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Preface

This monograph views thermodynamics as an incomplete description of many
freedom quantum systems. Left unaccounted for may be an environment with
which the system of interest interacts; closed systems can be described incompletely by focussing on any subsystem with fewer particles and declaring the
remainder as the environment. Any interaction with the environment brings
the open system to a mixed quantum state, even if the closed compound state
is pure. Moreover, observables (and sometimes even the density operator) of
an open system may relax to equilibrium values, while the closed compound
state keeps evolving unitarily à la Schrödinger forever.
The view thus taken can hardly be controversial for our generation of
physicists. And yet, the authors oﬀer surprises. Approach to equilibrium,
with equilibrium characterized by maximum ignorance about the open system of interest, does not require excessively many particles: some dozens sufﬁce! Moreover, the precise way of partitioning which might reﬂect subjective
choices is immaterial for the salient features of equilibrium and equilibration.
And what is nicest, quantum eﬀects are at work in bringing about universal thermodynamic behavior of modest size open systems. Von Neumann’s
concept of entropy thus appears as being much more widely useful than sometimes feared, way beyond truely macroscopic systems in equilibrium.
The authors have written numerous papers on their quantum view of
thermodynamics, and the present monograph is a most welcome coherent
review.

Essen,
June 2004

Fritz Haake
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1 Introduction

Over the years enormous eﬀort was invested in proving
ergodicity, but for a number of reasons, conﬁdence in
the fruitfulness of this approach has waned.
— Y. Ben-Menahem and I. Pitowsky [11]

Originally, thermodynamics was a purely phenomenological science. Early
scientists (Galileo, Santorio, Celsius, Fahrenheit) tried to give deﬁnitions for
quantities which were intuitively obvious to the observer, like pressure or temperature, and studied their interconnections. The idea that these phenomena
might be linked to other ﬁelds of physics, like classical mechanics, e.g., was
not common in those days. Such a connection was basically introduced when
Joule calculated the heat equivalent in 1840 showing that heat was a form of
energy, just like kinetic or potential energy in the theory of mechanics.
At the end of the 19th century, when the atomic theory became popular,
researchers began to think of a gas as a huge amount of bouncing balls inside
a box. With this picture in mind it was tempting to try to reduce thermodynamics entirely to classical mechanics. This was exactly what Boltzmann
tried to do in 1866 [18], when he connected entropy, a quantity which so far
had only been deﬁned phenomenologically, to the volume of a certain region
in phase space, an object deﬁned within classical mechanics. This was an
enormous step forward, especially from a practical point of view. Taking this
connection for granted one could now calculate all sorts of thermodynamic
properties of a system from its Hamilton function. This gave rise to modern
thermodynamics, a theory the validity of which is beyond any doubt today.
Its results and predictions are a basic ingredient for the development of all
kinds of technical apparatuses ranging from refrigerators to superconductors.
Boltzmann himself, however, tried to prove the conjectured connection
between the phenomenlogical and the theoretical entropies, but did not succeed without invoking other assumptions like the famous ergodicity postulate
or the hypothesis of equal “a priori probabilities”. Later on, other physicists
(Gibbs [41], Birkhoﬀ [14], Ehrenfest [32], von Neumann [88], etc.) tried to
prove those assumptions, but none of them seems to have solved the problem
satisfactorily. It has been pointed out, though, that there are more properties
of the entropy to be explained than its mere equivalence with the region in
phase space, before thermodynamics can be reduced to classical mechanics,
thus the discussion is still ongoing [11]. The vast majority of the work done
in this ﬁeld is based on classical mechanics.
Meanwhile, quantum theory, also initially triggered by the atomic hypothesis, has made huge progress during the last century and is today believed
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657, 3–5
(2004)
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to be more fundamental than classical mechanics. At the beginning of the
21st century it seems highly unlikely that a box with balls inside could be
anything more than a rough caricature of what a gas really is. Furthermore,
thermodynamic principles seem to be applicable to systems that cannot even
be described in classical phase space. Those developments make it necessary
to rethink the work done so far, whether it has led to the desired result
(e.g., demonstration of ergodicity) or not. The fact that a basically classical
approach apparently did so well may even be considered rather surprising.
Of course, there have been suggestions of how to approach the problem
on the basis of quantum theory [69, 70, 73, 87, 96, 116, 134, 136], but again,
none of them seems to have established the emergence of thermodynamics
from quantum mechanics as an underlying theory in a conclusive way.
The text at hand can be viewed as a contribution to this ongoing discussion. Thus, on the one hand, one might consider this work as a somewhat
new explanation for the emergence of thermodynamic behavior. This point
of view deﬁnitely leaves one question open: whether or not all macroscopic
thermodynamic systems belong to the class of systems that will be examined
in the following. The answer to this question is beyond the scope of this text.
Furthermore, this quantum approach to thermodynamics may turn out
not to be a one-way road. In fact, this delicate interplay between quantum
mechanics and thermodynamics could possibly shed new light on some interpretational problems within quantum mechanics: with the “exorcism” of
subjective ignorance as a guiding principle underlying thermodynamic states,
the general idea of quantum states representing subjective knowledge might
lose much of its credibility.
However, this book might be looked at also from another, less speculative
angle. Rather than asking how thermodynamic behavior of typical systems
might be explained, one can ask whether the principles of thermodynamics
are powerful tools for predictions and whether their descriptions might be
applicable to systems other than the pertinent large, many-particle systems.
It is a main conclusion of this work that the answer has to be positive. For
it turns out that a large class of small quantum systems without any restriction concerning size or particle number show thermodynamic behavior
with respect to an adequately deﬁned set of thermodynamic variables. This
behavior (“nano-thermodynamics”) requires some embedding but is nevertheless established entirely on the basis of the Schrödinger equation.
So it is left to the reader to decide whether there is room and need for a
foundation of thermodynamics on the basis of quantum theory or whether he
simply wants to gain insight into how the applicability of thermodynamics
can be extended down to the microscopical scale; in both cases we hope the
reading will be interesting and clarifying.
This book is not intended to be a review, not even of the most important contributions, which more or less point in a similar direction. Related
work includes, in particular, the so-called decoherence theory. We cannot
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do justice to the numerous investigations; we merely give a few references
[21, 42, 45, 135]. It might be worth mentioning here that decoherence has,
during the last years, mainly been discussed as one of the main obstacles in
the implementation of large-scale quantum computers [90], possibly neglecting other aspects of the phenomenon.
Last but not least a short “manual” for reading this book shall be given
here.
Chapters 2 and 3 are not meant to serve as a full-ﬂedged introduction,
more as a reminder of the central topics in quantum mechanics and thermodynamics. They may very well be skipped by a reader familiar with these
subjects. Chapter 4 is a collection of historical approaches to thermodynamics
with a focus on their insuﬃciencies hereby neglecting their undoubtable brilliance. Again this chapter is not imperative for the understanding of Part II.
Chapter 5 lists the properties of thermodynamic quantities that need to
be derived from an underlying theory (quantum mechanics). This derivation
is then given in the remainder of Part II. In Chap. 6 the central ideas of
this quantum approach to thermodynamics are explained in plain text (no
formulas). For a quick survey it might be read without referring to anything
else. Starting with Chap. 7 and throughout Part II, these ideas are derived
in detail, and will probably only be enlightening if read from the beginning.
Exceptions are Chap. 11 and Chap. 14, which are important for the general
picture, but have their own “selfcontained” messages.
Chapter 18 mainly consists of numerical illustrations of the analytically
derived principles in Part II. In order to get an idea of the beneﬁts of the
theories derived in Part II, it might be read as a “stand alone” chapter. In
Chap. 19 recent results on quantum heat conduction are presented, it may
also be read individually, for it is only loosely connected to the rest of the
book as far as mathematical techniques are concerned.

2 Basics of Quantum Mechanics
Indeed my favourite key to understanding quantum
mechanics is that a subsystem cannot be isolated
by tracing from an enveloping pure state without
generating impurity: the probability associated with
measurement develops because the observer must
implicitly trace himself away from the observed system.
— E. Lubkin [76]

Before we can start with the quantum mechanical approach to thermodynamics we have to introduce some fundamental terms and deﬁnitions of
standard quantum mechanics for later reference. This chapter should introduce the reader only to some indispensible concepts of quantum mechanics
necessary for the text at hand, but is far from being a complete overview
of this subject. For a complete introduction we refer to standard textbooks
[9, 70, 79, 89, 113, 126].

2.1 Introductory Remarks
The shortcomings of classical theories had become apparent by the end of the
19th century. Interestingly enough, one of the ﬁrst applications of quantum
ideas has been within thermodynamics: Planck’s famous formula for black
body radiation was based on the hypothesis that the exchange of energy
between the container walls and the radiation ﬁeld should occur in terms of
ﬁxed energy quanta only. Later on, this idea has been put on ﬁrmer ground
by Einstein postulating his now well known rate equations [75].
Meanwhile quantum mechanics has become a theory of unprecedented
success. So far, its predictions have always been conﬁrmed by experiment.
Quantum mechanics is usually deﬁned in terms of some loosely connected
axioms and rules. Such a foundation is far from the beauty of, e.g., the “principles” underlying classical mechanics. Motivated, in addition, by notorious
interpretation problems, there have been numerous attempts to modify or
“complete” quantum mechanics.
A ﬁrst attempt was based on so-called “hidden variables” [10]. Its proponents essentially tried to expel the non-classical nature of quantum mechanics.
More recent proposals intend to “complete” quantum mechanics not within
mechanics, but on a higher level: by means of a combination with gravitation
theory (Penrose [102]), with psychology (Stapp [122]) or with (quantum-)
information theory [26, 38].
While the emergence of classicality from an underlying quantum substrate
has enjoyed much attention recently, it has so far not been appreciated that
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
7–20 (2004)
c Springer-Verlag Berlin Heidelberg 2004
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the understanding of quantum mechanics may beneﬁt also from subjects like
quantum thermodynamics.

2.2 Operator Representations
In quantum mechanics we deal with systems (Hamilton models), observables,
and states. They all are represented by Hermitian operators. Their respective speciﬁcation requires data (parameters), which have to be deﬁned with
respect to an appropriate reference frame. These frames are operator representations. Let us in the following consider some aspects of these operator
representations in detail. First of all we will concentrate on simple systems
and their representation.
2.2.1 Transition Operators
If we restrict ourselves to systems living in a ﬁnite and discrete Hilbert space
H (a complex vector space of dimension ntot ), we may introduce a set of
orthonormal state vectors |i ∈ H. From this orthonormal and complete set
of state vectors with
i|j = δij ,
we can deﬁne

i, j = 1, 2, . . . , ntot ,

n2tot

P̂ij = |ij| ,

(2.1)

transition operators (in general non-Hermitian)
P̂ij† = P̂ji .

These operators are, again, orthonormal in the sense that


Tr P̂ij P̂i† j  = δii δjj  ,

(2.2)

(2.3)

where Tr {. . . } denotes the trace operation. Furthermore, they form a complete set in so-called Liouville space, into which any other operator Â can be
expanded,

Aij P̂ij ,
(2.4)
Â =
i,j



Aij = Tr Â P̂ij† = i|Â|j .

(2.5)

The n2tot parameters are, in general, complex (2n2tot real numbers). For Hermitian operators we have, with


Â† =
A∗ij P̂ij† =
Aji P̂ji = Â ,
(2.6)
i,j

A∗ij = Aji ,

i,j

(2.7)

i.e., we are left with n2tot independent real numbers. All these numbers must
be given to uniquely specify any Hermitian operator Â.

2.2 Operator Representations

9

2.2.2 Pauli Operators
There are many other possibilities to deﬁne basis operators, besides the transition operators. For ntot = 2 a convenient set is given by the so-called Pauli
operators σ̂i (i = 0, . . . , 3). The new basis operators can be expressed in terms
of transition operators
σ̂1 = P̂12 − P̂21 ,

(2.8)

σ̂2 = i(P̂21 − P̂12 ) ,

(2.9)

σ̂3 = P̂11 − P̂22 ,

(2.10)

σ̂0 = 1̂ .

(2.11)

These operators are Hermitian and – except for σ̂0 – traceless. The Pauli operators satisfy several important relations: (σ̂i )2 = 1̂ and [σ̂1 , σ̂2 ] = 2iσ̂3 and
their cyclic extensions. Since the Pauli operators form a complete orthonormal operator basis, it is possible to expand any operator in terms of these
basis operators. Furthermore we introduce raising and lowering operators, in
accordance with
σ̂+ = σ̂1 + iσ̂2 ,

σ̂− = σ̂1 − iσ̂2 .

(2.12)

Also for higher dimensional cases, ntot ≥ 2, one could use as a basis the
Hermitian generators of the SU(ntot ) group.
2.2.3 State Representation
The most general way to note the information about a state of a quantum
mechanical system is by its density matrix, ρij , which speciﬁes the representation of the density operator,

ρ̂ =
ρij P̂ij
(2.13)
i,j

subject to the condition

ρii = 1 .
Tr {ρ̂} =

(2.14)

i

The expectation value for some observable Â in state ρ̂ is now given by

A = Tr{Âρ̂} =
Aij ρij .
(2.15)
i,j

The density matrix ρij = i|ρ̂|j is a positive deﬁnite and Hermitian matrix.
The number of independent real numbers needed to specify ρ̂ is thus d =

10
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n2tot − 1. For the density operator of an arbitrary pure state |ψ we have
ρ̂ = |ψψ|. In the eigenrepresentation one ﬁnds, with Wi = ρii ,

ρ̂ =
Wi P̂ii ,
(2.16)
i

which can be seen as a “mixture” of pure states P̂ii = |ii| with the statistical
weight Wi . From this object the probability W (|ψ) to ﬁnd the system in an
arbitrary pure state, expanded in the basis |i

|ψ =
ψi |i ,
(2.17)
i

can be calculated as
W (|ψ) = ψ|ρ̂|ψ =



2

|ψi | Wi .

(2.18)

i

To measure the distance of two arbitrary, not necessarily pure states,
given by ρ̂ and ρ̂ we deﬁne a “distance measure”


Dρ̂2ρ̂ = Tr (ρ̂ − ρ̂ )2 .
(2.19)
This commutative measure (sometimes called Bures metric) has a number
of convenient properties: Dρ̂2ρ̂ ≥ 0 with the equal sign holding if and only if
ρ̂ = ρ̂ ; the triangle inequality holds as expected for a conventional distance
measure; for pure states

2
 2
≤2
(2.20)
D|ψ|ψ
  = 2 1 − |ψ|ψ |
and D2 is invariant under unitary transformations. A second measure of
distance is the ﬁdelity deﬁned by [90]

Fρ̂ρ̂ = Tr

ρ̂ ρ̂

1/2

ρ̂

.

(2.21)

For pure states F is just the modulus of the overlap: F|ψ|ψ  = |ψ|ψ  |.
2.2.4 Purity and von Neumann Entropy
For a pure state all matrix elements in (2.13) of the density matrix are zero
except ρii = 1, say, i.e., the density operator ρ̂ = P̂ii is a projection operator.
Obviously in this case ρ̂2 = ρ̂, due to the properties of the projection operator,
so that the so-called purity becomes
 
P = Tr ρ̂2 = 1 .
(2.22)
In general, we have

2.2 Operator Representations

P (ρ̂) =

 

1
2
ρij ρi j  Tr P̂ij P̂i† j  =
|ρij | >
.
n
tot

i,j


i,j i ,j

11

(2.23)

Because of the Cauchy–Schwarz relation
2

|ρij | ≤ ρii ρjj ,

(2.24)

we conclude that P ≤ 1. The equality sign holds for pure states only. P
can be calculated for any density matrix without prior diagonalization. In
the diagonal representation (cf. (2.16)) the purity is simply the sum of the
squares of the probabilities W to ﬁnd the system in a respective eigenstate,
  
P ({Wi }) = Tr ρ̂2 =
(Wi )2 .
(2.25)
i

Note that the purity itself is invariant with respect to unitary transformations. Its value does not depend on the representation chosen.
Furthermore, a very important quantity is another measure called the von
Neumann entropy [90]. Also this measure is deﬁned for any state ρ̂ as
S(ρ̂) = −kB Tr {ρ̂ ln ρ̂} ≥ 0 ,

(2.26)

wherein kB denotes a proportional constant, the Boltzmann constant. (At
this point the inclusion of kB is arbitrary and not yet meant to anticipate
any connection to thermodynamics.) For a pure state the minimum entropy
S = 0 is reached. The maximum entropy obtains for
ρij =

1
δij ,
ntot

i, j = 1, 2, . . . , ntot ,

(2.27)

i.e., for a density matrix proportional to the normalized unit matrix, with
the entropy
Smax = kB ln ntot .

(2.28)

In the same limit the purity P is minimal,
Pmin =

1
.
ntot

(2.29)

The maximum entropy (or minimum purity) is thus found for the broadest
possible probability distribution, the equipartition over all pure states (remember (2.27)). Therefore S and P are both measures for the “broadness”
of the distribution.
The purity can be expressed as a rather simple function of the full state,
the evaluation of which does not require the diagonalization of a matrix, as
opposed to the calculation of the von Neumann entropy. We will thus mainly
consider P rather than S.

12
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In general, though, these two measures do not uniquely map onto each
other. Nevertheless in the limits of maximum S (minimum P ) and maximum
P (minimum S) they do. The formal approximation ln ρ̂ ≈ ρ̂ − 1̂ leads to the
“linearized” entropy
Slin = kB (1 − P ) ≥ 0 .

(2.30)

Since, as will be shown in Sect. 2.4, S is a constant of motion, the question for
the possible origin of S > 0 arises. One interpretation is essentially classical
and traces a ﬁnite S back to subjective ignorance. In the eigenrepresentation
of the density operator (see (2.16)) the density operator can be seen as a
“mixture” of pure states P̂ii = |ii| and the entropy then reads

Wi ln Wi .
(2.31)
S = −kB
i

Alternatively, a nonpure state may result from the system under consideration being entangled with another system, while the total state is pure. In
this case S indicates a principal uncertainty. It is always possible to ﬁnd such
an embedding, as will be discussed in the next section.
2.2.5 Bipartite Systems
Systems typically consist of subsystems. In the case of a bipartite system,
the total Hilbert space can be decomposed into a product space
H = H(1) ⊗ H(2) ,

(2.32)

with dimension ntot = n(1) · n(2) . A complete set of orthonormal vectors is
then given by the product states (⊗ means tensor product of the vectors
involved)
|ij = |i ⊗ |j ,

(2.33)

with i = 1, 2, . . . , n(1) numbering the states in H(1) and j = 1, 2, . . . , n(2) in
H(2) . The states fulﬁll the orthonormality relation
ij|i j   = δii δjj  .

(2.34)

Based on this we can deﬁne the transition operators
P̂ij|i j  = |iji j  | = P̂ii ⊗ P̂jj  ,
(1)

(µ)

(2)

(2.35)

where P̂ii is a transition operator in the subspace of the subsystem µ = 1, 2.
These, again, form a complete orthogonal set such that any operator Â can
be expanded in the form

Aij|i j  P̂ij|i j  .
(2.36)
Â =
i,j i ,j 

2.2 Operator Representations

For a pure state

|ψ =
ψij |i ⊗ |j
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(2.37)

i,j

the density operator ρ̂ = |ψψ| has the matrix representation
ρij|i j  = ψij ψi∗ j  .

