOL C KOMHEUHOLM Mame-
MAMUMECKUM OXCUOQHUEM U

E(XY)=E (X)E (Y). (2.6)

HDokasateabctBo. Hdaa suuuciaenus E (XY) ymMHoxuM Kaxuoe
BO3MOXHOE 3HAUeHHe X;y, Ha COOTBETCTBYIOLLYI0 BepOATHOCTb. Mbl yxe
OTMeva/i, uTO 3HauYeHUd x, B ¢opmyae (2.1) He o0s3ausl ObITb pasand-
HeIMH. CrenoBarenbho,

E(XY)=]2k el () g =] Xl )] Zvg )}, @D
rae NepecTaHoOBKA YJIEHOB 33aKOHHA, TaK KaK paabl abCOMIOTHO CXOAATCH.
3rto M pokasniBaeT TeopeMy. Ilo MHAYKIHM 5TO Ke IDABUJIO YMHOXEHHS
pacnpocTpansercs Ha J060e YUCAO 83AUMHO He3ABUCUMBLY CAYUQHHBLX
BeAUHUH.

YaobHo Ttakke uMeTb 000O3HAYEHHE JUIA MAaTEMaTHUYECKOI'O OXUJ1AHHUA
YCJOBHOTO BEPOATHOCTHOTO pacnpenenedns. Ecou X u ¥V — nBe cayuai-
Hble BeJMYMHB € COBMEecTHBIM pacnpeneiennem (1.3), TO ycro8nbiM
mamenmamunecxun oxcudanuen E(Y|X) Y npu ycaosuu, wmo us-

secmuo X, Ha3bBaerTcd (YHKLHUA
N 2;4 YeP (¥j» Yr)
‘_‘)’kp{y:)’le:xj} =”—f(x])“

3

(2.8)

(ecam TONbKO BCe palbl cxoasrcs abcomoTHo u f (x;) > 0 npu Bcex J).

§ 8. IlpuMepnsl M NPHUIONKEHUS

a) buHomMHaJbHOe pacnpenenenne. Ilycrs §, —uncao ycnexos
B 71 UCNBITaHMSX DepHysim ¢ BeposTHOCTBIO ycuexa p. Mw 3naem,
uro §, umeer OGunomMuanbuoe pacnpenenenue (b(k; n, p)} [em. ra. VI,
dopmyaa (2.1)]. CnenosarenbHo,

E@S)=Xkb(k; n, py=np X b(k—1; n—1, p).

[Tocnenusts cyMMa COCTOMT M3 BCeX u/eHOB OMHOMHA/LHOTO pacnpenene-
Hug aas n— 1 ucenubiTaHui M, ciepoBaTenbHO, pasHa enuHuue. Taxum
00pasoM, mamemamuieckoe oscudanue 04 GUHOMUAALHO20 pac-
npedeseHus pPAaBHO

E(S,)=np. @E.1)

Tor ke pesyabrar MOXKHO MOJAYYHTL G€3 BLIYMC/IEHUH NPM MOMOLLH
METOMa, KOTOPHH yacTO OKasbiBaeTcs MOJe3HbIM. [Iycte X, Oyaer uuciom
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YCNEXOB, BBINABIIMX B R-M HCNBITAHMH. OTa cayualHas BeqdydHa Mpu-
numaer 3nadenns O u 1 ¢ BepostHoctsMu p u gq. CienoparesbHo,
E(X,)=0.-q+1-p=p, a Tak Kax

811:X1+X2+ +Xn' (32)

TO MH noJayyaeM (3.1) HenocpeACTBEHHO H3 Teopembi (2.4).
6) Pacnpeaeaenune Myaccona. Ecan X umeer pacnpereneuue [Iyac-
coHa [cM. ¢opmyay (5.1) ra. VI], 1o

E(X)=Xkp(k; h=12 pk—1; V.