(2.38)

If we are interested in the state of one of the subsystems alone we have to
trace over the other subsystem. The reduced density operator of the system
of interest is now given by

ρ̂(1) = Tr2 {ρ̂} =
ij|ρ̂|i j |ii |
i,i

=



j
(1)

ρii P̂ii ,

(2.39)

i,i

with ρii =

j

ρij|i j . Here Tr2 {. . . } means trace operation within Hilbert

(2)

space H . The result for subsystem 2 is obtained by exchanging the indices
of the two subsystems.
The expectation value for any local operator Â(1) ⊗ 1̂(2) can be calculated
from


(2.40)
Â(1)  = Tr1 Â(1) ρ̂(1) .
The corresponding purity, say, for the reduced state of the ﬁrst subsystem, is


 
2
P ρ̂(1) =
|ρii | =
ρij|i j ρi j  |ij  .
(2.41)
i,i

i,i j,j 

Furthermore, the reduced von Neumann entropies are given by




S ρ̂(µ) = −kB Trµ ρ̂(µ) ln ρ̂(µ) , µ = 1, 2 .

(2.42)

One easily convinces oneself that for
ρ̂ = ρ̂(1) ⊗ ρ̂(2)

(2.43)

the total entropy is additive,




S = S ρ̂(1) + S ρ̂(2) .

(2.44)

In general, the theorem by Araki and Lieb [7] tells us that
 








S ρ̂(1) − S ρ̂(2)  ≤ S ≤ S ρ̂(1) + S ρ̂(2) .

(2.45)
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This theorem implies that if the total system is in a pure state (S = 0)
then S(ρ̂(1) ) = S(ρ̂(2) ), no matter how the system is partitioned. Under the
same condition P (ρ̂(1) ) = P (ρ̂(2) ). Then if S(ρ̂(1) ) = S(ρ̂(2) ) > 0, it follows
that (2.44) does not apply and the total (pure) state cannot be written in a
product form. This is interpreted to result from “entanglement”, for which
the local entropies S(ρ̂(1) ) = S(ρ̂(2) ) thus constitute an appropriate measure.
Such pure entangled states have been of central interest now for almost
seventy years. They can have properties that seem to contradict intuition.
If a local measurement on one subsystem is made, i.e., a projection of only
one subsystem state is performed, the local state of the other subsystem can
be severely aﬀected, which has raised the question of whether quantum mechanics could be valid at all [33]. Nevertheless, these states can theoretically
be shown to result from product states, if the subsystems are allowed to interact for a while. On a small scale such a build-up has been demonstrated
experimentally; it is a widespread belief that entanglement as a fundamental
quantum mechanical property should show up mainly between very small
objects.
2.2.6 Multi-Partite Systems
Alternatively, one may consider a network of N subsystems of dimension n
each. Then ntot = nN . As a consequence of the direct product structure,
the number of parameters required to specify a density operator then grows
exponentially with N
d = n2N − 1 .

(2.46)

For the classical system of N point particles we would need 6N real parameters, i.e., we would just have to specify position and momentum of each
individual particle. This so-called phase space is the direct sum of the individual particle spaces. The analog in the quantum case would be to specify
the local states of the N subsystems, for which we would need (n2 − 1)N parameters. (This was the dimension of the direct sum of subsystem Liouville
spaces.) Deﬁning
γ=

(n2

d
,
− 1)N

(2.47)

we see that for n = 2, N = 3, γ = 7, but for N = 10, γ ≈ 30000. The
tremendous information needed over the local parameters is due to the fact
that correlations (entanglement) dominate, in general. For product states
γ = 1.
The blow-up of γ is a typical quantum property, closer to the heart of
quantum mechanics than the famous Heisenberg uncertainty relation. Both
are due to the non-commutativity of the underlying operators, though.

2.3 Dynamics
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The number of parameters needed to specify a Hamilton model typically
grows only polynomially with N . This is because direct interactions are usually restricted to ﬁnite clusters, e.g., up to pairs.

2.3 Dynamics
So far, we have considered some properties of Hilbert spaces, the basis operators and appropriate states. We turn now to some dynamical aspects of
quantum systems.
The unitary dynamics of a closed system generated by a Hamilton operator Ĥ is given by the Schrödinger equation
i

∂
|ψ(t) = Ĥ(t)|ψ(t) ,
∂t

(2.48)

for the time-dependent pure state |ψ(t). This is the fundamental equation
specifying the so-called Schrödinger picture: here the state vectors |ψ(t)
carry all dynamics, while the basic operators are time-independent. But note
that the Hamiltonian could include explicitly time-dependent potentials.
From the Schrödinger equation one can easily derive the evolution equation directly for the density operator. This is the Liouville–von–Neumann
equation

∂ ρ̂ 
= Ĥ, ρ̂ ,
(2.49)
∂t


with Â, B̂ = ÂB̂ − B̂ Â deﬁning the commutator. This equation can be
written in the form
i

∂ ρ̂
= L̂ρ̂ ,
∂t

(2.50)

where L̂ is a so-called super-operator acting (here) on the operator ρ̂ to
produce the new operator
L̂ρ̂ = −


i 
Ĥ, ρ̂ .


(2.51)

Modiﬁed super-operators control the dynamics of open quantum systems,
which we will consider in detail in Sect. 4.8.
The Liouville–von–Neumann equation can formally be solved by
ρ̂(t) = Û (t) ρ̂(0) Û † (t) ,

(2.52)

where the unitary time evolution operator, Û † Û = Û Û † = 1̂, also obeys the
Schrödinger equation,
i

∂
Û (t) = Ĥ(t) Û (t) .
∂t

(2.53)
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For ∂ Ĥ/∂t = 0, i.e., no explicit time-dependent Hamiltonian, it has the
formal solution
Û (t) = e−iĤt/ .

(2.54)

When represented with respect to a speciﬁc set of basis operators, the
Liouville–von–Neumann equation is equivalent to



∂
i ρij (t) = Tr Ĥ, ρ̂(t) P̂ij† .
(2.55)
∂t
This equation determines the evolution of the matrix elements of the density
operator. The solution ρij (t), subject to the condition i ρii = 1, can thus be
visualized as a deterministic quantum trajectory in Liouville space, controlled
by the Hamiltonian and by the initial state ρ̂(0).
In the Heisenberg picture, the dynamics is carried by time-dependent
observables
ÂH (t) = Û † (t) Â Û (t) ,

(2.56)

while the states are constant, ρ̂H (t) = ρ̂(0). If ∂ Â/∂t = 0 in the Schrödinger
picture, the corresponding evolution equation for the now time-dependent
operators reads
i



d
ÂH = − Ĥ, ÂH .
dt

(2.57)

In either picture the time-dependence of the expectation value of an operator
Â = Tr{Â ρ̂} = Tr{ÂH ρ̂(0)} is given by
i



 

∂
Â = Tr Ĥ, ρ̂ Â = −Tr Ĥ, ÂH ρ̂(0)
∂t


= − Ĥ, ÂH  ,

(2.58)

which is known as the “Ehrenfest theorem”. Since this evolution equation is
similar to the classical equation of motion based on the Poisson bracket, this
theorem can be interpreted to state that “the classical equations of motion
are valid for expectation values in quantum mechanics”.

2.4 Invariants
According to the Heisenberg equation of motion (2.57), conserved quantities
are those which commute with the system Hamiltonian Ĥ. In eigenrepresentation Ĥ can be written as
Ĥ =

ntot

i=1

Ei P̂ii .

(2.59)

2.4 Invariants
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As a consequence, the projectors commute with the Hamiltonian itself,


P̂jj , Ĥ = 0 , j = 1, . . . , ntot .
(2.60)
Since commutators are invariant under unitary transformations, the above
relation thus holds in the Schrödinger as well as in the Heisenberg pictures.
For the change of the energy distribution we ﬁnd




∂
∂
(H) 
i Wj = i Tr P̂jj ρ̂ = −Tr Ĥ, P̂jj ρ̂(0) = 0 ,
(2.61)
∂t
∂t
i.e., the energy distribution, the probability of ﬁnding the system in state j,
is a constant of motion.
Furthermore, deﬁning the expectation value of an arbitrary function of
the density operator ρ̂
f (ρ̂) = Tr {ρ̂ f (ρ̂)} ,

(2.62)

one infers that
i

∂
∂
∂
f (ρ̂) = i Tr
ρ̂f (ρ̂) + i Tr ρ̂ f (ρ̂)
∂t
∂t
∂t


 


= Tr Ĥ, ρ̂ f (ρ̂) + Tr ρ̂ Ĥ, f (ρ̂)
.

(2.63)

Here we have made use of the Liouville equation (2.49) and its variant
i



∂
f (ρ̂) = Ĥ, f (ρ̂) .
∂t

(2.64)

Observing the invariance of the ﬁrst trace term in (2.63) under cyclic permutations, we see that the right hand side cancels,
d
f (ρ̂) = 0 .
dt

(2.65)

Taking now f (ρ̂) = ρ̂, the term f (ρ̂) = Tr{ρ̂2 } is just the purity, so that
d
P =0.
dt

(2.66)

For f (ρ̂) = ln ρ̂ one concludes
that
 the von Neumann entropy is invariant,

too. In fact, any moment Tr (ρ̂)k is a constant of motion in closed quantum
systems. But note that the local reduced von Neumann entropy of a part of
the system deﬁned in (2.42) is not necessarily conserved under a unitary time
evolution of the full system (see Sect. 6.1).
For later reference we ﬁnally investigate a bipartite system with the total
Hamiltonian Ĥ. Here we may encounter a situation for which
 (1) 
 (2) 
Â , Ĥ = 0 ,
B̂ , Ĥ = 0 ,
(2.67)
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where the operator
Â(1) =



(1)

Ai P̂ii

(2.68)

i

acts only on subsystem 1, and
B̂ (2) =



(2)

Bj P̂jj

(2.69)

j

acts only on subsystem 2. As a consequence,


Â(1)

k

  k  (1) 
, Ĥ =
Ai P̂ii , Ĥ = 0 .

(2.70)

i

As this has to hold for any k, we conclude that
 (1) 
P̂ii , Ĥ = 0 ,

(2.71)

and correspondingly,
 (2) 
P̂jj , Ĥ = 0 .

(2.72)

According to these considerations the expectation value
(12)

Wij



= Tr P̂ii (1) P̂jj (2) ρ̂

(2.73)

is thus a conserved quantity, too. This expectation value is the joint probability for ﬁnding subsystem 1 in state i and subsystem 2 in state j.

2.5 Time-Dependent Perturbation Theory
Just as in classical mechanics or any other theoretical framework, there are
very few examples that allow us to achieve an exact analytical solution. In
quantum mechanics even numerical solutions are seriously constrained by
exponential explosion of state parameters (cf. Sect. 2.2.6). Many, quite powerful, approximation schemes have been developed. For later reference we
summarize here the basics of standard perturbation theory.
To consider time-dependent phenomena it is often very helpful – if not
unavoidable – to use a perturbation theory instead of a full solution of the
time-dependent problem. To outline such a theory, we use in addition to the
Schrödinger and the Heisenberg pictures the interaction or Dirac picture.

2.5 Time-Dependent Perturbation Theory

19

2.5.1 Interaction Picture
In the interaction picture, both observables as well as states, are time-dependent. We consider the Hamilton operator
Ĥ = Ĥ0 + V̂ (t) ,

(2.74)

where Ĥ0 represents the unperturbed Hamiltonian and V̂ (t) the time-dependent perturbation. According to the unitary transformation


i
Û0 (t, t0 ) = exp − Ĥ0 (t − t0 ) ,
(2.75)

where t0 is the time at which the perturbation is switched on, one can transform the states as well as the operators of the Schrödinger picture into the
interaction picture (index I)
|ψ(t) = Û0 (t, t0 ) |ψI (t) ,
ÂI = Û0† (t, t0 ) Â Û0 (t, t0 ) .
Based on these transformations, the Schrödinger equation reads
∂
∂
i
Û0 |ψI (t) + iÛ0 |ψI (t) = (Ĥ0 + V̂ )Û0 |ψI (t) .
∂t
∂t

(2.76)
(2.77)

(2.78)

Observing that
i

∂
Û0 = Ĥ0 Û0
∂t

(2.79)

and
Û0 Û0† = 1̂ ,

(2.80)

the above equation reduces to an eﬀective Schrödinger equation for |ψI (t)
i

∂
|ψI (t) = V̂I (t) |ψI (t) ,
∂t

(2.81)

identifying V̂I (t) = Û0† V̂ (t)Û0 . This equation has the formal solution
|ψI (t) = ÛI (t, t0 ) |ψI (t0 )

(2.82)

with the evolution equation
i

∂
ÛI (t, t0 ) = V̂I (t) ÛI (t, t0 ) .
∂t

(2.83)

The corresponding dynamics for observables in the interaction picture (remember (2.77)) is then controlled by

1
∂ Â
dÂI
=
ÂI (t), Ĥ0 + Û0†
Û0 .
dt
i
∂t

(2.84)
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2.5.2 Series Expansion
The formal solution (2.82) of the eﬀective Schrödinger equation (2.81) may
be written as

i t
ÛI (t, t0 ) = 1̂ −
dt1 V̂I (t1 ) ÛI (t1 , t0 ) .
(2.85)
 t0
This integral equation can be solved for ÛI (t, t0 ) by iteration,
 2  t

 t1
i t
i
dt1 V̂I (t1 ) +
dt1
dt2 V̂I (t1 ) V̂I (t2 ) + · · ·
ÛI (t, t0 ) = 1̂ +
 t0

t0
t0
=

∞  n 

i
n=0





t

t0

t1

dt1


dt2 · · ·

t0

tn−1

dtn V̂I (t1 ) · · · V̂I (tn ) ,

t0

(2.86)
which is called the Dyson series expansion. In ﬁrst order the transition probability due to V̂I (t) is given by

2



1 t

dt1 j| V̂I (t1 ) |i .
(2.87)
Wij (t) = δij +
i t0
For i = j and going back to the Schrödinger picture, we ﬁnd

2



i(Ej − Ei )t1
1  t
Wij (t) = 2 
j| V̂ (t1 ) |i  .
dt1 exp


t0

(2.88)

Let the time-dependent perturbation be
V̂ (t) =

0
V̂

for

t≤0
t>0

(2.89)

and
Ej − Ei
= ωji .

Then we ﬁnd for the transition probability

2

1  eiωji t − 1
Wij (t) = 2 
j|V̂ |i

ωji
2

2
1  sin(ωji t/2)  

V̂
|i
= 2
j|
 ,

ωji /2 
which gives Fermi’s Golden Rule for large times

2
2π


δ(Ej − Ei ) j|V̂ |i ,
Wij (t) = t

i.e., a constant transition rate.

(2.90)

(2.91)
(2.92)

(2.93)

3 Basics of Thermodynamics and Statistics

Not knowing the 2nd law of thermodynamics is like
never having read a work of Shakespeare.
— C. P. Snow [121]

After having introduced some central concepts, results, and equations from
quantum mechanics, we will now present the main deﬁnitions and laws of
phenomenological thermodynamics and of thermostatistics. The aim is not at
all to give a complete overview of the concepts of classical thermodynamics,
but a brief introduction and summary of this old and useful theory. For
a complete exposition of the subject we refer to some standard textbooks
[24, 65, 108, 131]. (A timeline of notable events ranging from 1575 to 1980
can be found in [13].)

3.1 Phenomenological Thermodynamics
In spite of the fact that all physical systems are ﬁnally constructed out of basic
subunits, the time evolution of which follows complicated coupled microscopical equations, the macro state of the whole system is typically deﬁned only
by very few macroscopic observables like temperature, pressure, volume, etc.
From a phenomenological point of view one ﬁnds simple relations between
these macroscopic observables, essentially condensed into four main statements – the fundamental laws of thermodynamics. These central statements
are based on experience and cannot be founded within the phenomenological
theory.
3.1.1 Basic Deﬁnitions
A physical system is understood to be an operationally separable part of the
physical world. Microscopically such a system can be deﬁned by a Hamilton function (classically) or a Hamilton operator (quantum mechanically),
whereas in the macroscopic domain of thermodynamics systems are speciﬁed
by state functions. Such a state function, like the internal energy U , is deﬁned
on the space of so-called macro states.
Such a macro state of the system is deﬁned by a complete and independent set of state variables (macro variables) Zi , where i = 1, 2, . . . , nvar . The
dimension nvar is small compared to the number of microscopic variables for
the system under consideration. The macroscopic state variables Zi come
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
21–36 (2004)
c Springer-Verlag Berlin Heidelberg 2004
http://www.springerlink.com/
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in two variants: extensive variables, Xi (e.g., volume V , entropy S), which
double if the system is doubled, and intensive variables, ξi (e.g., pressure
p, temperature T ), which remain constant under change of system size. For
each extensive variable Xi there is a conjugate intensive variable ξi , with
i = 1, 2, . . . , nvar . Starting from an all-extensive macro state, Zi = Xi , one
can get diﬀerent representations by replacing Xj by ξj (for some given j). For
the all-extensive macro state one usually choses the internal energy U (Xi )
as the appropriate state function.(Another choice would be the entropy, see
below.) The coordinate transformation to other state variables, or more precisely, Legendre transformation, leads to new state functions.
There are no isolated macro systems: system and environment constitute
the most fundamental partition of the physical world underlying any physical
description. In the thermodynamic regime the environment can be used to
ﬁx certain state variables like volume V , temperature T , pressure p etc. The
system proper is usually classiﬁed according to the allowed exchange processes
with the environment. “Completely closed” means no matter-, no energyexchange; “closed” means no exchange of matter; otherwise the system is
termed “open”.
The existence of equilibrium states is taken as a fundamental fact of experience. After a certain relaxation time any completely closed macro system
approaches an equilibrium state (stationary state), which the system will
then not leave anymore spontaneously. The number of independent state
variables becomes a minimum in equilibrium given by nvar . There are nvar
state equations, relations between extensive and intensive macro variables in
equilibrium, which help to specify the experimentally veriﬁable properties of
the system.
As a thermodynamic process we consider a sequence of state changes
deﬁned in the state space of macro variables of the system and its environment. A reversible process must consist of equilibrium states only: relaxation
from a non-equilibrium state to an equilibrium state is always irreversible by
deﬁnition.
Moderate deviations from global equilibrium are based on the concept of
local equilibrium. In this case the macro system can further be partitioned
into macroscopic subsystems, which, by themselves, are still approximately
in equilibrium. The local state would thus be time-independent, if isolated
from the other neighboring parts.
Conventional thermodynamics is sometimes also called thermostatics, as
the state changes are studied here without explicit reference to time. As
a phenomenological theory thermodynamics cannot deﬁne its own range of
validity. In particular, it does not give any criteria, according to which a given
system should be expected to behave thermodynamically or not.
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3.1.2 Fundamental Laws
To consider thermodynamic phenomena in detail, we often need, besides the
macro variables and the state function, some additional quantities A, which
are functions of the independent macro variables Zi . In thermodynamic processes the total change of A over a closed cycle may not be independent of
the path, i.e.,

δA = 0 .
(3.1)
Such a quantity is non-integrable and is said to have no complete diﬀerential.
Nevertheless, it is possible to deﬁne an inﬁnitesimal change,
δA =

n
var

i=1

∂A
dZi ,
∂Zi

(3.2)

for which, however,
∂ ∂A
∂ ∂A
=
.
∂Zj ∂Zi
∂Zi ∂Zj

(3.3)

Sometimes one can introduce an integrating factor for the quantity A such
that the last relation is fulﬁlled and A becomes integrable. Furthermore two
non-integrable quantities may add up to form an integrable one. State functions are always integrable. In the following dA will denote a complete differential, δA an inﬁnitesimal change (not necessarily a complete diﬀerential)
and ∆A a ﬁnite change of A.
Zeroth Law:
For a thermodynamic system there exists an empirical temperature T such
that two systems are in thermal equilibrium, if T (1) = T (2) . Any monotonic
function f (T ) of T can also be used as an empirical temperature.
First Law:
For any thermodynamic system the total internal energy U is an extensive
state function. In a completely closed system U is constant in time,
δU = 0 .