[MocaeaHudl psl COAEPKUT BCe ujleHbl PACMpefesieHdss M HaeT MMOITOMY
B cymme eiaunuuy. CienoBaTelbHO, samemanmuiecioe oxcudanue 048
pacnpedeaenus Ilyaccona paswo h.

B) OTpunateabHoe GHHOMHAJbHOE pachnpepeeHune, Paccmorpum
ciyualiylo  BeaquuuHy X C  2e0MempuuecKum — pacnpededenuem
P{X=Fk}=¢q"p, rae k=0, 1, 2, .... Toraa E(X)==¢qp (1 +-2¢ +
-+3¢>+ ...). CopaBa B cxOBKax CTOMT MPOM3BOLHAH OT PsAd, SABJAI-
Herocs CyMMOH TeOMeTpU4ecKO#l NporpeccHd, Tak YTO CYMMa 3TOrO

psna pasHa E(X)=g¢gp(1 ———q)_Q—:q/p. B § 8 ra. VI mul ycranoBuau,
4yT0 X MOXKHO MHTEpPHPETHPOBATH, KaK 4YMC/JIO HEyAad, MPeLlleCTBYIOLMX
NepBOMY VCIexy B NOC/AeA0BaTeAbHOCTH HCMblTaHu#t DBepuynau. Boaee
o0mel cuTyauneit apasercss caemyiouias. PaccMOTpHUM NPOCTPaHCTBO 3Je-
MEHTapHBIX COOBITHH, KOTOPOE COOTBETCTBYET WCILITAHUAM DBepHy.u,
NPOLO/IKAIOIWMUMES 10 1-TO ycnexa. [1ycTb X — 4HC/IO Heylad Mexniy
(R—1)-m u k-m ycnexamu (X;=X). Toraa kaxjgoc X, uUMeer reome-
TpUUECKOe pacnpele/eHue {q"’p} u E(X))=gq/p. Cymma Y, =X -+
+Xo—+ ... -+ X, ecTb unci0 Heymau, npeillecTBYOUIUX k-MYy yCrexy.
Hpyrumu c/ioBaMH, Y, — cayuafinas BendudHa, HMeLIad OTpHLATENbHOE
GunoMuanbHOE pacipeneleHue, onpejedaseMoe OIHOR U3 ABYX SKBHBAJICHT-
Heix  Gopmyn (8.1) umu (8.2) ra. VI. Caenosatenbno, cpedHnee 3naue-
Hiue ompuyamensnozo CUHOMUAGAbHO20 DACnpedeseHUus PAsrRO rqfp.
910 MOXHO NPOBEPUTH U HENOCPeACTBEHHBIM NOACYeTOM. JeHCTBUTENBHO,
u3  Qopmyanl (8.2) ra. VI caenyer, uro Rf (B, r, p)=rp~lqf(Ek—1;
71, p) u unenn pacnpenetenus {f(k—1; r—1, p)} naior B cymme
eaunuuny. IlpenvyluecTBO 3TOro Meroaa COCTOWT B TOM, 4YTO OH MNpH-
MEHUM W B TOM CJyyae, KOrAa uuciao r He ssasemcs yeasn. C 1pyrou
CTOPOHBI, NEPBOHAYAJbHBIE pACCYKACHUS T[O3BOJAIOT MNOAYUUTb HYHKHBIHA
pesyabTaT, He 3Has TOUHOro Buia pacnpelenenus X, -+ X, ... + X,

r) Bpemsa oxuaanus npu BoiGope. I3 renepanbHOH COBOKYNHOCTH,
Colepxamiet N pasauyHBLIX 3/eMEHTOB, NPOU3BOLHTCA BHIOOD C BO3Bpa-
luenneMm. Besencrsue BoaMOXHOCTH TOBTOpPeHu# caydafiHas BHOOpKa
00bema r Oyaer, BOOOLIE TOBOPSA, COAepHaTb MEHbUIE, YeM F PA3IHYHBIX
dJMeMenToB. Ilpu Bo3pactaHun o6bema BRIOOPKH HOBHlE JTeMEHTH OYLYT
nonajate B BLIOOPKY BCe pexe U pexxke. Mbl uHTepecyeMcss 00beMOM
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BLIOOpKH §,, HeoOXOIWMbIM [Js TOJYuYeHHs POBHO r saeMenToB. (Kak
lpuMep pPacCMOTPHM TeHePalbHYI0 COBOKYMHOCTh K3 365 BO3SMOMHEIX
JHe# poxaeHus; 3lech §, npercrasaser co0o#f YHCJIO M0AEH, BOWIEIMIUX
B HAwWy BHOODKY, Npex/Je YeM UUCJAO DA3JIUYHBIX AHeH DOxAeHus 10-
CTUTHET 7. AHAJOTHYHAst HHTEPHpPeTAUUsT BO3MOXHA M AJA CaAy4aHHOTO
pacnpejiesenusi InapoB no ayefikaMm. Hawa sajaua npenacraeaseT creiu-
¢duveckuit uHTEpeC AN KONJIEKUHOHEPOB, TAK KaK NONOJHEHHE KO.IeK-
LUK 4aCTO MOXKeT ObTh YHOA06/EHO CIyYaHHOMY BHIOODPY !).)

[TepBuift 3/1eMeHT BXOAMT B BHIOODKY TpM MNEPBOM H3BJACUEHHH.
Bcaen 3a stuM  notpedyeTcs HEKOTOPOE UHCJIO H3BJedeHUHt A8 TOrO,
yroObl B BHIGOPKY BIepBble BOlUe] 3/]eMEHT, OTJIMUHBIK OT NepROro.
Oro wuucao sBasercd cayuahHoft BeamuuHoH X;. Boobue, nycrs X,
OymeT 4YHC/JAOM H3BJeYeHHH, CACAYIOLMX 33 BLOOPOM r-ro 3.IeMeHta 10
puibopa HoBOro (r—1)-ro sgemenTta BkJMouWTeabHO. Torza §,=1-
4+ X+ Xy ... 4+ X,_, aBasercd 00beMoM BHOODKH B TOT MOMEHT,
Koria B BHIGOPKY BXOAUT r-# HOBHIH 3ieMenrt. Ecin BbnGOpKa yke cO-
HePXKUT £ PaslINuUHBIX 3JEMEHTOB, TO BEPOATHOCTL BHIGODA HOBOrQ 3ie-
MeHTa paBHAa MPH KaX10M u3BJeuyeHun p == (N — k)/N.

Pacnpenenenue caydafinoft Beqnuunsl X, COBMaiaeT ¢ pacnpeleseHueM
HOMEpa MnepBOro ycrnexa B NOCJelOBaTeJbHOCTH ucnbiTaHu#t Bepuysm
¢ p=(N-—k)N. Cnenoparenvio, E(X,)=1-4q/p=N N —k), u
no Teopeme caowenus (2.4) noayuaem

E(Sr):N{N+N 1+N-—2+ +N r+1}' (3.3)

Tlpu r = N nonyuyaeM MaTeMaTHuecKOoe OXUAaHHME YHC/IA M3BJeueHuH,
HeOOXOIMMBIX [ UCYEPHaHus Bcell reHepanpHO# coBokyfnHocTd. Ilpu
N =10 umeem E(8§,))=29,29... u E(S;)=06,46... Cne1osareasHo,
MOXHO OXHWIaTb, 4YTO TNepBas IOJOBUHA TreHepATbHON COBOKYIHOCTHU
6yleT IoJyYeHa INpuUMepHO 3a 6-—7 u3BJeYeHHH, B TO BpeMs Kak Ha
BTOPYIO N0J0BHHY notpeOyercst Gosee 23 uspaevenuil. Ilpu Goapwux N
HemloxuM mpubanmxenueM K (3.5) spasercs