(3.4)

U may change only due to external energy transfer: δ U = δ U ext . Examples
are:
– Change of volume V : δ U ext = −p dV (p: pressure).
– Change of magnetization M : δ U ext = B dM (B: magnetic ﬁeld).
– Change of particle number N : δ U ext = µ dN (µ: chemical potential).
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The total contribution has the general form
δA =

nvar
−1

ξi dXi ,

(3.5)

i=1

where δ A is called the total applied work, Xi an extensive work variable
(excluding entropy) and ξi the conjugate intensive variable to Xi (excluding
temperature). Why just these variables Xi , no others? The answer is that
there exist environments (i.e., some appropriate apparatus) such that these
energy changes can actually be carried out in a controlled fashion.
For thermodynamic systems we need to have, in addition, a “heat contribution” δ Q. The ﬁrst law of thermodynamics thus reads explicitly
dU = δQ + δ A = δQ +

nvar
−1

ξi dXi ,

(3.6)

i=1

δ Q and δA do not constitute complete diﬀerentials by themselves, but their
sum does. For any closed path in macro state space we thus have

dU = 0 ,
(3.7)
which constitutes a form of energy conservation; there is no perpetual motion
machine (perpetuum mobile) of the ﬁrst kind, i.e., there is no periodic process
in which work is extracted without supplying energy or heat. Periodic means
that the machine is exactly in the same state after each cycle (ready for the
next one), which is not necessarily true for the environment.
Second Law:
The ﬁrst law guarantees that each process conserves the energy of the whole
system (system and environment together). However, there are processes that
we can never ﬁnd in physics even though they would not violate the ﬁrst law.
According to Clausius:
Heat never ﬂows spontaneously from a cold body to a hotter one.
An important alternative formulation of the second law makes use of the
concept of the perpetuum mobile of second kind (Thomson’s formulation):
It is impossible to construct a periodically operating machine, which
does nothing else but transforms heat of a single bath into work.
Experience tells us that the above two formulations of the second law of
thermodynamics are fulﬁlled, in general. However, it is not possible to prove
this law within the phenomenological theory of thermodynamics. In statistical mechanics there have been numerous attempts to do just this. We will
introduce some of them later in Chap. 4.
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For reversible processes one ﬁnds that
δQ
.
(3.8)
T
In this case 1/T is an integrating factor for δQ. S is called entropy. If irreversible processes participate, the quantity is not integrable any more. In
general, for arbitrary (reversible and irreversible) processes we have
dS =

δQ
.
(3.9)
T
As long as irreversible processes take place, entropy is increased until the
system reaches equilibrium. In equilibrium S takes on a maximum value,
usually constrained by some conservation laws.
The entropy of a system can thus change due to internal entropy production and external entropy transfer:
δS ≥

δS = δ S int + δS ext .

(3.10)

The second law states that
δS int ≥ 0 .

(3.11)

A system is called adiabatically closed, if
δQ
= 0 =⇒ δS ≥ 0 .
(3.12)
T
In the case of a reversible process we need to have dS tot = dS g + dS c = 0,
where dS g is the entropy change of the system, dS c the entropy change of the
environment. Only under this condition can a process run backwards without
violating the second law, i.e., after the reverse process everything, the system
as well as the environment, is in exactly the same state as before.
It is important to note that entropy changes are measurable. For this
purpose we couple the system to an external system (bath at temperature
T c ) and perform a reversible process with ∆S tot = ∆S g + ∆S c = 0. For ﬁxed
T = T c we can identify

δQ
∆S g =
.
(3.13)
Tc
δS ext =

∆S g can thus be measured via the reversible heat exchange.
Remark: the measurability of entropy changes for any individual thermodynamic system has far-reaching consequences. It excludes the possibility to
consistently interpret S in terms of subjective ignorance (though one may still
use this metaphor in a pragmatic way). Furthermore, in so far as quantum
physical uncertainties can be shown to give rise to thermodynamic entropy,
this may shed new light on the question whether quantum mechanical states
could be interpreted as representing our subjective knowledge or ignorance,
indicating that this is not the case. Quantum thermodynamics, as treated in
this book, should thus help to clarify ongoing controversial disputes.
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Third Law (Nernst):
For T → 0 we have for systems without “frozen-in disorder”,
S→0

(3.14)

independent of Xi , or ξi , respectively. As a consequence, speciﬁc heats go
to zero for T → 0. This is interpreted to imply that the zero point of the
absolute temperature T cannot be reached. In support of the above remark,
S = 0 cannot mean that we have “complete knowledge” of the respective
ground state; this is hardly ever the case.
3.1.3 Gibbsian Fundamental Form
The so-called Gibbsian fundamental form now follows as a combination of
the ﬁrst and the second law (for reversible processes)
dU = T dS −

nvar
−1

ξi dXi .

(3.15)

i=1

The “natural” independent macro variables for U are thus S and Xi , which
are all extensive. Euler’s homogeneity relation (deﬁnition of a complete differential)
nvar
−1 ∂U
∂U
dU =
dS +
dXi
∂S
∂Xi
i=1

allows us to identify


∂U
T (S, Xi ) =
,
∂S Xi


∂U
ξj (S, Xi ) =
.
∂Xj S,Xi =Xj

(3.16)

(3.17)
(3.18)

The absolute temperature T thus has the property of an empirical temperature as deﬁned in the Zeroth Law, it is the conjugate variable to S.
3.1.4 Thermodynamic Potentials
So far we have restricted ourselves to the internal energy U (S, Xi ) of the
system as a thermodynamic state function or potential (see (3.15)). Instead
of U we may alternatively consider the entropy function, S(U, Xi ). Both of
these basic state functions are functions of extensive variables only. Rewriting
the Gibbsian fundamental form we get
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dS =

nvar
−1 ξi
1
dU −
dXi
T
T
i=1
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(3.19)

from which, comparing with the Euler equation (cf. (3.16)), we read


∂S
1
(3.20)
= ,
∂U Xi
T


∂S
ξj
=−
.
(3.21)
∂Xj U,Xi =Xj
T
However, for concrete physical situations, e.g., special contact conditions
of system and environment, it is more appropriate to use a diﬀerent set of
independent variables. This set should be better adapted to the considered
situation. The method to perform this coordinate transformation is called
the Legendre transformation.
We start from the energy function U (S, Xi ), and restrict ourselves to simple systems (nvar = 2) with the single work variable X = V . For this volume
V the conjugate intensive variable is the pressure p = −∂U/∂V . The free
energy F (or Helmholtz free energy) results from a Legendre transformation
of the function U (S, V ) replacing S by its conjugate T :
∂U
S = U − TS ,
∂S
dF = dU − T dS − S dT = −S dT − p dV .
F (T, V ) = U (S(T, V ), V ) −

(3.22)
(3.23)

For the enthalpy H we replace V by the conjugate variable p,
∂U
V = U + pV ,
∂V
dH = dU + V dp + p dV = T dS + V dp .
H(S, p) = U −

(3.24)
(3.25)

Finally, the Gibbs free energy (or free enthalpy) results, if we replace S and
V by their respective conjugate variables,
∂U
∂U
S−
V = U − T S + pV ,
∂S
∂V
dG = −S dT + V dp .
G(T, p) = U −

(3.26)
(3.27)

All these thermodynamic potentials are equivalent. Of course there are additional potentials, if there are more work variables, e.g., magnetic variables,
exchange of particle numbers and so on.
What is the use of these thermodynamic potentials? According to the
second law the entropy reaches its maximum value in equilibrium. As a consequence these thermodynamic potentials will reach a minimum value for the
equilibrium state of the system under speciﬁc conditions. This allows us to
use these potentials to compute the properties of the system, if a calculation
based on the entropy is impossible. Additionally we need these potentials in
the statistical theory, as will be seen below.
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3.2 Linear Irreversible Thermodynamics
Up to this point all considerations and discussions referred to equilibrium
situations, i.e., situations that are reached after suﬃcient time if systems are
left alone. These equilibrium states are time-independent, thus the theory
developed so far excludes, technically speaking, all phenomena that feature
a time evolution. Of course, relations like the Gibbs fundamental form (see
Sect. 3.1.3) or the formulation of thermodynamic potentials are essentially
meant to describe processes like adiabatic expansion, isothermal compression,
etc., that surely do have a time-dependence, but all these processes are driven
by the change of external parameters like volume, temperature, etc. These
processes are called “quasi static” since it is assumed that the system will be
immediately at rest the very moment in which the external parameter stops
changing. Thus, this theory does not include any process in which a system
develops without an external inﬂuence.
Such processes happen on the way to equilibrium. They are thus irreversible and much harder to deal with because the internal energy is no
longer a state function of the extensive quantities. Therefore Gibbs’ fundamental form of (3.15) is not necessarily valid and one needs more and more
parameters to specify the state of a system.
There is, however, a class of irreversible processes that happen close to
equilibrium which are, with some additional assumptions, accessible from a
slightly enlarged theory called “linear irreversible thermodynamics”.
The ﬁrst assumption is that in such processes equilibrium thermodynamics remain locally valid, i.e., it is assumed that it is possible to divide the
system into spatial cells to each of which equilibrium thermodynamics applies, only the thermodynamic quantities may now vary from cell to cell.
Regarding the level of description one does not need entirely new quantities,
one only needs the standard quantities for each cell and these are assumed to
be small enough so that the quantities may be given in the form of smooth
space (and time) dependent functions. So, from extensive quantities one goes
to densities (e.g., U → u(q, t), where q is the vector of position coordinates)
and from intensive quantities to ﬁelds (e.g., T → T (q, t)). For the entropy
density one gets (see Sect. 3.1.4)


s(q, t) = s u(q, t) , Xi(q, t) ,

(3.28)

or, specializing in situations in which no extensive quantities other than energy and entropy vary,


s(q, t) = s u(q, t) .

(3.29)

To describe the evolution of the system one has to introduce the “motion”
of the energy – the energy current j u . Since the overall energy is conserved,
the current is connected with the energy density by a continuity equation,

3.2 Linear Irreversible Thermodynamics

∂u
+ ∇j u = 0 .
∂t
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(3.30)

If one had an equation connecting j u to the functions describing the thermal
state of the system like u(q, t) or T (q, t), one could insert this equation into
(3.30) getting an autonomous equation describing the behavior of the system.
The problem is that such an equation depends on the material and could, in
principle, take on the most complicated forms. The aim of the considerations
at hand is to show that, under some assumptions, this equation can just
assume a form into which the properties of the speciﬁc material enter via a
few constants.
Since equilibrium thermodynamics is supposed to be locally valid, one
ﬁnds for the diﬀerential of the entropy density, with (3.20),
ds =

1
∂s
du = du
∂u
T

(3.31)

and thus for the entropy current j s connected with the energy current,
js =

1
ju .
T

(3.32)

Entropy is no longer a conserved quantity, so the local entropy production
rate ṡ is determined by
ṡ =

∂s
+ ∇j s .
∂t

(3.33)

Now, plugging (3.31) and (3.32) into (3.33), one ﬁnds, exploiting (3.30)
ṡ = −

1
∇T j u .
T2

(3.34)

Demanding that ṡ has to be positive at any point and any time, (3.34) sets
restrictions on the above mentioned equation for j u .
A basic restriction deriving from another concept is the Markov assumption, i.e., the assumption that the j u(q, t) should only depend on the state of
the system at the actual time t and not at the conﬁgurations at former times
t < t. This dependence thus has to be local in time. It could nevertheless, in
principle, be non-local in space. j u(q, t) could depend on the values of, say
T (q  , t) at all q  = q or spatial derivatives of T of arbitrarily high order. This,
however, is forbidden by (3.33). j u can only depend on ﬁrst order derivatives
(no higher, no lower order) of T , otherwise the positivity of ṡ could not be
guaranteed. Specializing now in cases with very small temperature gradients,
one can neglect all terms in which the ﬁrst order derivatives enter other than
linearily, eventually ﬁnding
j u(q, t) = −κ ∇T (q, t) .

(3.35)
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The explicit form of κ depends on the material. This is the above mentioned
equation that allows, together with (3.30), for a closed description of linear
irreversible processes (equation of heat conduction). Equation (3.35) is also
known as Fourier’s law, and has turned out to be appropriate for describing
a huge class of experiments that proceed close to equilibrium.
This concept can be generalized: the external forces Fi , like gradients
of electric potentials, chemical potentials or temperature, are taken to be
responsible for the respective currents j i : heat currents, diﬀusion currents as
well as energy currents, which are not independent of each other. In general,
we expect:

Lij Fj ,
(3.36)
ji =
j

where Lij is the matrix of transport coeﬃcients. Due to the Onsager theorem,
the matrix Lij should be symmetric (Lij = Lji ). Since the current j i also
induces an entropy ﬂow through the system, we have to be very careful in
choosing currents and forces. However, if we choose these quantities ensuring
that the entropy density increases, ṡ ≥ 0, while the currents j i ﬂow, it follows
from the continuity equation for the entropy that

j i Fi
(3.37)
ṡ =
i

and, as a further consequence, we ﬁnd Onsager’s theorem fulﬁlled (see [78]).

3.3 Statistics
All considerations so far were aimed at a macroscopic description of large
systems in contact with diﬀerent types of environments. To investigate the
behavior of such systems, we have introduced the central laws of thermodynamics – phenomenological restrictions for the development of a system,
without any fundamental justiﬁcation. These laws, and especially the second one, are exclusively founded on experience obtained in a large variety
of diﬀerent thermodynamic experiments. This phenomenological theory of
thermodynamics does not allow for the calculation of a thermodynamic potential from a microscopic picture; instead, the potential must be found from
experiment.
The connection of the macroscopic behavior of a given system to the microscopic time evolution, according to a classical Hamilton function or to a
quantum mechanical Hamiltonian, did not enter our considerations yet, and
will be the main subject of this book. Nevertheless, even if it might not provide any explanation, the theory of statistical physics, provides a “recipe”
for how to calculate an equilibrium entropy from a microscopic picture. This
recipe together with the above mentioned phenomenological theory enables
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us to calculate all sorts of equilibrium behavior. This way of dealing with
thermodynamic phenomena has sometimes been compared to “driving a car
without knowing how an engine works”, nevertheless it is an important technique and therefore brieﬂy described in the following.
3.3.1 Boltzmann’s Principle, A Priori Postulate
Boltzmann postulated the following connection between the thermodynamic
entropy and the micro state of an isolated system (all extensive state variables, internal energy U , volume V , and particle number N are ﬁxed from
the outside), as
S = kB ln m(U, V, N ) ,

(3.38)

where kB is the so-called Boltzmann constant and m is the number of micro
states accessible for the system under the given restrictions. The number of
accessible micro states m is often also called statistical weight or sometimes
thermodynamic weight, and we will evaluate this quantity below.
However, let us ﬁrst consider a macro state of a given system. From phenomenology we have learned that the equilibrium state must have maximum
entropy (the second law, see Sect. 3.1.2) and thus, according to Boltzmann,
this state should also belong to a maximum number of micro states. For illustration, think of a gas in a container: the states of maximum entropy are
states where the gas particles are equally distributed over the whole volume
and, of course, the number of such states is very large in comparison to the
number of states, where all gas particles are in one corner of the container,
say.
The entropy deﬁned above is an extensive quantity in the sense that two
systems with statistical weights m(1) and m(2) have the joint weight m(1) ·m(2)
and the total entropy of both systems S = kB (ln m(1) + ln m(2) ).
Within statistical mechanics of isolated systems we have another very important postulate – the assumption of equal a priori probabilities of ﬁnding
the system in any one of the m possible micro states belonging to the respective macro state. As a postulate, this statement is not provable either, but,
as e.g., the energy of a gas in a volume V does not depend on the position
of the gas particles within the container, each of these “micro states” might,
indeed, be expected to be equally likely.
This idea of assuming certain probabilities for micro states rather than
calculating them led to yet another way of describing a macro state of a
system, which is the so-called statistical ensemble. This ensemble consists
of m identical virtual systems for each accessible micro state and each is
represented by a point in phase space. This concept has been supported
by the claim that the thermodynamic system should be quasi-ergodic, i.e.,
its trajectory would come inﬁnitesimally close to every possible micro state
within its time evolution, thus one would be allowed to replace the time

32

3 Basics of Thermodynamics and Statistics

average by the ensemble average. Later we will discuss in more detail the
ideas behind this quasi-ergodic theorem and the problems we have to face
after its introduction (see Sect. 4.2).
We can now describe the state of a system by the density of points in
phase space belonging to the statistical ensemble. This density W (q, p, t)
contains the probability of ﬁnding a point in phase space at position (q, p) at
time t. According to the a priori postulate this probability should be constant
within the respective energy shell (see below, (3.40)) and elsewhere zero

1
= const. E < H(q, p) < E + ∆E
W (q, p, t) = m
.
(3.39)
0
else
The statistical ensemble deﬁned by this special density is called the microcanonical ensemble (see Fig. 3.1(b)).
3.3.2 Microcanonical Ensemble
The microscopic behavior of any N particle system is described by the respective Hamilton function H(q, p), dependent on all generalized coordinates
of the system. A micro state of the system is then represented by a point in
the systems phase space, the 6N dimensional space spanned by all position
and momentum coordinates of the N particles. For an isolated system, a
system which does not exchange any extensive variable like energy, volume
etc. with the environment, the Hamilton function deﬁnes an energy surface
H(q, p) = U in the phase space. The state evolution is therefore constrained
to this hypersurface in phase space. Since the total isolation of a system is
a very idealized restriction, let us consider in the following not completely
isolated systems, for which the internal energy is ﬁxed only within a small
interval
E < H(q, p) = U < E + ∆E .

(3.40)

The representing trajectory of the system is then restricted to an energy shell
of the thickness ∆E in phase space, contrary to the restriction to an energy
surface in the case of total isolation.
To exploit Boltzmann’s postulate we need to know the number of micro
states m in such an energy shell of the respective phase space. Usually we
divide the phase space into cells of the size h3N , arguing that in each cell
there is exactly one micro state of the system. This assertion is reminiscent
of a quantum state in phase space, due to the uncertainty relation. However,
we could also have introduced an abstract division into cells. In any case, the
number of states should be the phase space volume of the respective energy
shell in phase space divided by the cell size.
The total volume of the phase space below the energy surface H(q, p) = E
is given by the volume integral
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Fig. 3.1. (a) state density G(E) (b) probability W (p, q) for a microcanonical
ensemble


Ω(E) =
H(q,p)≤E

N


dqdp ,

(3.41)

µ=1

and the volume of the energy shell by Ω(E + ∆E) − Ω(E). The latter can
directly be evaluated by the volume integral

Ω(E + ∆E) − Ω(E) =
E<H(q,p)<E+∆E

N


dqdp .