E(S)~Nlog y——7 (3.4)

+1

B uactnoctd, nnia moboit apobu a <1, mamemamuuecxoe oscudanue
Yucaa u3saederull, KOmMopoe HYMHO 04 NOAYLEHUA 004U & OM BCelt
2EHEPANBHOL COBOKYRROCMU, npd Coastiux N npubiru3umessro

) G. Polya, Eine Wahrscheinlichkeitsaufgabe zur Kundenwerbung Zeit-
schrift fiur Angewandte Mathematik und Mechanik, 10 (1930), 96—97. Ilo#a
IpyruMH MeTojamMu pa3bHpaeT HeCKoJbKO O6oinee obmyio 3azasy. Cymiecrsyer
ofmupHas JuTepaTypa, NOCBALUIEHHAS PasJHUHBIM BAPMAHTAM 3aa4u O KOJJIEK-
uuo?[u)posaﬂnu. (Cum. zamaun 24,25 ra. XI, 12—14 uacroawedi raaest u (11.12)
ra. IL
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pasro Nlog 1/[(1 —a); mamemamuueckoe oxcudarnue wucia u3sie-
wenuli, Heo0Xx00umux 048 noayuenuss gcex N saemenmos, 8x00-
WUX 8 2eHePAAbRYIO COBOKYNHOCHS, npubauiumessrno pasho N log N.
OrMernM, 4TO Haml pe3y/bTaT NMOJAYYEH CHOBA 0e3 HCMOJB30BAHHA pac-
npefeseHust U3y4aeMblX CJyYaHHBIX BeJHUYUH,

n) 3apaua o6 oOueHke, YpHA COIEpXKUT Iuaphl, CHabGkeHHLIE HOMe-
pamu or 1 no N. [lyems X -—HauGoavwull HoMep, noLY4eHHbLi
8 pesyavmame n u3sievenuil, eCNM NPON3BOAUTCH CYYaHHBIR BHIGOp
¢ sosppaweniueM. Coburue X <k o3nauaer, 4TO KAMABIA U3 H3BJIEUCH-
HBIX HOMEPOB He npepocxoaur R, Tak uro P {X <k} = (£/N)". Creno-
BATEJbHO, pacnpeie’enie BepOATHOCTER Aa CJayyalHOH BeanunmHnt X
onpezenserca GopmyJao#

pu=P [X=hk) =P X <k} —P X <h—1) = (k" —(h—1)"} N""

Orcioia caelyer, uTo

k=N =N
E@X)= X kpy=N" Z‘k”“ (k— 1" —(k—1)") =

N
=N7" N’”“—Z(k—l)”}. (3.6)
k=1
[Tpu GoabwoM N nociepnss CcyMmMa HNpuO.IM3HTENbHO PaBHA MJAOLIAAH

noA XpuBOH y = x", 3akji0ueHHON MewAy TpaMpiMU X =0 n x =N,
1
1. e. N? /(n+1). Orciona ciaenyer, yro npu Gosapumx ') N

E(X) ~ (3.7)

n
n-1
Ecaun B ropoze uMmeerca N = 1000 asromobuneit u cpeann Hux BHOH-
paetca Haynauy n =10 aBToMOOHWJell, TO MaTeMaTHYECKOE OXHUIAHHE
MaKCUMAaJbHOTO HaOMIONEHHOr0 PerucTPAilMOHHOTO HOMEepa pAaBHO TMpH-
mepro 910. (Meanana pasua 934.) B craTucTuke paccMarTpuBaeTcsl TaKwke
o6paTHad 3ajaud OLEHKH HEeH3BECTHOTO HCTHHHOTO uncia N mo HabJso-
IEHHOMY MaKCHMYMY BHIOODKH.

JTOT MeTON HCIO0Jb30BAJICd BO BpeMs MOcaenHed BOHHBl I8 OLEHKH
o0beMa NPON3BOACTBA HpOTHBHUKA (cM. 3azauu 8—11).
e) 3agaua Banwaxa o cnuueuHblx Kopofkax., B § 8 ra. VI mul
Hallin pachpeneneHue
u, = (2N N ') /92N (3.8)
g yucna X CAMyeK, OCTaBIIMXCS B TOT MOMEHT, KOTIAa BIepBhie Obiaa
BhIHyTa mnycTas KopoOxa. Msl He MOXKeM HemOCPeICTBEHHO BBHIYHC/IHTDL
MateMatudeckoe oxuianne E (X)==p; OAHAKO CAeIyIOLIHHK KOCBEHHHI}
Crnoco® npUMEHMM BO MHOTMX aHAJOTMYHBIX cJaydadx. Mcnoassys To
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06CTOATENBCTBO, UTO CYMMa YMCeN «, paBHA ejidHHLEe (3TY CYMMY ObLTO OBl
HEJIErKO COCUMTATh Henocpencmeﬂﬂo), noJyuaem

N1
N—p= NN —nu= V (N — )( V:I)ﬁ (-9
,=0 r= 0

C noMowWbi0 NPOCTEIX ornepauufl Hal OGUHOMHAIbHBIMH KO3(dHULIIEHTAMHA
NOCJEHSIA CyMMd MOXeT ObiTh NMpUBELEHA K BUAY

}_(QN—r) <2N—r’_11)2w1 - —QN;H 3 E(er)wm-
(3.10)

r=0 r=0 =0

[Tocrennsia cyMMa coBmaaer ¢ CcymMo#, ompefeaswomeit p=E (X).
B nepByio cymmy BXOZAAT Bce 4, 33 MUCKJIOUEHHEM W, W MO3ITOMY OHa
paswa 1| — u;. Taxum o6pasom, us (3.9) u (3.10) caenyer, uro

s/
s/
N—p=2NEL gy 2 7 (3.11)
HIIH
2N 41 /2N
p:(2N+1)u0_1:_2;;r<N)*1. (3 12)
Ucnoawsys ¢opmyay Crupaunra, mnonydaem
p‘%Q(%)X/Z——I. (3.13)

B uwactnoctu, B T1a6a. 8 ra. VI mp uMean N =250. Hdaa sroro cay-
vag p==7,04, ..., a MesuaHa pasua 6.

§ 4. HAucnepcus

[Iycts X — cayualinas  Bequuuna ¢ pacnpenenenneM {f(x;}, u
NycTb r — HeOTpHIATeAbHOE uenoe uucao. Ecau mamemamuveckoe
oxcudanue cayuaiinod serusune X'

E(X") =X x}f (x)) (4.1)

cywecmeyem, Mo OHO HASHEAEMCA MOMEHMOM F-20 ROPAOKA (r-mm
MOMeHmOM) caydaiinod seautunse X. Ecim 3TOT pak He siBJseTCS
a6Co/I0THO TXOLAIMMCS, TO TOBOPST, YTO r-ff MOMEHT He TYIIeCTBYeT.
Tak xax | X[ | X[+ 1, mo a3 cymecmsosanus r-20 momenma
soimercaem cywecmsosanue (r— 1)-20 momenma, a caedosamevro,
U 8Cex RPeouecmsyOujux,
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MoMeHTH UTrpalT BAXHYIO DOIb B oOle#t Teopun, HO B 3TOH KHHre
Mbl OyleM noJb30BATHCA TOJbKO BTOPBHIM MOMeHTOM. Ecin oun cyue-
CTBYeT, TO CYLIeCTBYeT M MaTeMaTHueckoe OXHAaHHE

o= E (X). (4.2)