(3.42)

µ=1

For further reference we also deﬁne here an inﬁnitesimal quantity, the state
density (cf. Fig. 3.1(a))
Ω(E + ∆E) − Ω(E)
∆E→0
∆E

(3.43)

dΩ(E)
.
dE

(3.44)

G(E) := lim
=

Finally the number of micro states in the respective energy shell, according
to the above argumentation, is
m=

Ω(E + ∆E) − Ω(E)
.
h3N

(3.45)

We thus ﬁnd in linear approximation for small ∆E
m≈

∆E G(E)
,
h3N

(3.46)

where G(E) is the state density (3.43) at the energy surface H(q, p) = E,
which we have assumed does not change much in the small interval ∆E. The
Boltzmann entropy now reads
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S = kB ln m = kB ln

∆E G(E)
.
h3N

(3.47)

In most cases ∆E can be considered a constant independent of E. As explained later this is not true in all cases (see Sect. 4.5).
From (3.20) and the entropy deﬁnition we are then able to deﬁne a temperature of an isolated system in equilibrium by the state density at the
energy E,
1
∂S
∆E
∂
kB ∂G(E)
=
= kB
ln
.
G(E) =
T
∂E
∂E h3N
G(E) ∂E

(3.48)

Due to this result the statistical temperature corresponds to the relative
change of the state density with the energy.
So far we have restricted ourselves to a microcanonical ensemble where all
possible micro states are equally likely. Because of the assumed isolation of
the system this ensemble is not very well adapted for a variety of experimental
situations. Therefore we extend our considerations to a more general exchange
concept, with more detailed information about the micro state of the system.
3.3.3 Statistical Entropy, Maximum Principle
Firstly, we deﬁne a new quantity

S  (Wi ) = −kB
Wi ln Wi ,

(3.49)

i

where distinguishable states of the system, whatever they might be, are labeled by i and Wi is the probability of ﬁnding the system in state i. Originally,
this deﬁnition was proposed by the information theoretician Shannon, who
intended to measure lack of knowledge by this function. In thermostatistics
the probabilities Wi are the probabilities for ﬁnding the system in a micro
state with energy E.
To ﬁnd the best guess about the probability distribution, provided one
knows some property of the system for sure, one has to compute the maximum of S  with respect to the Wi ’s under the restriction that the resulting
description of the system has to feature the known property. This maximum
of S  then is the entropy S. This scheme is often referred to as Jaynes’ principle introduced in [56, 57].
Again, if all extensive quantities, like volume and internal energy of a
system are ﬁxed (microcanonical situation), one has to maximize S  over
all states featuring this energy and volume, which are all states from the
accessible region. The only macro condition to meet is the normalization of
the distribution

Wi − 1 = 0 .
(3.50)
i
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As expected from our former considerations, in this case (isolated situation)
a uniform distribution (see (3.39)) over all those states results, as claimed
in the a priori postulate. Therefore deﬁnition (3.49) meets the deﬁnition of
Boltzmann in the case of a microcanonical situation, if we introduce (3.39)
as the respective probability distribution of the microcanonical ensemble.
Much more interesting are other contact conditions, e.g., canonical ones.
In a canonical situation energy can be exchanged between system and environment – the system is in contact with a heat bath. As an additional macro
condition we require that the mean value of the energy is equivalent to the
internal energy of the system U , given by

W i Ei = U .
(3.51)
i

Of course the normalization condition (3.50) should also be obeyed. Now,
we maximize S  with respect to the Wi ’s under observance of both these
conditions required for the variation





Wi ln Wi + α
Wi − 1 + β
W i Ei − U
=0,
(3.52)
δ
i

i

i

with the Lagrange multipliers α and β. From this variation we ﬁnd the probability distribution
Wi =

1 −βEi
e
Z

with Z = e1+α ,

(3.53)

called the Boltzmann distribution, where we have introduced the partition
function Z instead of the Lagrange multiplier α.
It remains to evaluate the two Lagrange multipliers. By introducing the
result of the variation in the condition (3.50), we ﬁnd

Z=
e−βEi .
(3.54)
i

For the second Lagrange multiplier we start from the entropy deﬁnition introducing the distribution



S = −kB
Wi ln Wi = kB ln Z
Wi +kB β
W i Ei .
(3.55)
i

i

  
=1



i





=U

We thus get
U−

1
1
S = − ln Z .
kB β
β

(3.56)

The left hand side is the free energy F (see (3.22)), if we identify β and Z,
respectively, as
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β=

1
kB T

and F = −kB T ln Z .

(3.57)

Note that there is no way to avoid this ad hoc identiﬁcation if one wants
to get a connection to phenomenological thermodynamics. In the same way
other extensive quantities allowed for exchange can be handled, again yielding
results which are in agreement with experiments.
We have thus found a recipe to evaluate the thermodynamic potentials
and therefore the entropy of the system only by microscopic properties. These
properties are speciﬁed by the Hamilton function of the system entering the
partition function. If one is able to evaluate the logarithm of the partition
function, all other thermodynamic properties, state equations, intensive parameters, etc., follow from phenomenological considerations.
However, a complete derivation of thermodynamics from microscopical
theories is still missing. As already mentioned the above statistical considerations are only recipes for concrete evaluation of thermodynamic behavior.
A detailed introduction to some approaches to thermodynamics from a microscopical theory will be given in the following chapter.
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Given the success of Ludwig Boltzmann’s statistical
approach in explaining the observed irreversible
behavior of macroscopic systems . . . , it is quite
surprising that there is still so much confusion about
the problem of irreversibility.
— J. L. Lebowitz [71]
Boltzmann’s ideas are as controversial today, as they
were more than hundred years ago, yet they are still
defended (Lebowitz 1993). Boltzmann’s H-Theorem is
based on the unjustiﬁable assumption that the motions
of particles are uncorrelated before collision.
— H. Primas [105]

In spite of the fact that phenomenological thermodynamics works very well, as
outlined in the previous chapter, there have been many attempts to “derive”
the laws of thermodynamics from an underlying theory.
Almost all approaches of this type focus on the irreversibility that seems
to be present in thermodynamic phenomena, but is most likely absent in
any underlying theory. So to a large degree these approaches intend to prove
the second law of thermodynamics in terms of this irreversibility. They try
to formulate entropy as a function of quantities, the dynamics of which can
be calculated within a microscopic picture in such a way that the entropy
would eventually increase during any evolution, until a maximum is reached.
This maximum value should be proportional to the logarithm of the volume
of the accessible phase space (energy shell); see (3.47). Only if this limit is
reached will the identiﬁcation of the “microscopical entropy” with the phenomenological entropy eventually yield state equations that are in agreement
with experiment. It has not been appreciated very much that there are further properties of the entropy that remain to be shown, even after the above
behavior has been established (see Sect. 4.5 and Sect. 5.1).
One problem of all approaches based on Hamiltonian mechanics is the
applicability of classical mechanics itself. To illustrate this, let us consider a
gas consisting of atoms or molecules. In principle, such a system should, of
course, be described by quantum mechanics. Nevertheless, for simplicity, one
could possibly treat the system classically, if it were to remain in the Ehrenfest limit (see Sect. 2.3), i.e., if the spread of the wave packages were small
compared to the structure of the potentials which the particles encounter.
Those potentials are generated by the particles themselves, which basically
repel each other. If we take the size of those particles to be roughly some
10−10 m, we have to demand that the wave packages should have a width
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
37–58 (2004)
c Springer-Verlag Berlin Heidelberg 2004
http://www.springerlink.com/
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smaller than 10−10 m in the beginning. Assuming particle masses between
some single and some hundred proton masses and plugging those numbers
into the corresponding formulas [126], we ﬁnd that the spread of such wave
packages will be on the order of some meters to 100 m after one second, which
means the system leaves the Ehrenfest limit on a timescale much shorter than
the one typical for thermodynamic phenomena. If we demand the packages to
be smaller in the beginning, their spreading gets even worse. Considering this,
it is questionable whether any explanation based on Hamiltonian dynamics
in phase space (Cartesian space spanned by the 6N position and momentum
coordinates of a N particle system) or µ-space (Cartesian space spanned by
the 6 position and momentum coordinates of any particle of the system) can
ever be a valid foundation of thermodynamics at all. This insuﬃciency of the
classical picture becomes manifest at very low temperatures (freezing out inner degrees of freedom) and it is entirely unclear why it should become valid
at higher temperatures even if it produces good results.
Nevertheless a short, and necessarily incomplete overview, also and mainly
including such ideas, shall be given here.

4.1 Boltzmann’s Equation and H-Theorem
Boltzmann’s work was probably one of the ﬁrst scientiﬁc approaches to irreversibility (1866) [18]. It was basically meant to explain and quantify the
observation that a gas, which is at ﬁrst located in one corner of a volume, will
always spread over the whole volume, whereas a gas uniformly distributed
over the full volume is never suddenly found to be concentrated in one corner. This seems to contradict Hamiltonian dynamics according to which any
process that is possible forward in time, should also be possible backward in
time.
Instead of describing a system in real space (conﬁguration space), Boltzmann tried to describe systems in µ-space, the 6-dimensional space spanned
by the positions q and the velocities v of one particle being a point-like object
in a 3-dimensional conﬁguration space. Now, to describe the state of the whole
system consisting of very many, N , particles, Boltzmann did not introduce N
points in this µ-space, he rather used a continuous function f (q, v, t) meant
as a sort of particle density in µ-space. His basic idea was to divide µ-space
into cells on an intermediate length scale, one cell of size dxdydzdvx dvy dvz
being big enough to contain very many particles, but small compared to a
length scale on which the number of particles within one cell would substantially change from one cell to the next. If such an intermediate scale could
be introduced, f (q, v, t) would simply be the number of particles in the cell
around (q, v). Thus, if f was large at some point, this would simply mean
that there are many particles at the corresponding point in conﬁguration
space, moving in the same direction with the same velocity.
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This description is deﬁnitely coarser than the full microscopic description,
since information about the exact position of particles within one cell is discarded, which will turn out to be an important point, and it excludes a class
of states, namely all those for which the number of particles per cell cannot
be given by a smooth continuous function.
Having introduced such a description, Boltzmann tried to give an evolution equation for this function f , which is today known as the Boltzmann
equation. Since a full derivation of the Boltzmann equation is beyond the
scope of this text (the interested reader will ﬁnd it in [2]) we only give a
qualitative account of the basic ideas and describe in some detail the assumption on which this theory relies.
For a change of f at some point in µ-space and at some time t two
diﬀerent mechanisms have to be taken into account: a change of f due to
particles that do not interact and a change due to particles that do interact
(scatter). The part corresponding to particles that do not collide with each
other does not cause any major problems and results only in some sort of
sheer of the function f that changes positions but leaves velocities invariant.
More problematic is the part due to particles that do interact with each
other. First of all, only the case of interactions that are short ranged compared
to the mean free path are considered. Due to this restriction the dynamics
can be treated on the level of scattering processes, just relating incoming to
outgoing angles, rather than computing full trajectories. Furthermore, and
this is the most important assumption in this context, it is assumed that the
particles in cells that collide with each other are uncorrelated within those
cells before they scatter. This is called the “assumption of molecular chaos”.
To understand this assumption in more detail, we consider an inﬁnitesimal
time step of the evolution of some special function f depicted in Fig. 4.1.
(We restrict ourselves here to a 2-dimensional “gas”, nevertheless µ-space
is already 4-dimensional, thus we have to visualize f by projections). This
function corresponds to a situation with all particles concentrated in one
cell in conﬁguration space but moving in opposite directions with the same
velocity. (By some “center of mass” coordinate transformation any collision
process may by mapped on this one.) After a period dt f will look as shown
in Fig. 4.2. Due to momentum and energy conservation f will only be nonzero on a circle. However, where exactly on this circle the particles end up,
depends on their exact positions within the cells before the collisions. If, e.g.,
the particle conﬁguration at t0 had been such that all particles had collided
head-on, there could only be particles in the marked cells in Fig. 4.2(b). This
corresponds to a strong correlation of the particles before the collision. If
the particles had been uniformly distributed and completely uncorrelated,
the distribution of particles onto the circle at t0 + dt would simply be given
by the diﬀerential scattering cross section σ(Ω) corresponding to scattering
into the respective angle Ω. (For scattering from Coulomb interaction, which
is not short ranged, f would be given by the famous sin4 (Ω) law.) This
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Fig. 4.1. Boltzmann equation: two-dimensional gas in µ-space at t = t0 before any
collision. (a) projection onto position space, (b) projection onto momentum space.
White particles are ﬂying with v0 to the right hand side, black ones with −v0 to
the left.
y
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t = t0 + dt

vx

2v0 dt
(a)

x
(b)

Fig. 4.2. Same as Fig. 4.1, but for t = t0 + dt. Because of momentum conservation
all particles are now concentrated on a ring in momentum space. In the boxes at v0
and −v0 there are only particles which did not collide or which collided head-on.

is exactly what Boltzmann assumed. By simply plugging in the diﬀerential
cross section for f after the collision process he could derive an autonomous
evolution equation for f which no longer contains the exact positions of the
particles.
This assumption, which seems intuitively appealing, has been criticized
by other scientists for the following reason: even if the positions of particles
within their cells were uncorrelated before the collision, they will no longer
be uncorrelated after the collision. To understand this we look at the conﬁguration of the particles before the collision more closely, see Fig. 4.3. Some
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Fig. 4.3. Boltzmann equation: (hypothetical) conﬁguration in two cells before (a)
and after the collision (b). Conﬁgurations as those depicted for particles “1” and
“4” cannot result. Thus, after the collision, particle conﬁgurations in corresponding
cells are correlated.
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particles are going to collide head-on (pair of particles with number 4), some
are going to collide on a tilted axis (e.g., pair of particles with number 1),
and some are not going to collide at all during dt (e.g., pair of particles with
number 3). If we ask which of those particles will still move in the initial
direction after the collision, i.e., occupy the marked cells in Fig. 4.2(b), it
is the particles that collided head-on (particles 4) and the ones that did not
collide at all (particles 2,3,5,7). That means that within a cylinder of length
2v0 dt on the left side of the particles moving to the right (white ones), there
is either no particle (e.g., particle 5) to the left or there is exactly one in
the cylinder (e.g., particle 4). Thus there are, deﬁnitely, correlations between
the positions of particles in the cells marked in Fig. 4.2(b) after the collision
process. The same is true for all cells on opposite positions on the ring.
To meet this criticism Boltzmann argued that there might be correlations
of particles after collisions but not before collisions, since particles would
collide so many times with other particles before they collided with themselves
again, that in these intermediate collisions all correlations were erased. This
is why the assumption of molecular chaos is also called the “Stoßzahlansatz”
(“large number of collisions approach”).
Exploiting the above described Boltzmann equation, Boltzmann was able
to prove that the function

H(t) =
f (q, v, t) log f (q, v, t) dv dq
(4.1)
(already very reminiscent of the entropy proper), which he formulated as a
functional of f , can only decrease in time, regardless of the concrete scattering potential. Thus, in a way, irreversibility was introduced. This was the
beginning of statistical mechanics.
Based on the Boltzmann equation it is possible to derive the Maxwell–
Boltzmann distribution, which describes the distribution of velocities of particles in a gas, to derive the equation of state for an ideal gas, identifying the
mean energy of a particle with 32 kB T , and even set up transport equations.
Despite the enormous success of these ideas, Boltzmann later abandoned
these approaches and turned to ideas centered around ergodicity. In this way
he responded to the fact that he could not get rid of the assumption of
molecular chaos, which appeared unacceptable to him.

4.2 Ergodicity
The basis of this approach, also pursued by Boltzmann, is the assumption that
any possible macroscopic measurement takes a time which is almost inﬁnitely
long compared to the timescale of molecular motion. Thus, the outcome of
such a measurement can be seen as the time average over many hypothetical
instantaneous measurements. Hence, if it were true that a trajectory ventured
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through all regions of the accessible volume in phase space, no matter where
it started, the measured behavior of a system would be as if it were at any
point at the same time, regardless of its starting point. This way irreversibility
could be introduced, entropy being somehow connected to the volume that
the trajectory ventured through during the observation time.
In order to state this idea in a clearer form, the so called “ergodic hypothesis” had been formulated:
the trajectory of a representative point of the system in phase space
eventually passes through every point on the energy surface (accessible volume).
If this statement were taken for granted, it could be shown that the amount
of time that the trajectory spends in a given volume is proportional to that
volume [29]. This leads to another formulation of the ergodic hypothesis stating that the time average equals the ensemble average, the latter in this case
being an average over all system states within the energy shell.
Unfortunately, the ergodic hypothesis in this form is necessarily wrong
for any system, since the trajectory is a one dimensional line, whereas the
so called energy surface is typically a very high dimensional volume, hence
the trajectory cannot pass through all points of the energy surface in any
ﬁnite time [29]. To circumvent this limitation, the quasi-ergodic hypothesis
was introduced, which states that the representative point passes arbitrarily
close to any given point in the accessible volume in phase space.
Birkhoﬀ and von Neumann actually demonstrated that there are systems
which are quasi-ergodic in this sense and that their representing points actually spend equal time in equal phase space cells [14, 89]. This proof, however,
cannot be generalized to the class of thermodynamic systems as a whole, and
it remains unclear how exactly an entropy should be introduced. It has been
suggested to divide phase space into ﬁnite size cells (coarse-graining) and
simply count the cells that the trajectory passes through in a given time (see
Fig. 4.4), or to count the cells weighted with the time the representing point
spent within the cell.
Thus there is a fair amount of arbitrariness. Obviously a lot has to be
introduced artiﬁcially, such as averaging (counting) time, cell size, etc.

4.3 Ensemble Approach
The term “ensemble” was introduced by Gibbs in about 1902 [41]. The idea
is that, in general, a macroscopic observation will be consistent with a very
large number of microscopic conﬁgurations. All these, represented by their
corresponding points in phase space, form the “ensemble”. The ensemble,
therefore, is basically represented by a density in phase space which is normalized and non-zero everywhere where the system could possibly be found.
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Fig. 4.4. Ergodicity approach. Entropy is deﬁned by the volume in phase space
that is occupied by the cells that the trajectory has already ventured through (gray
region). This obviously depends on the observation time (solid line) and the cell
size.

To describe the evolution of a system, one now considers the evolution
of this density rather than the evolution of a single representing point. The
most important theorem for the analysis of the evolution of such a density
is Liouville’s theorem. This theorem states that the volume of any region
in phase space is invariant under Hamiltonian evolution. This theorem has
two important consequences: ﬁrstly, if the system is described by a density
which is uniform throughout all the accessible energy surface, it will be in
a stationary state because this distribution cannot change in time. Thus,
such a state that somehow ﬁlls the entire accessible region can be seen as an
equilibrium state. Therefore one could be tempted to connect the volume, in
which such a density is non-zero, with the entropy. Unfortunately, the second
consequence is that such a volume cannot change in time. This means that
if a system does not start oﬀ in an equilibrium state, it can never reach one.
In order to save this concept, Ehrenfest and others introduced coarsegraining also into this idea [32]. They claimed that entropy should not be
connected to the volume in which the density is non-zero, but rather to the
number of cells, in which the density is non-zero somewhere. If a smooth
shaped region, in which an initial density is non-zero, would then be mapped
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(b)

Fig. 4.5. Ensemble approach: the volume of a region in phase space cannot grow
during a Hamiltonian evolution, due to Liouville’s law. Nevertheless a simple initial
density (a) can be transformed to a complicated structure (b) that may eventually
be found in any cell, if some graining is introduced.

by the Hamiltonian evolution onto a “sponge” like structure featuring the
same volume but stretched over the whole energy shell (see Fig. 4.5), such
an entropy could be said to grow up to the limit, where the structures of
the sponge region become small compared to the cell size. Such a behavior
is called “mixing”, owing to a metaphor by Gibbs, who compared the whole
scenario to the procedure of dripping a drop of ink into a glass of water and
then stirring it until a mixture results [41].
However, even if phase space played a unique role here (Liouville’s theorem is only true in phase space or in any canonical transformation of it),
the cell size has to be introduced artiﬁcially, and, of course, mixing has to
be shown for any system under consideration. This has been done for some
systems, but again, there is no generalization to thermodynamic systems at
all. Another objection raised against this idea is concerned with the fact that
entropy seems to be here due to the observer’s inability to ﬁnd out in exactly which (micro) state the system is. It has been argued that this would
introduce an unacceptable amount of subjectivity into this ﬁeld of physics.

4.4 Macroscopic Cell Approach
The idea of the “macroscopic cells” is also due to Ehrenfest who called them
“stars”. Such a star is a region in phase space that only consists of points
that are consistent with one macroscopic description of the system. E.g., if
we wanted to describe a gas by the volume it occupies, V , and its total internal energy, U , all points in phase space corresponding to a gas in this
macro state would form the macroscopic cell labeled by those speciﬁc macroscopic variables, V and U . This way, phase space is not grained into equal
sized Cartesian cells like in the former approaches, but into strangely shaped
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equilibrium cell

starting cell

trajectory

Fig. 4.6. Macroscopic cell approach: the phase space is divided into cells, according
to the macro state of the system. One of these cells is much larger than all the others,
the equilibrium cell. Any trajectory that is not subject to further restrictions is likely
to end up in the biggest cell.

macroscopic cells that may be extremely diﬀerent in size from each other (see
Fig. 4.6).
This diﬀerence in size is crucial here, for it is assumed that the “equilibrium cell”, i.e., the cell in which the gas occupies the biggest possible volume,
V , would be by far the largest one, i.e., be large enough to almost ﬁll the
entire phase space. Technically this also needs to be proven for any thermodynamic system individually, but it seems much more plausible than the
assumption of ergodicity or mixing.
This plausibility is connected to the so-called “law of large numbers”. It
is usually established by considering some abstract space (basically identiﬁed
with µ-space), grained into a large number of equally sized cells, and divided
into two halves, each one containing an equal number of cells (see Fig. 4.7). If
now the set of all possible distributions of a large number of points into those
cells is examined, it turns out that the vast majority of such distributions
features the same amount of points in both halves.
The larger the number of cells and the number of points, the more drastic
is this result. Transferring this result to phase space, it can be argued that
almost all points in phase space, corresponding to distributions of points in µspace, belong to one macroscopic state, speciﬁed by one macroscopic variable
that just measures the amount of points, say, in the left half [101].
Having established such a structure of phase space, one does not need the
strict ergodicity hypothesis any longer, for if the trajectory wanders around
in phase space without any further restrictions, it will most likely eventually
spend almost all time in the biggest cell, even if it started in a small one (see
Fig. 4.6).
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(b)

Fig. 4.7. Macroscopic cell approach: “the Law of large numbers”. The vast majority
of distributions of points in these cells features the same amount of points in both
halves (b). E.g., there is only one conﬁguration where all points are in the left
half (a).

In such an approach, entropy is connected to the size of the cell the representing point is wandering through. However, here new problems are to be
faced: to decide whether or not a given micro state belongs to a macroscopic
cell one has to assign a volume to the conﬁguration of gas particles. This is
more subtle than it might seem at ﬁrst sight. One method is to coarse-grain
conﬁguration space into standard Cartesian cells and count the cells that are
occupied by at least one particle. However, this only yields satisfactory results
for a certain ratio of the cell size to the diluteness of the gas particles. Other
approaches proceed by taking the convex cover or other measures deﬁned for
a set of points, thus there is a fair amount of arbitrariness.
Another problem with this idea arises if one tries to examine situations, in
which the internal energy of a system is not rigidly ﬁxed, but the system can
exchange energy with another in some sense bigger system called a heat bath.
In this case, one ﬁnds empirically that the probability of ﬁnding the system in
a state of energy E is proportional to exp(−E/kB T ) (Boltzmann distribution,
see Sect. 3.3.3). There are attempts to explain this behavior by enlarging
the phase space to contain both the system and the bath. Qualitatively the
argument then is that the cells containing less energy in the considered system
will have more energy in the bath (overall energy conservation) and are thus
bigger than cells corresponding to higher energies in the considered system.
Therefore, so the argument goes, it is more likely to ﬁnd the considered system
at lower energies. However, in order to derive a Boltzmann-distribution more
properties are needed to make this concept work: an exponential growth of
the cell sizes of the bath (see Chap. 11) and, most importantly, ergodicity
of the full system. Otherwise cell sizes will not map onto probabilities. So,
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again, this approach only holds under the assumption of ergodicity, the very
condition one tried to get rid of.

4.5 The Problem of Adiabatic State Change
One issue that has attracted much less attention in the past than the second
law, is the fact that entropy should be shown to be invariant during so-called
adiabatic processes [85]. As known from countless practical experiments, the
state of a system controlled by the change of an external parameter, like
volume or magnetic moment, proceeds in such the way that entropy is left
unchanged, if the system is thermally insulated and the parameter change
happens slowly enough. As obvious as this fact may seem from an experimental perspective, as surprising it is from the theoretical side. From all the
possible ways in which, e.g., energy can change, exactly that one needs to
be singled out that leaves a quantity as complicated as entropy unchanged!
This is true for all sorts of processes that fulﬁll the conditions mentioned
above. From a microscopical point of view this is an enormously large class
of processes. For the phenomenological theory of thermodynamics it is a very
important property since, otherwise, the identiﬁcation of pressure with the
negative derivative of energy with respect to volume under constant entropy, a
basic statement of the ﬁrst law, would be without justiﬁcation (see Sect. 3.1.3
and especially (3.18)).
The most popular answer to this question on the basis of classical mechanics is the “law of the invariance of the phase space volume” [85]. This
law is introduced by investigating a short time step of the evolution of a system while an external parameter a is changed. The considered time step is
short enough to neglect the motion of any representing point of the system in
phase space during that step. However, with the parameter change the “energy landscape” of the system in phase space also changes by an inﬁnitesimal
amount. This means: all points that belonged to one energy shell of energy E
and thickness ∆E before the step may belong, in general, to diﬀerent energy
shells after the step (see Fig. 4.8).
Now the ensemble average is computed, i.e., the mean energy change
∆E corresponding to all the points on the energy shell before the time step.
Hereby it turns out (by using diﬀerential geometry) that the volume below the
energy surface Ωa+∆a (E + ∆E) corresponding to the energy E + ∆E deﬁned
by the “new” Hamiltonian encloses a volume in phase space that is exactly
as large as the volume enclosed by the energy surface Ωa (E) corresponding
to the energy E deﬁned by the “old” Hamiltonian,
Ωa+∆a (E + ∆E) = Ωa (E) .

(4.2)

For the exact deﬁnition of such phase space volumes see Sect. 3.3.2.
The idea now is that in an adiabatic process the actual representing point
of the system moves much faster than the Hamiltonian changes, and that it
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Fig. 4.8. Invariance of entropy. phase space of a particle interacting with a harmonic wall (see inset). If we were going to change an external parameter by moving
the wall from position A to B, the Hamiltonian would change and therefore also the
phase space. If the particle was initially within the region between the dashed lines
of the phase space, it could be in the two diﬀerent gray regions after the change.
Two representing points are shown belonging to the same energy surface before the
process, which are on diﬀerent surfaces afterwards.

moves in an ergodic way. If this were the case, the system would undergo many
such inﬁnitesimal changes, while the energy changes corresponding to the
points on the energy shell would remain practically the same. Within a time
interval in which the representing point passes all points on the energy shell
and in which the external parameter only changes by a very small amount,
the system would “average itself”. If the change of the external parameter
were performed suﬃciently slowly, the representing point would thus travel
through phase space in such a way that the energy surfaces the point can be
actually found on will always enclose the same volume. If one now considered
the evolution of many representing points, initially on equidistant energy
surfaces, it may be argued that the volumes in between two adjacent energy
surfaces corresponding to two representing points cannot change, since the
volumes enclosed by those energy surfaces do not change. The conclusion of
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this consideration is that the volume of the energy shell of a representing
point does not change in a suﬃciently slow process.
This reasoning faces two major shortcomings: ﬁrstly, the whole concept
relies on ergodicity, a behavior that, in general, can only be postulated (see
Sect. 4.2). Furthermore, the Boltzmann deﬁnition connects entropy with the
volume of the energy shell (see (3.47)). This volume depends linearly on the
thickness of the shell, ∆E and may be written as ∆EG(E), where G(E) is
the classical state density, which may be computed from the volume enclosed
by some energy surface Ω(E) by G(E) = ∂Ω(E)/∂E (see Sect. 3.3.2). The
thickness ∆E is controversial, if only entropy changes are considered. However, its precise value is irrelevant, as long as it is not changed during the
process. This is why entropy is usually deﬁned simply on the basis of G(E) as
S = kB ln G(E). The latter, however, may lack invariance, as will be shown
below.
Consider, e.g., a particle bound to a two dimensional rectangular surface
(such a system may even be quasi-ergodic, see Fig. 4.9(a)). The state density
G(E) of such a system is constant, i.e., does not vary with E (see Fig. 4.9(b)).
If one edge of the surface is moved out, the state density changes but remains
constant with respect to E, shifted only to a higher value. Thus, although the
energy changes, the system cannot have the same entropy after the process,
according to the above deﬁnition. The volumes enclosed by energy surfaces
corresponding to representing points at the upper and lower energy of the
energy shell may nevertheless be left invariant (see Fig. 4.9(b)). The above
consideration involves a change of ∆E, which is problematic, since it is usually
left out of the entropy deﬁnition. This problem does not show in standard
calculations simply because, contrary to our example, one has for typical
systems like ideal gases G(E) ≈ Ω(E). However, in principle, the problem
remains unsolved (cf. Sect. 13.1).

4.6 Shannon Entropy, Jaynes’ Principle
In Sect. 3.3.3 Jaynes’ principle (maximization of Shannon entropy (3.49))
has been introduced basically as a recipe of how to calculate thermodynamic
behavior from knowledge about microscopic structures. Nevertheless, since
maximization of entropy plays a major role in this concept, it is sometimes
brought forth as a justiﬁcation for the second law. As explained in Sect. 3.3.3,
this consideration is neither based on classical mechanics nor on quantum theory, indeed its applicability is not even meant to be restricted to physics at
all. The basic idea is that entropy represents a measure of lack of information, thus the whole concept is introduced as a rational way of dealing with
incomplete knowledge, wherever it may occur [56, 57]. Thus, this approach
somehow radicalizes the idea that has already been underlying some of the
previously described concepts, namely that thermodynamic behavior is due
to the observer’s inability to measure precisely and in enough detail. This
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Fig. 4.9. Invariance of entropy: (a) Special example of a particle in a two dimensional box. (b) The respective state densities and the problem of diﬀerent ∆E
before and after the change of the external parameter (volume of a box) from a to
a + ∆a.

would mean that the origin of the second law was no longer searched for in
the physical world but would take place more or less in the observer’s brain.
And this, so the most common objection against this point of view, causes
principal problems. From the fact that entropy and thus a basic thermodynamic quantity is based on the subjective lack of knowledge of the observer
it must follow that, if an observer gains more information about a system,
its entropy decreases and thus, e.g., its temperature decreases. This means
that a change in the observer’s mind could induce a macroscopic physical
change of a system. This is considered unacceptable. At least as long as it is
unclear whether or not there are principal limits to the observer’s possibility
to overcome his lack of knowledge.
All other approaches mentioned above deﬁne entropy on the basis of the
dynamics of a microscopic picture, thus entropy is eventually deﬁned as a
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function of time, the evolution of which is controlled by some underlying
equation of motion. A reduction proper is not even attempted in Jaynes’
approach, microscopic dynamics does not play any role there.
At ﬁrst sight it appears to be an advantage of this approach that properties of systems under canonical (rather than microcanonical) conditions
follow naturally from the basic idea. However, for this to be true in general,
one has to accept that keeping an intensive quantity ﬁxed leads to a ﬁxed
average value of the conjugate extensive quantity. For this claim no further
justiﬁcation is given.
Furthermore, if this principle is applied to the exchange of any other extensive quantity, the resulting states are not necessarily stationary anymore,
which is inconsistent, for the resulting states should be equilibrium states.
A last objection against this theory is that the limits of its applicability
are not stated clearly. Technically, this concept might be applied, e.g., to low
dimensional “few body problems”, for which the laws of thermodynamics are
obviously not valid.

4.7 Time-Averaged Density Matrix Approach
This concept is explicitly quantum mechanical and refers to the von Neumann
entropy (see Sect. 2.2.4 or [89])
S = −kB Tr {ρ̂ ln ρ̂} .

(4.3)

Since any possible state ρ̂ of a quantum system can be written as a weighted
mixture of states that form an orthogonal set, the von Neumann entropy
reduces to Shannon’s entropy with those orthogonal states taken as the distinguishable states and their weights as the corresponding probabilities. The
von Neumann entropy is invariant under unitary transformations. This property has two consequences: it is independent of the chosen basis, and it is
time independent, just like the Gibbs entropy in the ensemble approach.
Since one needs an entropy that can possibly change in time, it has been
suggested to calculate S using a time averaged density matrix rather than
the actual instantaneous one.
The elements of the time dependent density matrix read


(Ei − Ej )t
i|ρ̂(t)|j = exp
i|ρ̂(0)|j ,
(4.4)
i
where |i, |j are energy eigenstates and Ei , Ej the respective eigenenergies.
Since all oﬀ-diagonal elements are oscillating, they will vanish if the density matrix is time-averaged [37]. Moreover, it can be shown that the von
Neumann entropy indeed rises, if the oﬀ-diagonal elements vanish.
The problem of this idea is the averaging time. If systems get big, typically the energy level spacing becomes very small, and the averaging time that
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is necessary to actually see entropy rise signiﬁcantly, may very well exceed
typical relaxation times of thermodynamic systems. In the limit of degenerate energy eigenstates this averaging time becomes inﬁnitely long. Thus,
technically speaking, a system with a precisely given energy (microcanonical conditions) and therefore only occupying degenerate energy eigenstates,
would never exhibit an increasing entropy, regardless of the averaging time.

4.8 Open System Approach and Master Equation
The open system approach is based on the fact that any description of a
real system will necessarily be incomplete. This means that the subsystem
selected for investigation will eventually be subject to the interaction with
some unobserved and, to a large extent, uncontrollable “environment”. Isolated models should thus be taken as an idealization of rather limited validity
for classical as well as for quantum systems. Embeddings of the target system
prevail, which do not only limit the accessible information but also drastically
change the dynamics of the parts. Note, however, that the partition between
system and environment does not follow from the underlying complete description; it has to be put in “by hand”.
4.8.1 Classical Domain
Master equations have originally been introduced within classical manyparticle physics. Here, the pertinent state space is the 6N -dimensional phase
space, in which each micro state is represented by one point with the coordinates {q, p} = {q1 , . . . , q3N , p1 , . . . , p3N }. The function of interest is the
probability distribution function ρ(q, p).
Following Zwanzig [137] one then assumes that a “relevant” part of ρ can
be projected out according to
ρrel (q, p) = P̂ ρ(q, p)

with P̂ 2 = P̂

(4.5)

and
ρirrel (q, p) = (1 − P̂ )ρ(q, p)

(4.6)

denoting the “irrelevant” part. Note that this irrelevant part need not be
a physically distinct subsystem: Boltzmann’s relevance concept, e.g., just
neglects the correlations between the considered particles. In any case, the
corresponding relevant dynamics can then no longer be autonomous. The
classical Liouville equation
∂ρ
= {H, ρ} ,
∂t

(4.7)

where the object on the right hand side denotes that the Poisson bracket
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{H, ρ} :=


i



∂H ∂ρ
∂ρ ∂H
−
∂qi ∂pi
∂qi ∂pi


,

(4.8)

must be replaced by
∂ρrel
= f (ρrel , ρirrel ) .
∂t

(4.9)

On the right hand side this equation contains terms depending also on the
irrelevant parts of the probability distribution function. It is now of primary
concern to justify approximation schemes leading back to some autonomous
version of this equation of motion. Such an autonomous equation may then
contain memory eﬀects or else be local in time (Markovian),

∂
(4.10)
ρrel (ζ, t) = G(ζ, ζ  ) ρrel(ζ  , t) dζ  .
∂t
Here, ζ denotes the respective relevant variables. For example, with the phenomenological solution




G(ζ, ζ ) = W (ζ, ζ ) + δ(ζ, ζ ) W (ζ, ζ  ) dζ  ,
(4.11)
with W (ζ, ζ  ) describing transition probabilities, one ﬁnds the well known
rate equation
 
∂
ρrel (ζ, t) =
W (ζ, ζ  ) ρrel (ζ  , t) − W (ζ  , ζ) ρrel (ζ, t) dζ  .
(4.12)
∂t
This so-called master equation describes the time dependent change of the
probability distribution function at position ζ via a transition rate from all
other positions into ζ minus a transition from ζ to all other positions. Under
the action of this equation of motion the entropy of the system will, in general,
increase (remember Boltzmann’s H-Theorem Sect. 4.1).
4.8.2 Quantum Domain
System and environment have to be treated quantum mechanically. We assume the total state to be pure and to be described by a density operator
ρ̂ = |ψψ| deﬁned on the corresponding Liouville space (here taken to be
discrete and ﬁnite). The discrimination between relevant and irrelevant parts,
again, does not follow from the underlying complete description, it is typically
motivated by a certain partition between system proper and environment. In
the following discussions we will label all quantities of the system with “g”
and quantities of the environment with “c”, according to the thermodynamic
model of “gas” and “container”. In this section this analogy does not have any
real impact, we only use it for consistency. The respective density operators
can then be identiﬁed as reduced density operators
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ρ̂irrel = Trg {ρ̂} = ρ̂ c ,
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(4.13)
(4.14)

where the density operators of the individual parts are no longer pure and
the dimension of the Liouville space of the system g is (ng )2 . Again, the
Liouville–von–Neumann equation
i


∂ ρ̂ 
= Ĥ, ρ̂
∂t

(4.15)

has to be replaced by a non-autonomous form,
i

∂ ρ̂ g
= fˆ(ρ̂ g , ρ̂ c ) .
∂t

(4.16)

Since such an equation cannot be solved one has to get back to an autonomous
form. This, in turn, cannot be achieved without specializations, approximations and/or assumptions, since in such a procedure the largest part of the
degrees of freedom is simply neglected. Diﬀerent authors propose slightly different schemes. All of them proceed in the interaction picture and require the
interaction between the subsystems to be small. Some of them, e.g., Walls
and Milburn in their book “Quantum Optics” [129], construct a Dyson series and truncate at some order due to the smallness of the interaction. This
might be in conﬂict with evaluating the result for arbitrarily long times, or
even times long enough to see the eﬀect of the container on the gas. However,
taking the container to be a set of decoupled harmonic oscillators, with an
eigenfrequency density suitable to fulﬁll the Markov assumption (see below),
and assuming a special type of interaction (rotating wave approximation), an
autonomous form for a two level gas system is derived:
dρ̂ g
W1→0
(2 σ̂− ρ̂ g σ̂+ − ρ̂ g σ̂+ σ̂− − σ̂+ σ̂− ρ̂ g )
=
dt
2
+

W0→1
(2 σ̂+ ρ̂ g σ̂− − ρ̂ g σ̂− σ̂+ − σ̂− σ̂+ ρ̂ g ) .
2

(4.17)