EcTecTBeHHO BBeCTH BMeCTO C.IyyaHHOH BenuuuHnl X ee OTKJOHEHUE OT
cpenuero 3uadenus X —u. Tak kax (x —pP <{2(x2+p2), T0 MH
BUIUM, 4TO BTOpPOH MOMeHT X — p. cyuiecTByer, ecau cyuecrsyer E (X?).
Mbl HaxoIHuM

E(X =) =2 (] — 20, +47) / (%)), (4.3)

Pa30uBas NpaByl0 uacTh 3TOIO DAaBeHCTBA Ha TPU CYMMbI, yOemnaemcd,
uto oHa pasHserca E (X2)— 2pE(X)—+ u2=E (X?) —p2

Onpeneaenwne. [Tyemv X — cay4afinasn 8eiuduna, uMeouwas
smopoii momenm E(X?), u nycmy p=E (X)— ee namemamunecrkoe
oocudanue. Mo onpedeasiem Oucnepcuro cayiainol 8seautunvi X
dopmyaoii 1)

D (X)=E (X — pp = E (X?) — p2, (4.9)
ITonosicumeapnoe 3HQueHue KBAOPAMHOZ0 KOPHA U3 3M0O20 HUCAQ
(uau HYA) Ha3bIBAECMCA CMAHOQAPMHOM OMKAOHEHUEM CAYHALHON
serunudo X.

s npocToThl Mbl OyZeM 4acTO TOBODHUTb O AUCIEPCHH HEKOTOPOTO
pacnpelne’ieHds, He YKasbiBas COOTBETCTBYMOLUEH CJaAY4yaHHOH BEJHUHHBI.

ITpuvepn. a) Ecan X npunuMaer suadenus L ¢, Kawiaoe ¢ BeposaT-
HocTeio 1/2, 10 D(X) == ¢

6) Ecam X sBagercs YMCJAOM OUYKOB, BHINAAaloumuM Mpu OGpocauun

CUMMETDHYHOH KOCTH, TO D(X)z%(lQ—f— 22 324 42 52 62) —
— (7/2)? = 35/12.

B) Aasi pacnpedesenusn Ilyaccona p(k; N) MaTeMaTHuyecKOe OXKH-
JdaHue paBHO A (cM. 3, 6) u, CJelOBATe/NbHO, NMCHEPCHs DaBHa

N r2p(h; ) —R=k D kp(k—1; ) — =

=AD(k—D)pl—1; DA ph—1; ) —R= L — =]
B sToM ciayuae MaTeMaTuueckoe OXMAaHMe M JHCNEPCHS OKa3bIBAIOTCHA
OJHHAKOBLIMH.

r) Has  Gunomuaavnozo pacnpedesesus AHAJIOTHYHBIR  pacuer
MOKa3blBaeT, YTO JMCHEpPCUs paBHA

D k% (ky n, p)— (npR=np Nkb(k—1; n—1, p)—(npR=
=np{(n—1) p+ 1} —(np)*=npq.

) Astop o6o3nauaer aucmepcuio X dyepes Var (X). M uameruan sro 06o-
SHaYeHHEe Ha oOWeNpuHATOE B DPYCCKOH auTeparype of6osnayenne D (X). —
Hlpun, peo.
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[Toab3a NMOHATUS AUCHEPCHU EBBISBUTCH TOJBKO IOCTENEHHO, B YACTHO-
CTH, B CBA3H ¢ mpeleabHbiMd TeopeMamu (ri. X). 3aecs Mbl OTMETHM
JHIIb, YTO AUCMEPCHs ABJseTC, XOTd M AOBOJLHO rpy0of, .mepoid pas-
6poca BO3MOMNCHULX 3HAYeHUl cayqalnol gesudunsl. IeHCTBUTEMBHO,

o £ D(X):E(xj—p)2f(xj) Maj1a, TO MaIbl H BCe uJIeHb 3TOH

CYMMbI, W TIO3TOMY 3HAQYeHH X, TPH KOTOPHX | X; — | Beauxo, aoa-
WHBl MMETb Maabie BepoatHocTH f(x;). Ipyrumu caosamu, B ciyuae

MAJOCTH Aucnepcun 60/bIuKe OTKAOHeHHs CIyyaltHOH BequuuHer X OT ee
MaTeMaTHYECKOTO OXHMIaHHS p ManosepoaThs, OOpaTho, Goabluad auc-
nepcHs YKA3LBaeT HA TO, YTO He BCE BO3MOXHBIE 3HAueHus X Jexar
BOJU3M OT CpejHero 3HauyeHus.