This holds true for the container being in a thermal state initially. The rates
W1→0 and W0→1 are such that the gas system ends up at the same temperature in which the container initially was, so this approach somehow excludes
situations in which the container temperature changes during the process,
and leaves the question open, how the container developed into a thermal
state to begin with.
Other authors, Scully and Zubairy [118], exploit the assumption that the
joint system should approximately factorize at any time since it factorized
in the beginning and the interaction is weak (Born approximation). This,
again, may be challenged since even weak interactions may lead to serious
quantum correlations for longer times [40]. Furthermore, for pure overall initial states it is hard to see how local entropy could rise, without developing
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entanglement between the gas and the container system, local entropy being
an entanglement measure in this case. However, by assuming the container
system to be Markovian and non-changing altogether, these approaches also
lead to the above equation. It should not come as a surprise that under the
non-entanglement assumption environments (linearly coupled to the system
proper) could even be treated classically [43].
There are also approaches [16, 79] that do not introduce any speciﬁc
form of the container system and the interaction but rely on the Markov
assumption, i.e., the assumption that bath correlations decay faster than the
state of the gas system is changing. However, they also require a stationary
bath as well as a factorizable joint system.
So all these techniques come with the remarkable advantage of being able
to describe not only equilibrium states but also the way to equilibrium. However, although there are extensions, these approaches typically rely on the
Born approximation and on systems being Markovian. Furthermore, state
changes of the container system are not included, which introduces a certain
asymmetry between system and environment. It is the environment already
being in an equilibrium state that induces equilibrium in the considered system.
The most general form of an autonomous equation for the gas system, i.e.,
an equation that guarantees the density operator to be positive semideﬁnite
at all times, has been introduced by Lindblad [72],
 1
∂ ρ̂ g (t)
i
= − Ĥ g , ρ̂ g +
∂t

2

(ng )2 −1




Aij 2L̂i ρ̂ g L̂†j − ρ̂ g L̂†j L̂i − L̂†j L̂i ρ̂ g .

i,j=1

(4.18)
The ﬁrst term is just the normal coherent time evolution of the system on its
own. It could contain, and does as a rule, energy shifts that result from the
interaction. The rest describes the incoherent inﬂuence of the environment,
deﬁned by the environment operators L̂i . These (ng )2 − 1 traceless operators
together with the 1̂-operator form a complete orthogonal basis of the (ng )2
dimensional Liouville space of the relevant system and act such as to approximate the inﬂuence of the environment c. Aij is a Hermitian, positive deﬁnite
parameter matrix. For a complete derivation of the Lindblad equation for
open systems and pertinent examples, see [73, 79].
In general, the number of independent damping parameters Aij rapidly
increases with ng , e.g., with the number of subsystems. For a simple spin
we have two rates. For a two spin system, e.g., the so-called transverse
relaxation rates are based on the three Hermitian environment operators
(1)
(2)
(1)
(2)
L̂1 = σ̂3 , L̂2 = σ̂3 , L̂3 = σ̂3 ⊗ σ̂3 , which already lead to three “autocorrelated” rates κ11 , κ22 , κ33 and three “cross correlated” rates κ12 , κ13 , κ23 .
(µ)
(µ)
The inclusion of “longitudinal rates” in terms of σ̂1 , σ̂2 would further
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increase this number considerably, but can be neglected for typical nuclear
spin pairs [61].
The master equation is invariant under the simultaneous transformation
of these environment operators
ˆ =  U L̂ ,
L̂i → L̃
i
ij i

(4.19)

j

together with the parameter matrix

Aij → Ãll =
U∗li Aij Ul j ,

(4.20)

i,j

where Uik is a unitary matrix. This means that diﬀerent sets of damping
channels can produce the same dynamics for ρ̂ g .
It is always possible to diagonalize Aij ; the diagonal terms then represent
rates. For which environment operators this should be the case has to be
decided by further analysis of the total system under consideration. This can
be done by a direct derivation of the corresponding master equation from the
complete Hamiltonian for system and environment. It then becomes clear
that the coherent and incoherent part of (4.18) are not really independent,
despite the simple, additive form.
The right hand side of the above master equation can be divided into
several parts, the eﬀect of a coherent and two incoherent super-operators on
ρ̂ g :

i
L̂coh ρ̂ g = − Ĥ g , ρ̂ g ,


(1)
Aij L̂i ρ̂ g L̂†j ,
L̂inc ρ̂ g =

(4.21)
(4.22)

i,j

(2)


1
Aij ρ̂ g L̂†j L̂i + L̂†j L̂i ρ̂ g
2 i,j
i
= −
∆Ĥ ρ̂ g − ρ̂ g ∆Ĥ †


L̂inc ρ̂ g = −

(4.23)

with
∆Ĥ = −

i 
Aij L̂†j L̂i .
2 i,j

(4.24)

Equation (4.23) can thus be included in (4.21) by allowing the eﬀective Hamiltonian to be non-Hermitian. Due to the incoherent parts there is, in general,
an increase of entropy for system g. The quality of this approximation scheme
– including the non-entanglement assumption – will depend on the partition
chosen.
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It has become popular to interpret the solution of the Lindblad equation
as an ensemble of pure state trajectories for the system under consideration.
This is essentially a “classical” idea. It is assumed that the non-pure state
ρ̂ g was due to subjective ignorance of not knowing the actual pure state.
(In general, there need not exist a pure state, the apparent mixing could
be due to entanglement.) However, the mere possibility of carrying out this
program conﬁrms the fact, that there is no entanglement between the involved
system and environment. If the environment state ρ̂ c was independent of
ρ̂ g , which typically holds, the resulting mixture of products would remain a
simple product at all times. The pure state trajectories are not unique for
a given Lindblad equation; they follow from a procedure called “stochastic
unraveling” [28].

5 The Program for the Foundation
of Thermodynamics

Nobody knows, what entropy really is.
— J. von Neumann quoted in [128]

For a foundation of thermodynamics it is tempting to give an abstract but,
nevertheless, intuitively appealing deﬁnition of entropy, such as: entropy is
the number of micro realizations for a given macro state, entropy is some
volume in phase space, entropy is the lack of knowledge, etc. However, then
one is left with the task of showing that the quantity so deﬁned indeed behaves
in a way that is empirically observed (see Chap. 4).
Thus, thermodynamics is often introduced on the basis of some axiomatic
structure spelling out how thermodynamic quantities are expected to behave
(see Sect. 3.1). Usually some of the axioms deal with the notorious irreversibility of thermodynamic systems, others with the possibility of formulating the
internal energy U as a state function in terms of the entropy S and other
extensive variables. Starting from ﬁrst principles it is evident that much of
the behavior of thermodynamic quantities (including their mere existence)
needs explanation.
In the following a “checklist” of properties of thermodynamic quantities
will be given, meant as a set of rules by which thermodynamic behavior (as
we observe it) can be completely deﬁned. Thus, if all those rules can be shown
to result from an underlying theory, thermodynamics might be considered as
emerging from this underlying theory; if the approach failed to demonstrate
any of them, the task would not be accomplished fully.
The set of rules given here should neither be considered unique nor irreducible. If, e.g., ergodicity (and mixing) were assumed, the validity of the
second law (Checklist 2.) and the equality of intensive variables (Checklist
4.) would follow, thus one could replace those two items by demanding ergodicity. This, however, would not be suitable for the approach at hand. The
choice of properties given here is expected to be complete and appropriate
for starting from the theory of quantum mechanics.

5.1 Basic Checklist: Equilibrium Thermodynamics
1. Deﬁnition of Thermodynamic Quantities:
All thermodynamic quantities (entropy, temperature, energy, pressure,
etc.) should be precisely deﬁned as functions of the variables of an underlying theory, such that this underlying theory describes the dynamics
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
61–64 (2004)
c Springer-Verlag Berlin Heidelberg 2004
http://www.springerlink.com/
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of those variables. If introduced in this way, the thermodynamic quantities would “always” be well-deﬁned, i.e., even outside equilibrium, or
for systems that are not thermodynamic (see Sect. 5.2). Deﬁnitions of
thermodynamic quantities are given in Chaps. 6, 12 and 13.
2. Second Law of Thermodynamics (Maximum Principle for Entropy):
This axiom establishes the irreversibility of some thermodynamic processes (i.e., which processes are possible, which are not). It postulates
the existence of a certain stationary equilibrium state, into which a thermodynamic system will evolve eventually. Under given constraints this
equilibrium state is stable with respect to perturbations. It should be
shown that the system considered reaches a state for which the ﬂuctuations of all well deﬁned thermodynamic quantities are negligible. This
state has to be controllable by macroscopic constraints. Since those constraints can be imposed in diﬀerent ways, i.e., by keeping diﬀerent sets
of intensive and extensive variables ﬁxed or controlled, at least two cases
have to be distinguished:
a) Microcanonical conditions (energy kept ﬁxed):
In this case the entropy should only increase during the evolution,
and the ﬁnal state should only depend on the energy distribution of
the initial state. (This behavior is established in Sect. 9.1.)
b) Canonical conditions (temperature T kept ﬁxed):
Since under these conditions the equilibrium state of the system is
controlled by the contact with a heat bath, the only specifying parameter of which is its temperature, the equilibrium state should only
depend on this temperature, regardless of its initial state. (This behavior is established in Sect. 9.2.)
3. Gibbsian Fundamental Form (Energy Conservation, State Functions):
This law is the one from which, eventually, connections between measurable, macroscopic intensive and extensive quantities are inferred. Thus it
guarantees that for a certain class of processes that involve a change of
those macroscopic variables, a detailed microscopic picture is dispensable
and can be replaced by a simpler, macroscopic picture.
a) State Function:
It should be shown that if the extensive variables, say, volume V and
(equilibrium) entropy S, take on certain values, the internal energy
U necessarily has a corresponding value, regardless of the path by
which the state has been reached.
b) Temperature as a Conjugate Variable:
It should be shown that there are processes (heating, cooling, etc.),
in which all extensive variables are kept ﬁxed except for energy and
entropy, which then should be shown to depend on each other, according to


∂U
∂S


=T ,
V =const.

(5.1)
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where of course the same deﬁnition of temperature T as above has to
be used. (This behavior is established in Sect. 12.3.)
c) Pressure as a Conjugate Variable:
It should be shown that there are processes (isentropic), in which
the extensive variable volume V , changes, while all others, including
especially entropy, remain constant. The analysis of such a process
then has to yield,


∂U
= −p ,
(5.2)
∂V S=const.
where p is the pressure. (This behavior is established in Sect. 13.1.)
d) Other Conjugate Variables:
It should be shown that there may be processes, in which some additional extensive variable changes, while all others remain constant.
The derivative of U should yield the respective conjugate intensive
variable.
4. Classes of Thermodynamic Variables:
a) Extensive Variables:
It should be shown that thermodynamic variables that are claimed
to be extensive, in particular the entropy S, are indeed extensive
quantities. (This is shown in Chap. 11)
b) Intensive Variables:
It should be shown that two systems allowed to exchange some extensive quantity will end up in an equilibrium state having the same
conjugate intensive variable, for which, of course, the same deﬁnitions as used in 3. have to be valid. (This behavior is established in
Sect. 12.2 and Sect. 13.2.)
Those properties of thermodynamic quantities and the various relations
allow for an application of the standard techniques and methods of thermodynamics. Thus, if they are shown to result as claimed from quantum
mechanics, the ﬁeld of thermodynamics can, in some sense, be considered as
reducible to quantum mechanics.
Such a reconstruction, theoretically satisfying as it might be, will eventually have to be judged by the results it produces. Thus, in order to make
it a physically meaningful theory rather than just an abstract mathematical
consideration, the limits of its applicability have to be examined just as much
as its connection to the standard classical theory. This is the subject of the
supplementary checklist.
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5.2 Supplementary Checklist:
Quantum Mechanical Versus Classical Aspects
1. Thermodynamic Systems:
It is necessary to explain and clarify the relationship between the emerging theory and its underlying theory. If the emerging properties would
inevitably result from the underlying theory, one could discard the latter
completely. In the text at hand this cannot be the case, for the underlying
theory is supposed to be quantum mechanics, and it is obvious that not
all systems that obey quantum mechanics can be described thermodynamically, while Schrödinger-type quantum theory is believed to underlie
all sorts of non-relativistic systems. Thus, a fairly precise deﬁnition of
the class of systems that can be expected to behave thermodynamically,
should be given. This deﬁnition should not result in a tautology like “all
systems that show the properties mentioned above are thermodynamic
systems”, but in a criterion that can be checked with acceptable eﬀorts.
2. Quantum Versus Classical Entropy:
Despite its problematic foundation standard “classical” thermodynamics
works pretty well for almost all practical purposes. If this is not just incidental, it should be possible to show that entropy as a function of, say,
volume and energy, should be the same, no matter whether it is calculated based on a standard classical deﬁnition or the quantum mechanical
one that can be shown to have the above properties. Here, this would
eventually amount to showing that quantum state density and the volume of energy shells in classical phase space are proportional for large
classes of systems (that have a classical analog). Such a relation would
prove a kind of “correspondence principle”.

6 Outline of the Present Approach

One person’s mystery is another person’s explanation.
— N. D. Mermin quoted in [103]

As already indicated we want to derive the properties of thermodynamic
quantities from non-relativistic quantum mechanics, i.e., from starting with
a wave function to describe some isolated quantum system the evolution of
which is generated by the Schrödinger equation. However, we are not going to
solve any Schrödinger equation explicitly, since those dynamics only supply
the background for our considerations, just like classical Hamiltonian dynamics supply only the background for the considerations described in Chap. 4,
the analysis of structures in phase space. Similarly, our present approach will
essentially be based on the analysis of structures in Hilbert space.

6.1 Compound Systems, Entropy and Entanglement
In all theoretical approaches to thermodynamics entropy plays a central role.
The entropy we are going to consider is the von Neumann entropy (Sect. 2.2.4;
[89]), which is deﬁned for a system on the basis of its density operator.
As already explained in Sect. 2.4 this entropy is invariant with respect
to unitary transformations. Since the von Neumann equation (2.49) gives
rise to a unitary evolution for the density operator ρ̂, this entropy can never
change and is thus not a candidate for the thermodynamic entropy with all
its required properties.
If one deals with bipartite systems, i.e., systems that can “naturally”
be decomposed into two parts, the observables come in two classes: those
deﬁned locally (energy in subsystem 1, energy in subsystem 2, positions of
the particles of subsystem 1, positions of the particles of subsystem 2, etc.),
and those deﬁned globally (total energy etc.). It is convenient to organize
the full Hilbert space of the compound system as a product Hilbert space as
explained in Sect. 2.2.5. In this case a valid and complete description of, say,
subsystem 1 (in terms of any of its local observables) is given by the reduced
density operator ρ̂1 , rather than by the density operator of the full system
ρ̂. Contrary to the entropy of the total system, the entropy of subsystem 1
deﬁned according to (2.42) on the basis of ρ̂1 can very well change under
unitary transformations of the compound system. It would not change if the
unitary transformation generated by the von Neumann equation factorized as
Û (t) = Û (1) (t) ⊗ Û (2) (t) which, in turn, would be the case if the Hamiltonian
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
65–69 (2004)
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of the full system did not contain any interactions between the subsystems.
However, if the Hamiltonian contains such interactions, regardless of how
small they might be, the subsystem entropy is no longer a conserved quantity
and will, in general, change in time [39].
For our considerations it will be assumed that the state of the compound
and isolated system (our “quantum universe”) is always a pure state, i.e., a
state of zero entropy. This implies that (for us) the state does not represent
subjective knowledge but has ontological qualities like the (often unknown)
micro states of classical few- or many-partite systems (cf. Sect. 6.2). If for
such a state the entropy of a subsystem also vanished, the state would have
to be a product state, i.e., a state that could be written as the product of
two separate wave functions: |ψ = |ψ (1)  ⊗ |ψ (2) . If the subsystem entropy
did not vanish, the state could not have this product form, which means it
would be entangled.
In our theory the von Neumann entropy of the reduced density operator,
which describes the system under consideration, will be identiﬁed with the basic entropy of thermodynamics. Thus if this entropy rises this can only be due
to increasing entanglement with another subsystem. This other subsystem is
the environment of the thermodynamic system, which must be considered
indispensable. So one of the basic ideas is that there is no thermodynamic
system without an environment and that both subsystems, the considered
system and its environment, have to be treated fully quantum mechanically,
regardless of their size. If, e.g., one analyzes a gas, the gas could only be
a thermodynamic system if conﬁned to some volume by a container, which
thus represents the environmental subsystem. Hence, if a gas relaxes towards
equilibrium, it would do so due to increasing entanglement with the container
(or other external subsystems like the electromagnetic ﬁeld, etc.).
It has often been argued that the inﬂuence of the environment should not
play any crucial role, since entropy rises also (or especially) in the case of
an isolated system. However, in the context of thermodynamics this isolation
only means that the system is not allowed to exchange any extensive quantities like energy or particles, etc. with the environment. It does not mean
that there is no interaction at all between the system and its environment. In
particular, this is not to be confounded with a microscopically closed system.
Gas particles within a thermally insulating container nevertheless interact
with the particles that make up the container walls, otherwise the gas would
not even stay inside the container. Quantum mechanically such an interaction, even if it does not allow for an exchange of energy with the environment,
will, nevertheless, typically give rise to entanglement [39]. Thus even for a
thermally closed system the existence of an environment and the interaction
with it is indispensable.
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6.2 Fundamental and Subjective Lack of Knowledge
It is often stated that entropy should somehow be a measure for the lack of
knowledge. However, then the question arises whether the observer, by overcoming his deﬁciency to calculate or observe more precisely, i.e., by reducing
his subjective lack of knowledge, could indeed inﬂuence the entropy and the
resulting thermodynamic behavior of real physical systems.
Within classical mechanics lack of knowledge may always be considered
subjective: in principle, any observable could be known with “unlimited”
precision. This is fundamentally diﬀerent in quantum mechanics. From the
uncertainty principle we know that there are always observables that are undetermined. Nevertheless, in single system scenarios (no compound systems),
at least one observable can, in principle, be known exactly at any time, if the
initial state is a pure state, hence the fundamental lack of knowledge does
not grow. However, for compound systems there are pure states for which
all observables referring to a speciﬁc subsystem are unknown, even if some
compound observable of the full system is exactly predictable, just like the
position of a particle is necessarily unknown to anybody, if its momentum is
exactly predictable. Thus, in the latter case, the fundamental lack of local
knowledge is considerably larger than in the former case. Those states are
the entangled states mentioned in Sect. 6.1 [9, 16]. Compound systems might
evolve from states that contain exact knowledge about some observable of
each subsystem (pure product states) into the above mentioned states, featuring this fundamental lack of knowledge about any local observable [39].
So, in the quantum domain we have two possible sources of ignorance:
one being due to our inability to identify the initial state and calculate the
evolution exactly, the other being intrinsic to the momentary state and thus
present even for an “inﬁnitely smart demon”.
Here we want to show that in typical thermodynamic situations the fundamental lack of knowledge by far dominates over the subjective lack of knowledge in the following sense. Almost all the possible evolutions (of which we are
typically unable to predict the actual one) will eventually lead to states that
are characterized by a maximum fundamental lack of knowledge about the
considered subsystem; this lack is only limited by macroscopic constraints.

6.3 The Natural Cell Structure of Hilbert Space
Within the context of classical mechanics, it has often been pointed out that
it is very diﬃcult, if not impossible, to formulate entropy as an observable,
i.e., as a function of a momentary micro state of a system. Within quantum
mechanics it has also been impossible to formulate the von Neumann entropy
as an observable in the sense of an entropy operator for which
S = ψ|Ŝ|ψ or S = Tr{Ŝ ρ̂} .

(6.1)
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Yet even though such a formulation is not feasible it is very well possible
to formulate the above mentioned entropy of the considered subsystem as a
function of the momentary “micro state” |ψ of the full system:



S = −kB Trg Trc {|ψψ|} ln Trc {|ψψ|}
.
(6.2)
Here the index c denotes the “container”, i.e., the environment subsystem
and g the considered system or “gas”. This entropy is obviously exactly deﬁned once a system-environment partition is established and the state of the
full compound system is known. No averaging time or cell size needs to be
introduced artiﬁcially.
On the basis of this deﬁnition it is now possible to decompose the Hilbert
space of the full system into diﬀerent cells, each characterized by some local
entropy. All states featuring, according to the above deﬁnition (6.2), the
same entropy are grouped together to form one cell. This cell structure is
thus uniquely and unambiguously speciﬁed.
Just like the point representing a classical system wanders around in phase
space, the state vector of a quantum mechanical system wanders around in
Hilbert space. And just like the point in phase space is conﬁned to some energy shell, the state vector in Hilbert space is also conﬁned to some accessible
region. This region is analogously set by the overall energy conservation, the
space a system is allowed to occupy, etc., but also depends on whether the
system is allowed to exchange energy with the environment (canonical conditions), or not (microcanonical conditions), or other constraints that can be
controlled macroscopically.
The crucial point for establishing thermodynamic behavior will be to show
that those accessible regions lie almost entirely within the cell speciﬁed by
the maximum entropy that is consistent with the macroscopic constraints.
Or stated the other way round: almost all states within an accessible region
feature the maximum entropy consistent with the macroscopic constraints.
The main idea here is that stationary equilibrium is not reached because
the motion of the state vector in Hilbert space will cease to move at some
point (on the contrary, it will be shown to move always with constant velocity), but because the state vector will eventually almost always venture
inside the cell with the maximum local entropy, simply because this cell ﬁlls
almost the entire accessible region.
From a topological point of view the picture here is pretty much the same
as in the macroscopic cell approach, Sect. 4.4, for which Penrose argues [101]:
“We would seem now to have an explanation for the second law! For
we may suppose that our phase space point does not move about in
any particularly contrived way, and if it starts oﬀ in a tiny phase space
volume, corresponding to a small entropy, then, as time progresses, it
will indeed be overwhelmingly likely to move into successively larger
and larger phase space volumes, corresponding to gradually increasing
entropy values.”

6.3 The Natural Cell Structure of Hilbert Space
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The assumption here is that, if the maximum entropy compartment is overwhelmingly bigger than any other compartment within the accessible region,
the trajectory, if it started in a compartment of lower entropy, will eventually
leave it, to enter the compartment of the maximum entropy. This is not to be
confounded with the ergodic or the quasi ergodic hypothesis! It is not at all
assumed that the trajectory passes arbitrarily close to any point of the accessible region, or that it spends equal times in equal volumes. It is only assumed
that it does not stay within an extremely small volume, if it is not conﬁned
to it. The system is not treated as if it were at any point at the same time
or with the same probability, it is always treated as being at some absolutely
concrete point in Hilbert space. Which point this exactly may be depends on
the precise knowledge of the initial state, the details of the Hamiltonian of
the system, and can only be calculated by (in the macroscopic case) solving
the Schrödinger equation of some 1023 interacting particles.
Thus there will be a huge subjective lack of knowledge about where exactly the system might be found in Hilbert space. However, this is not what
gives rise to the second law, and this subjective lack of knowledge is not to
be confounded with the thermodynamic entropy. The entropy would not be
any smaller if one knew the exact location in Hilbert space. The fact that
this precise knowledge is dispensable is exactly what creates the universal
development towards equilibrium. Two systems under identical macroscopic
constraints starting from two diﬀerent initial states will wander on diﬀerent
trajectories through Hilbert space forever, but if both trajectories eventually wander through the same compartment of maximum entropy, the local
subsystems will end up in the same equilibrium state.
Other than in the macroscopic cell approach, where the states that belong
to the maximum entropy compartment are only macroscopically the same,
here all states that belong to the maximum entropy compartment are locally
identical. States belonging to a compartment of lower entropy may have to
be described with diﬀerent local reduced density operators, but the density
operator with the maximum entropy consistent with the macroscopic constraints is unique. Thus, although the trajectory of the full system might
move quickly through the biggest compartment, the system is locally in a
stationary state, its density operator does not vary in time. For the local
system considered the maximum entropy state is an attractor.

7 System and Environment
To understand quantum dynamics it is essential to
realize that observable systems are always subsystems
of a larger one – ultimately of the whole universe. The
notion of an isolated system makes sense only as an
approximation depending on the concrete situation.
— J. Kupsch [68]

In a typical thermodynamic situation we consider a bipartite system with the
larger part being called “environment” or “container”, c, whereas the smaller
part is the observed “system” or “gas”, g. Mostly we think of a very large
environment so that its energy does not change much when the system g
feeds, say, energy into it during the time evolution. However, also for smaller
environments we are looking for a thermal behavior of the considered system,
inquiring about the constraints for such a behavior.

7.1 Partition of the System and Basic Quantities
We assume that the full Hamiltonian can be partitioned in the following way
Ĥ = Ĥ g + Ĥ c + Iˆ ,

(7.1)

where Ĥ g and Ĥ c are the local Hamiltonians of the system (gas g) and the
environment (container c), respectively, which act on two diﬀerent parts of a
product Hilbert space (see Fig. 7.1). Thus these two Hamiltonians commute,
 g c
Ĥ , Ĥ = 0 .

(7.2)

The interaction Iˆ between the two systems constitutes some sort of weak
coupling. It may allow for energy transfer or for some sort of dephasing only. It
thus speciﬁes the macroscopic or even microscopic constraints, as will be seen
later. Such a partition with a weak coupling might require a reorganization
of the pertinent description. In the following we write the Hamiltonian of the
whole system in the product eigenbasis of the gas and the container.
Let us introduce our nomenclature for such a bipartite system as shown in
g
c
Fig. 7.1. The energy eigenvalues of the gas (container) system are EA
(EB
),
where the indices A and B, respectively, specify the diﬀerent eigenenergies of
the respective subsystem. To account for degeneracy, we introduce a subindex
counting the states in each degenerate subspace A (B),
g
)
a = 1, . . . , N g (EA

c
and b = 1, . . . , N c (EB
),

(7.3)
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Fig. 7.1. Energy eigenvalues of a bipartite system: schematic representation of
nomenclature.
g
c
where N g (EA
) (N c (EB
)) are the respective degrees of degeneracy of the subspaces A (B). Sometimes we need this detailed notation of the degeneracies,
but mostly it is enough to write NA (NB ) for the degeneracy of the subspace
A (B) of the gas (container) system. So |A, a (|B, b) denotes the a-th (b-th)
g
c
energy eigenstate with the energy eigenvalue EA
(EB
) of the gas (container)
system, as depicted in Fig. 7.1.
A pure state of the full system will be denoted as a superposition of
product eigenstates |A, a ⊗ |B, b,

|ψ =



AB
ψab
|A, a ⊗ |B, b ,

(7.4)

A,B a,b
AB
with the complex amplitudes ψab
. These amplitudes have to fulﬁll the normalization condition



AB 2
ψab
=1.

(7.5)

A,B a,b

In general it is not possible to write the state of one subsystem as a pure
state. This is due to the entanglement between the gas and the container
system (cf. Sect. 2.2.5), which will emerge during the time evolution, even
if we start with a separable state in the beginning. The state of a single
subsystem is thus a mixed state and must be described by a density matrix.
From the density operator of the whole system ρ̂ = |ψψ|, the reduced
density operator of the subsystem, g, is found by tracing over the container
system (see Sect. 2.2.5)

7.2 Weak Coupling

ρ̂ g :=





AB
ψab





ψaA bB

∗

|A, aA , a | .
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(7.6)

A,A ,B a,a ,b

Analogously, it is possible to evaluate the density operator of the environment, but mostly we are not interested in this state.
The diagonal elements of the density operator are the probabilities of
ﬁnding the system in the respective eigenstate. Since they are frequently
needed, we introduce these quantities now. The joint probability of ﬁnding
g
the gas system at energy EA
and at the same time the container system at
c
is given by
the energy EB


g
c
AB 2
ψab
, EB
) :=
.
(7.7)
WAB = W (EA
a,b

In the special case of a product state of the whole system, the joint probability
is a product of the single probabilities WA (WB ) of ﬁnding the gas (container)
g
c
(EB
),
at the energy EA
  2  2
c
ψaA  ψbB 
WAB = W (E g , EB
) :=
A

a,b
g
c
= W (EA
)W (EB
) = WA WB .

(7.8)

Another important quantity is the probability of ﬁnding the complete
system at the energy E. This probability is a summation of all possible joint
g
c
probabilities WAB = W (EA
, EB
) under the subsidiary condition of overall
energy conservation,

WAB ,
(7.9)
W (E) =
A,B/E
g
c
here A, B/E stands for a summation over all A, B such that EA
+ EB
= E.
Another important quantity that will be considered in the following is
the purity (see Sect. 2.2.4). In the case at hand the purity of the considered
subsystem can be written as a function of the full system state, just like
entropy (see (6.2)) and reads


 CB ∗ CD  AD ∗
AB
Pg =
ψcb
ψab
ψcd ψad
.
(7.10)
A,B,C,D a,b,c,d

Here and in the following a, c, A, C, label the gas, b, d, B, D, the container
subsystem. (Note that P g = P c as the total state is taken to be pure.)

7.2 Weak Coupling
In the last section we have introduced a bipartite system – an observed system
or gas and an environment or container. This partition scheme is found also
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in standard thermodynamics, where one typically considers gases or other
systems in contact with their environment. In the standard example of an
ideal gas the walls of the vessel containing the gas usually appear in the
calculations only as a boundary condition for the motion in phase space. The
container is not treated as a system by itself. However, this is what is done
in the following. Thus thermodynamic scenarios are modeled here within the
scheme described in Sect. 7.1.
Typically, weak coupling between system and environment is assumed in
standard thermodynamic considerations. Already the concept of energy being
either in the system or the environment, i.e., the idea that the total energy
of the full system may be computed as a sum of the energy contained in the
system and the energy contained in the environment makes the assumption
of a weak coupling indispensable. Otherwise none of the above ideas would
hold. Furthermore, it can be shown that the concept of intensive and extensive
variables relies on a weak coupling limit (cf. [30] and also [4]). In our case, the
weak coupling limit also guarantees that a picture of the energy schemes of the
uncoupled systems (like Fig. 7.1) still remains reasonably close to the energy
scheme of the actually coupled system. As long as the interaction remains
weak, the full spectrum of the coupled system will not look signiﬁcantly
diﬀerent from the one that results from a mere convolution of the two spectra
of the uncoupled systems (joint spectrum).
To quantify the weak coupling pre-condition we have to require that the
mean energy contained in the interaction Iˆ be much smaller than the energy
in the individual subsystem, gas and container, separately,

Iˆ2 
Ĥ g , Ĥ c  .
(7.11)
This inequality for the expectation values must hold for all states that the
system can possibly evolve into under given (macroscopic) constraints. If a
partition according to this weak coupling scheme were impossible, the idea
of system proper and surrounding would be meaningless.

7.3 Eﬀective Potential, Example for a Bipartite System
Consider, just as an example, an ideal gas in a container. Then the sum over
the kinetic energies of all gas particles µ (mass m, momentum operator p̂gµ )
is the only part of the Hamiltonian that acts on the gas subspace alone,
Ĥ g =

 2
(p̂gµ )2 .
2m
µ

(7.12)

Ĥ c , the Hamiltonian of the container provides the environment that has to
be present to make the gas particles a thermodynamic system. It reads

7.3 Eﬀective Potential, Example for a Bipartite System

Ĥ c =

 2
1 c c c
(p̂cµ )2 +
V̂ (q µ , q ν ) ,
2m
2 µ,ν
µ
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(7.13)

where V̂ c (q cµ , q cν ) are the interactions that bind the container particles (mass
m) at position q cµ and q cν to each other to form a solid, and acts exclusively
in the container subspace. Thus, as required, Ĥ g and Ĥ c commute.
Now, Iˆ contains the interactions of all gas particles with all container
particles and reads

Iˆ =
(7.14)
V̂ gc (q gµ , q cν ) .
µ,ν

This part contains the repelling interactions between the gas particles and
the container particles and establishes the container as a boundary for the
gas particles from which they cannot escape. Starting from ﬁrst principles,
the Hamiltonian has to be written in this way, especially the last part is
indispensable (see Fig. 7.2).

q cν

V̂ c

V̂ gc
pgµ

q gµ

Fig. 7.2. Bipartite system: gas in a container, represented by an interacting net of
particles (black dots).
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Unfortunately, any stationary state of Ĥ g , and it is such a state we want
to see the system evolve into, is unbounded and thus not conﬁned to any
volume that might be given by the container. This is due to the fact that
such a state is a momentum eigenstate and therefore not localized in position
ˆ for an energy eigenstate of
space. This means the expectation value of I,
the uncoupled problem, Ĥ g + Ĥ c would deﬁnitely not be small, and thus
the system would miss a fundamental prerequisite, the weak coupling, for a
thermodynamic system accessible from our method.
The standard way to overcome the above mentioned deﬁciency is to deﬁne
an eﬀective potential for the gas particles generated by the container, in which
all gas particles are trapped. Fortunately, an eﬀective local Hamiltonian and
an eﬀective interaction can be deﬁned so that the weak coupling limit is
fulﬁlled, by
Ĥ g := Ĥ g + V̂ g ,

Iˆ := Iˆ − V̂ g ,

V̂ g = V̂ g ({q gµ }) .

(7.15)

Here, V̂ g ({q gµ }) is some potential for the gas particles alone and depends on
all position vectors {q gµ }. V̂ g will be chosen to minimize the weak coupling
pre-condition (7.11). Substituting the real parts by the eﬀective parts of the
Hamiltonian obviously leaves the full Hamiltonian unchanged, but now there
is a chance that the partition will ﬁt into the above scheme (see Sect. 7.1). A
good candidate for V̂ g will be some sort of eﬀective “box” potential for each
gas particle, comprising the mean eﬀect of all container particles. This makes
Iˆ , the deviation of the true “particle-by-particle” wall interaction from the
“eﬀective box” wall interaction, likely to be small. The eigenstates of the gas
system alone are then simply the well known bound eigenstates of particles
in a box of corresponding size.
The exact mathematical minimization of Iˆ for a given wave function of
the full system ψ = ψ({q gµ }, {q cν }), using the Euler–Lagrange method, reads
ψ|(Iˆ − V̂ g )2 |ψ =

 

2

ˆ g }, {q c }) − 2I({q
ˆ g }, {q c })V̂ g ({q g })
I({q
µ
ν
µ
ν
µ


2 
  c g
ψ({q gµ }, {q cν }2
+ V̂ g ({q gµ })
dq ν
dq µ .
ν

µ

(7.16)
Since the minimization has to be done with respect to V̂ g , which only depends
on the gas variables {q gµ }, we ﬁnd

−2


  c
ˆ g }, {q c }) ψ({q g }, {q c })2
I({q
dq ν
µ
ν
µ
ν


+ 2 V̂ g ({q gµ })

ν


  c
ψ({q gµ }, {q cν })2
dq ν = 0 ,
ν

(7.17)
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Fig. 7.3. Bipartite system: gas in a container, represented by an eﬀective single
particle potential (indicated by equipotential lines).

from which we get, solving for V̂ g ,


ˆ gµ }, {q cν }) ψ({q gµ }, {q cν })2 ! dq cν
I({q
ν
g
g
.
V̂ ({q µ }) =
2 !
g
c
c
|ψ({q µ }, {q ν })|
ν dq ν

(7.18)

The eﬀective potential V̂ g ({q gµ }) is now a sort of a weighted summation over
all interactions of the gas particle with all particles of the container (see
Fig. 7.3). According to the pre-condition of these considerations, this potential will indeed be a weak interaction. The Hamiltonian is now reorganized
so that a partition into system and environment with a weak interaction is
ˆ one can evaluate
deﬁnitely possible. For a concrete situation with given I,
the eﬀective potential with the aid of (7.18).
In general, the eﬀective interaction Iˆ cannot be made zero, and represents
a coupling, i.e., a term that cannot be written as a sum of terms that act on
the diﬀerent subspaces separately. Such a coupling, however small it might
be, can, and in general will, produce entanglement thus causing local entropy
to increase. (For a speciﬁc example of this partition scheme see [40].)

8 Structure of Hilbert Space

It is not true that we can pursue science completely by
using only those concepts which are directly subject to
experiment.
— R. P. Feynman, R. B. Leighton and M. Sands [36]

Before we can actually start to analyze the structure of compound Hilbert
spaces in a similar way in which the topology of phase space has been analyzed in Chap. 4, we have to establish a representation of Hilbert space.
This representation is singled out by being appropriate for our purposes just
as momentum-position phase space has been established as an appropriate
representation in the classical domain.
Once we have chosen some representation, any quantity deﬁned as a function of the total system state |ψ may be visualized as a “landscape” over
the variables deﬁned by the representation. To analyze now the structure of
such landscapes, i.e., to ﬁnd out whether they are essentially “ﬂat” or very
“hilly”, what their mean altitude is, etc., we use the mathematical methods
called Hilbert space average and Hilbert space variance. These can be used
as measures for the above properties and will be introduced rather formally
in this chapter.