HekoropsiM uutatensiM MOXKET [IOMOUb CAEIYIOLAd MEXaHuuyeckas HHTeplpe-
tauuda. [IpeinosoxuM, 4TO eiHHWYHAsl Macca pachpejeleHa MO OCH x TaK, 4TO
B TOuKe .x; cocpenotoueHa macca f (x;). Torna mareMaTHyecKoe OXHIAHHE

paBsHO abcuucce uenmpa msocecmu, a JUCOEPCUA ABAACTCA MOMEHMOM UHEP -
uuu. SlcHo, 4TO pa3ar4HbIE pacnpelenseHis macC MOTyT HMETh OJHHAKOBbLIE LICHTD
TSMECTH U MOMEHT WHEDPHUH, HO, OZHAKO, XOPOIUO H3BECTHO, YTO 3THMHU JIBYyMH
BEJMHYUHAMU MOTYT 6BITh ONMHCAHDLl BaXHeHIIHe MeXaHH4YecKHe CBOMCTBa pacmnpe-
JeJaenus Macchl.

Ecau X npencrasaser cofoit M3MepeHHOe 3HAYeHHe HEKOTOPOH husu-
YeCKON BeJMUYMHBI, HANpuMep, AJHHBI MJIH TEMIEPATYDHl, TO UYHCJEHHBIR
3HaueHuss X 3aBUCAT OT Hayala OTCYeTa M eNHHULL u3MepeHus. lsme-
HeHHe TIOCIEAHUX O3HauyaeT mnepexon or X K HOBOH Besudune aX -+ b,
rae @ u b — nocrosiuuele, Hcuo, uro D (X b) =D (X), tax uro

D (aX -+ b) = a2D (X). (4.5)

Brifop Hauana OTCYeTa M eIMHUIL U3MEpeHHs SBJASETCS B 3HAUWTENb-
HOM CTenmeHM TNPOUBBOJILHBIM, W YaCTO OKasbiBaeTcsd yAOOHBIM B3fTh 3a
Haya/10 OTCYeTa CpPelHee 3HaueHWe, a 33 eIHHHIY — CTAHAAPTHOE OTKJO-
HeHue., Mul mocTynuiu Tak B ra. VII, rie Beead HOPMHUPOBAHHOE YHKCJIO

" t
yenexos S, == (S, — np)/(npg) B o6uenm caydae, ecad X umeer Mare-
MaTHueCKOe OXHulaHme o u gdcnepcenio o’(s > 0), 1o X —u umeer
MareMaTHueckoe OXHIAHME HYJAb M JUCHEPCHI0 0% M, CJAEIOBATEIBHO,
CAVHAUHAR geaudlHa
X—
Xr=2_t (4.6)

g

umeem mamemamuyecrkoe osxcudanue O u Oducnepcuw 1. OHa Ha3bi-
8aeMCA HOPMUPOBAHHOE CAYHQUHOL 8eAUHUHOU, COOMBEMCMBYI0-
weli X. Ha sizbike ¢usuxu nepexon or X k X* momer ObTb HHTepHpe-
THPOBAH Kaxk BBejeHMe 0e3pasMepHO#t BeJHYHHDI
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§ 5. Kosapnauus, Jucmepcus Cymmbl

ITycts X u Y — nBe cayualiHple BeJMUHHL!, ONpelejeHHble HAa OJHOM
1 TOM e HPOCTPAHCTBE 3JeMeHTapHbX cobuiTuit. Torma X+ Y u XV
CYTb HOBEIE CaAydYaliHble Be.TMUHHBL, pacOpeneeHHs KOTOPHX MOMXKHO HalTu
npocTol TpPYyNNUPOBKOH WIGHOB COBMECTHOro pacnpefencHus X u Y,
Hama ness cocrour tenepb B BwuncaeHun D (X Y). Hdas storo Bse-
IeM TOHATHE KOBapHauuy, KOTOpoe OyAeT MpOaHAIM3UPOBAHO Gouee
JeraabHo B § 8. Ecom {p(x], Vy)} ecTb cOBMecTHOe pacnpelenerie
Beauuud X u Y, To MaTeMaTHuyecKoe oxuianue XY omperensercs ¢op-
My 10H

E(XY):in)’kp (xj’ V) (3.1)

B MPEANONOKEHHH, KOHEYHO, uTo paf abcomoTHo cxoautcsd. [adee,
2 2

[X, yk’<(x]+ yk)/Q, u nostomy E(XY) obssareabHo cyuiectByer,

ecan cywectsyiorT £ (X?) u E(Y?). B 9T0M cayuae CylecTByIOT Takxke

M MaTeMaTHYeCKUE OXHAAHHSA

py=E(X), p,=E(Y), (5.2)

a cayuafinbie BeamudHbl X —p, M ¥ -—p, HMeOT HyleBhle MareMmaTuye-

ckue owudanus. Jag uxX [pOM3BeleHHs 10 TeopeMe ChaoweHus § 2
noJayuaem {

-4
E((X —p) (X —p))=EXY)—p E¥)—pEX)+ pp, =
=E(XY)—upp,. (5.3)

Onpenenenne. Kosapuayueldl) caywalinnx seauvan X u Y
HQ3bi8aeMCs

Cov(X, N=E((X—p)(Y —p))=EXY)—p,p,. (54

Amo onpedesenue umeem cuvica, ecan X u Y umeiom KOHednble
ducnepcuu. V13 § 2 u3BeCTHO, YTO IJs HE3aBUCUMBIX CJYYaHHBIX BejH-
und E(XY)=E(X)E(Y). Takum o6pasom, u3 (5.4) crenyer

Teopema 1. Ecau X u Y wuesasucumsr, mo Cov(X, Y)=0.

3ameTuM, uro o6 pamroe Heseprno. Taba. 1 paer mpumep ABYX 3aBu-
CHMBIX C/JyuYaHHBIX BeJUYUH, KOBAPHALUS KOTOPHIX TeM He MeHee paBHa
Hyaio. Mol BepheMcsi k 3ToMy Bompocy B § 8. Caenyowas teopema
OoueHb BawkHa, U Gopmyaa caomeHus (5.6) 08 HE3aBUCHUMBIX CJAydYalHBIX
BEJIMYNH TIOCTOSHHO NpPUMEHACTCS.

) B aHramicKoM opuruHale covariance; A STOrO MNOHATHS B pycckoit
AHTEpAType CTaHAApPTHOIO TepMuHa HeT. — [Ipun. ped.
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Teopema 2. Ecau X, ..., X,— caynaiinsie 8eautuns, ¢ Ko-
HeuHsiMu OQucnepcusmu o2, ..., @2 u 8§ =X+ ... + X, mo
n
D (S,,):kElci-{—Q Zk Cov (X;, Xp), (5.5)
= i

n
20¢ NOCACOHAR CYMME COOepicum Kaxuoyo u3 <2> nap (X; Xy

¢ j<k odun u moavko odun pas.
B wacmnocmu, ecau X; 83auUMHO He3aBUCHUMSI, MO BEPHO NpPQA-

BUNO CAONCEHUS
D(Sn):c%—{—cg—{— B (5.6)

Hokasa