8.1 Representation of Hilbert Space
Contrary to the real conﬁguration space, Hilbert space (see Sect. 2.2), the
space on which quantum mechanical state vectors are deﬁned, is neither three
dimensional nor real, which makes it almost inaccessible to intuition. Thus
there is no obvious way to parametrize, i.e., to specify by a set of numbers,
quantum mechanical states. Obviously one has to choose a basis {|i} such
that

|ψ =
ψi |i .
(8.1)
i

It is, however, undetermined which basis one should choose and how one
should represent the set of complex numbers {ψi }. This could be done in
terms of real and imaginary parts, absolute values and phases or in many
other ways. Eventually one will always have a set of real numbers that somehow specify the state. To decide now, how big a region in Hilbert space really
is, and this is a very important question (see Sect. 6.3), the only way is to
calculate the size of the region that the corresponding specifying parameters
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
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occupy. Therefore one eventually has to organize the parameter space as a
real Cartesian space of some dimension. The problem now is that the size of
this region will depend on the parametrization chosen. Thus, if one wants to
compare such regions in size, one has to explain why one does this on the
basis of the special chosen parametrization.
This question does not only arise in the context of quantum mechanics
or Hilbert spaces, it needs to be answered for classical phase space considerations also. It is far from obvious that classical systems have to be
parametrized in terms of their positions and momenta. In the Gibbs approach this parametrization is chosen to guarantee the validity of Liouville’s
law. Other formulations just assume it, because it is eventually the volume
of the energy shell for a parametrization in terms of positions and momenta
that has to be identiﬁed with the entropy in order to get correct results. Especially in the macroscopic cell approach (see Sect. 4.4) this parametrization
remains without justiﬁcation.
If one wants to use the relative sizes of compartments to guess in which
compartment the representing point will most likely be found, the crucial
variable is the eﬀective velocity. In the case of, e.g., two compartments, one
being much bigger than the other, the guess that the representing point will
preferably be found in the bigger one might be wrong, if the dynamics were
such that the point moved with extremely high velocity in the big compartment and very slowly in the small one. Unfortunately, the eﬀective velocity of
the representing point on his trajectory through the representing Cartesian
parameter space depends on the parametrization.
Most convenient would be a parametrization of the states such that the
velocity of the representing point in the Cartesian space of the specifying parameters (in the following simply called Hilbert space) were constant throughout one accessible region. Fortunately this is feasible.
Consider a representation of a state in terms of the real ηi and imaginary
ξi parts of its amplitudes in some basis {|i},

(ηi + i ξi ) |i .
(8.2)
|ψ =
i

If the ηi and ξi are organized in a Cartesian parameter space, a Hilbert space
with a real, regular, Cartesian metric is deﬁned. All vectors that represent
physical states, i.e., that are normalized, lie on a hypersphere of unit radius,



ψ|ψ =
ηi2 + ξi2 = 1 ,
(8.3)
(ηi − i ξi ) (ηi + i ξi ) =
i

i

this property is obviously independent of the choice of the basis {|i}.
In this parametrization of Hilbert space the eﬀective Hilbert space velocity, v, is given by
"
%
&
#
#  dη 2  dξ 2
i
i
v=$
.
(8.4)
+
dt
dt
i
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The square of this velocity may be written as
v2 =

2

 d

d
d
(ηi + i ξi ) (ηi − i ξi ) =  |ψ ,
dt
dt
dt
i

(8.5)

which means it is also independent of the chosen basis.
The velocity v can now be calculated from the Schrödinger equation in
the following form:
i


d
|ψ = Ĥ − E0 |ψ ,
dt

(8.6)

where E0 is an arbitrary real constant zero-point adjustment of the energy
that results just in an overall phase factor of exp(iE0 t/) for any solution.
It has, however, an inﬂuence on the Hilbert space velocity, for it could, e.g.,
make a stationary state be represented by a moving point in Hilbert space.
One thus wants to choose E0 such as to make the Hilbert space velocity as
small as possible, since any motion that is due to E0 just reﬂects a changing
overall phase which has no physical signiﬁcance.
Inserting (8.6) into (8.5) we ﬁnd for the square of the Hilbert space velocity v 2 :


v 2 = ψ| Ĥ − E0 Ĥ − E0 |ψ
= ψ|Ĥ 2 |ψ − 2E0 ψ|Ĥ|ψ + E02 ψ|ψ .

(8.7)

Obviously v is constant, since all terms in (8.7) that could possibly depend
on time are expectation values of powers of Ĥ and thus constants of motion.
Searching the minimum of v 2 with respect to E0 now yields
E0 = ψ|Ĥ|ψ = ψ(0)|Ĥ|ψ(0) ,

(8.8)

which, inserted into (8.7) gives the Hilbert space velocity

ψ|Ĥ 2 |ψ − (ψ|Ĥ|ψ)2

= ψ(0)|Ĥ 2 |ψ(0) − (ψ(0)|Ĥ|ψ(0))2 ,

v=

(8.9)

which is just the energy uncertainty, or the variance of the energy probability
distribution of the corresponding state. Accordingly, stationary states, i.e.,
energy eigenstates, are represented by non-moving points in Hilbert space.
Since all states that belong to one accessible region have the same energy
probability distribution and thus the same variance of this distribution, all
states that venture due to Schrödinger dynamics through one accessible region do so with the same constant velocity.
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8.2 Hilbert Space Average
This and the remaining sections of Chap. 8 are meant to introduce the mathematical ideas behind the methods used in Chap. 9 on a rather abstract level.
(These methods are explained in full detail in the Appendix.) Though we
strongly recommend that the reader go through these sections, they may be
skipped by the reader who is primarily interested in results.
In the following we will often be interested in the average of a certain
quantity within a subregion of the complete Hilbert space called the accessible
region (AR). Considering the partition scheme of Sect. 7.1 (the full system
consists of a gas system g and a container system c) this special quantity is
mostly the purity P g of the gas system (see Chap. 9). Of course, the purity
itself depends on the complete state, the state of system and environment
together. The state of the full system is constrained to the accessible region
within the high-dimensional Hilbert space, which results from the interaction
model of system and environment, as will be seen later. Within this accessible
region we will then have to calculate the respective average of the purity P g .
Furthermore, there are some other functions of the state of the total system,
for which we will evaluate the mean value within some subregion of the
respective Hilbert space. Before we can compute these mean values, we need
to know how to evaluate such an average of a quantity in Hilbert space in
general.
Let f be a function of the complete state |ψ of the system in the accessible
region, AR, of the whole Hilbert space. To calculate the Hilbert space average
f  of f over AR we use the parametrization for a state |ψ introduced in the
last section, the real and imaginary parts {ηi , ξi } of the complex amplitude
ψi . The Hilbert space is now represented by a 2ntot -dimensional Cartesian
space, in which the Hilbert space average over AR is deﬁned as
!ntot
f({ηi , ξi }) i=1
dηi dξi
!ntot
,
(8.10)
f  = AR
i=1 dηi dξi
AR
where the integral in the denominator is just the area O(AR) of the accessible
region we are integrating over. The Hilbert space average meets all properties
of standard averages
c f  = cf  with c ∈ C ,
f + f   = f  + f   ,
f ∗  = f ∗ .

(8.11)
(8.12)
(8.13)

The accessible region will always be deﬁned by some contraints for the
Cartesian coordinates {ηi , ξi }. The most basic constraint is the normalization
of a state in Hilbert space,
sph(2ntot ) :

ntot 

i=1

ηi2 + ξi2 = 1 ,

(8.14)

8.2 Hilbert Space Average
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obviously a hypersphere sph(2ntot ) with radius 1 in the parameter space (for
more details about hyperspheres see App. A).
Firstly, we now calculate the Hilbert space average of the quantity f over
the whole Hilbert space – with only one condition, the normalization, restricting the parameters {ηi , ξi }. Thus, the accessible region (AR) is the Hilbert
space itself, a hypersphere in the 2ntot -dimensional Cartesian space with radius one. All allowed quantum mechanical states of the system are on the
surface of this hypersphere in the parameter space. Instead of directly integrating only over this accessible region, we can integrate over the whole space
R(2ntot ) , introducing a δ-function to restrict the integration to the respective
accessible region,

n
tot


1
ntot 2
2 −1
f({ηi , ξi }) δ
η
+ξ
dηi dξi .
(8.15)
f  =
i=1 ( i
i)
O(AR) R
i=1
Since the constraint (8.14) deﬁnes a hypersphere, it is convenient to use
generalized spherical coordinates for the integration: a radius r and 2ntot −
1 angle coordinates φi (see App. A.1 and especially (A.3)). Based on this
coordinate transformation
{ηi , ξi } → {r, φ1 , . . . , φ2ntot −1 }

(8.16)

with the appropriate functional matrix (Jacobian matrix)
 ∂η1

∂η1
∂η1
∂r
∂φ1 · · · ∂φ2ntot −1
 .

..
 ..

...
.


 ∂ηntot ∂ηntot
∂ηntot 
 ∂r

·
·
·
∂φ1
∂φ2d−1 

F =  ∂ξ

∂ξ1
∂ξ1
 1

 ∂r
∂φ1 · · · ∂φ2ntot −1 
 .

..
..
 .

.
.
 .

∂ξntot ∂ξntot
∂ξntot
∂r
∂φ1 · · · ∂φ2n −1

(8.17)

tot

and its functional determinant det F, the integral can be transformed into a
spherical integration, ﬁnding
1
f  =
O(AR)


f({r, φ1 , . . . , φ2ntot −1 }) δ(r−1) |det F| dr

2n
tot −1

dφi .

i=1

(8.18)
The integration over the radius can be done immediately according to the
δ-function. For the remaining integrals
f  =

1
O(AR)


f({1, φ1 , . . . , φ2ntot −1 }) |det F|

2n
tot −1
i=1

dφi ,

(8.19)
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there are no further restrictions. These integrals can be solved directly for
concrete situations, especially for a polynomial function f (see App. A.2).
In many cases there are more restrictions to the Cartesian coordinates,
besides the normalization. These follow from the coupling model of the system and its environment. Think, e.g., of a coupling model, where the system
is not allowed to exchange any energy with the environment, then the energy is conserved in both parts of the full system separately. The additional
conditions restrict the state of the full system to a subregion within the full
hypersphere generated by the normalization condition.
As will be seen later, all these conditions, labeled by J, also deﬁne hyperspheres, but with a dimension nJ small compared to the dimension ntot
of the normalization hypersphere. A very important property of the set of
additional conditions is that all of them depend only on a subset of the parameters {ηi , ξi }, where every parameter enters just one condition J. Therefore
we could label each coordinate with the number of the condition J to which
the parameter belongs. The condition itself reads
J

sph(2n ) :

nJ 


(ηjJ )2 + (ξjJ )2 = RJ ,

(8.20)

j=1

with dimension nJ and radius RJ .
Because each parameter now enters one further condition, we ﬁnd according to the normalization condition (8.14)
n 

J

J

(ηjJ )2 + (ξjJ )2 =



j=1

RJ = 1 ,

(8.21)

J

restricting the possible radii RJ . Later we will ﬁnd that the RJ ’s are probabilities and therefore this normalization condition is automatically fulﬁlled.
Due to these considerations, the whole parameter space may be decomposed into completely independent subspaces J. Since each subspace is deﬁned by a hypersphere equation, it is convenient to switch, again, to generalized spherical coordinates,
{ηjJ , ξjJ } → {rJ , φJj }

(8.22)

in each subspace J. This obviously leads to a functional matrix F with block
diagonal form


F̃1 ({r1 , φ1j })



F({ηi , ξi }) = 





0
..

 

=
FJ ({rJ , φJj }) ,


J

.
F̃J ({rJ , φJj })

0

..

.
(8.23)
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where FJ has at the position J the block F̃J and else the 1̂-operator. Because
the determinant of a product is the product of the individual determinants,
we ﬁnd for the functional determinant




det F = det
FJ =
det FJ .
(8.24)
J

J

Like in the case of only a single condition, the normalization condition,
the whole integration is now simpliﬁed. Each condition leads to a δ-function
in the integration, which, after transformation to spherical coordinates in
each subspace, just reads δ(rJ − RJ ). This allows for a trivial integration
over all radius variables rJ , leaving all integrations over angle variables of all
subspaces J without any further restrictions. Finally we ﬁnd for the Hilbert
space average of the quantity f over the accessible region, deﬁned by the
additional conditions J,

 J


1
det FJ 
f {RJ , φJi }
dφj .
(8.25)
f  =
O(AR)
j
J

Therefore the average over the region in Hilbert space decomposes into a
product of single averages over subspaces J.
In a concrete situation it remains diﬃcult to calculate these Hilbert space
averages, but based on these technical considerations we will be able to evaluate the Hilbert space average of the purity P g in the next chapter.

8.3 Hilbert Space Variance
In order to analyze the properties of a certain region in Hilbert space by
calculating the Hilbert space average of a special quantity, it is furthermore
necessary to investigate the deviation from the mean value introduced in the
last section. The respective quantity we are interested in could be seen as
a landscape over the Hilbert space, since it is a scalar quantity dependent
on the state of the full system. We are not only interested in something like
the mean “height” of the landscape in a certain region of the Hilbert space
(the accessible region), but also in how “hilly” this landscape really is. For an
arbitrary state of the accessible region we would like to estimate a quantity,
say the purity P g , by its mean value in the respective region. If the landscape
were indeed very ﬂat, we would ﬁnd that the estimated purity is very close
to the actual P g else, for very “hilly” landscapes, this would usually not be
the case. In fact, our estimation could then be very bad. Therefore we need
the Hilbert space variance of the respective quantity to additionally estimate
the expected deviation of our estimated value.
Like for any standard mean value it is possible to deﬁne a second moment.
One can thus deﬁne the Hilbert space variance as
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∆2H (f ) := f 2  − f 2 .

(8.26)

Together with all the techniques introduced in the last section, this quantity
can in principle be evaluated, even if the concrete integration is in most cases
a very complicated calculation.
In Chap. 9 we intend to analyze the purity landscape over the Hilbert
space of the bipartite system in the accessible region with the aid of the
powerful tools – the Hilbert space average and the Hilbert space variance.

8.4 Purity and Local Entropy in Product Hilbert Space
In this section we would like to investigate the properties – purity and local
entropy – of a complete Hilbert space without further restrictions. We ﬁrst
consider a distribution of pure states over the whole Hilbert space, which is
invariant under any inﬁnitesimal unitary transformations. Having found such
a distribution, we can compute the distribution of certain quantities within
the whole Hilbert space.
8.4.1 Unitary Invariant Distribution of Pure States
For simplicity we start by considering a two-dimensional Hilbert space. According to (8.2), any normalized state vector |ψ can be represented by the
real as well as imaginary parts {ηi , ξi }, basis |i, of the complex amplitudes,
and fulﬁll the condition (8.3). In spite of this constraint let us assume for the
moment that all these parameters are independent. We are looking for the
probability distribution,
W (η1 , η2 , ξ1 , ξ2 ) = W (η1 )W (η2 )W (ξ1 )W (ξ2 ) ,
which is invariant under the unitary transformation


1 + iε3 iε1 − ε2
.
Û =
iε1 + ε2 1 − iε3

(8.27)

(8.28)

This transformation leads to
|ψ   = Û |ψ =

2


(ηi + iξi ) |i

(8.29)

i=1

with the coordinate transformation
η1 = η1 − ξ2 ε1 − η2 ε2 − ξ1 ε3 ,
η2 = η2 − ξ1 ε1 + η1 ε2 + ξ2 ε3 ,

(8.30)
(8.31)

ξ1 = ξ1 + η2 ε1 − ξ2 ε2 + η1 ε3 ,
ξ2 = ξ2 + η1 ε1 + ξ1 ε2 − η2 ε3 .

(8.32)
(8.33)
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It suﬃces to consider inﬁnitesimal changes in the transformed probability
distribution of a single coordinate:
∂W (ηi )
∂ηi

W (ηi ) = W (ηi ) + (ηi − ηi )

(8.34)

and in the same way for the distribution of the imaginary parts of the coordinates W (ξi ). Keeping only terms of ﬁrst order in ε, we obtain for the
completely transformed probability distribution
W (η1 ) W (η2 ) W (ξ1 ) W (ξ2 )
∂W (η1 )
(−ξ2 ε1 − η2 ε2 − ξ1 ε3 )
∂η1
∂W (η2 )
+ W (η1 ) W (ξ1 ) W (ξ2 )
(−ξ1 ε1 + η1 ε2 + ξ2 ε3 )
∂η2
∂W (ξ1 )
+ W (η1 ) W (η2 ) W (ξ2 )
(η2 ε1 − ξ2 ε2 + η1 ε3 )
∂ξ1
∂W (ξ2 )
+ W (η1 ) W (η2 ) W (ξ1 )
(η1 ε1 + ξ1 ε2 + η2 ε3 ) .
∂ξ2

≈ W (η2 ) W (ξ1 ) W (ξ2 )

(8.35)

Postulating
∂W (ηi )
≈ −ηi W (ηi ) ,
∂ηi

∂W (ξi )
≈ −ξi W (ξi ) ,
∂ξi

(8.36)

leads to
W (η1 ) W (η2 ) W (ξ1 ) W (ξ2 ) ≈ const. · W (η1 ) W (η2 ) W (ξ1 ) W (ξ2 ) ,
(8.37)
as required. Equation (8.36) implies the normalized solution
W (ηi ) = √

2
2
1
eηi /2σ ,
2πσ

W (ξi ) = √

2
2
1
eξi /2σ .
2πσ

(8.38)

As long as the complete probability distribution is a Gaussian distribution of
the single coordinates, it is invariant under unitary transformations.
Generalizing this result for two-dimensional Hilbert spaces to any ﬁnite
Hilbert space of dimension ntot , we thus end up with the Gaussian (cf.
App. A)



2ntot
ntot
 2

1
1 
2
W ({ηi , ξi }) = √
η + ξi
.
(8.39)
exp − 2
2σ i=1 i
2πσ
The normalization condition for the wave function, though, requires that the
sum of the squares of the coordinates is one (see (8.3)), i.e., the parameters
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are not independent, contrary to our assumption. However, for large ntot
the central limit theorem tells us that W ({ηi , ξi }) is indeed approximate a
Gaussian provided we choose [92]
σ=√

1
.
2ntot

(8.40)

The above unitary invariant distribution holds for an ntot -dimensional Hilbert
space without further constraints. It characterizes an ensemble in Hilbert
space, from which to pick “typical” pure states.
8.4.2 Application
The results of the preceding section are now applied to a bipartite system of
dimension ntot = ng · nc , with ng ≤ nc . Let f = f (|ψ) = f ({ηi , ξi }) be some
function of the state vector. Then we can deﬁne its Hilbert space average f 
and its Hilbert space distribution {f }, respectively, as

f  =

W ({ηi , ξi })f ({ηi , ξi })

dηi dξi ,

(8.41)

i=1


{f } =

n
tot


δ(f ({ηi , ξi }) − f ) W ({ηi , ξi })

n
tot


dηi dξi .

(8.42)

i=1

Here we restrict ourselves to the local purity P g and local entropy S g . The
resulting distribution {P g } is shown in Fig. 8.1 for ng = 2 and varying nc . We
see that this distribution tends to peak at the minimum value P g = 1/ng =
1/2. Its average is given by (see [94])
4
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1

Fig. 8.1. Purity distribution {P g } for ng = 2 and several container dimensions nc .
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P g  =

ng + n c
.
ng nc + 1
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(8.43)

In Fig. 8.2 we show the Hilbert space average of S g for ng = 2 as a function
g
of nc . Again we see that S g rapidly approaches its maximum value Smax
for
c
g
c
n ≤ n one obtains [94]
large embedding n . For 1
S g  ≈ ln ng −

ng
.
2nc

(8.44)

Both results indicate that for ng
nc a typical state of subsystem g is totally
“mixed”: all its local properties have maximum uncertainty.
1

g
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0.8

0.6

0.4

0.2

0
0

10

20

nc

30

40

50

g
Fig. 8.2. Average entropy S g /Smax
of subsystem g (ng = 2), depending on the
dimension nc of the environment.

9 Quantum Thermodynamic Equilibrium
The results in decoherence theory strongly suggest
that interactions with the environment are crucial in
the emergence of quasi-classical and thermodynamic
behavior.
— M. Hemmo and O. Shenker [53]

A very important characterization of thermodynamic systems concerns the
kind of contact between the observed system and its environment. In classical
thermodynamics there is a large variety of diﬀerent contact scenarios, because
of the large variety of thermodynamic experiments. These scenarios are determined by the constraints under which the experiments are performed. Not
so much for practical, but for theoretical reasons, the most important contact conditions are the microcanonical and the canonical conditions. In the
microcanonical contact scenario no energy transfer between system and environment is allowed, whereas in the canonical contact such an energy exchange
is possible. In this chapter we will analyze these two important constraints.

9.1 Microcanonical Conditions
It has often been claimed that a system under so-called microcanonical conditions would not interact with its environment. This, however, is typically
not true (cf. [12, 15]). A thermally isolated gas in a container, e.g., deﬁnitely
interacts with the container, otherwise the gas could not even have a well deﬁned volume, as explained in the Chap. 7. If a system is thermally isolated, it
is not necessarily isolated in the microscopic sense, i.e., not interacting with
any other system. The only constraint is that the interaction with the environment should not give rise to any energy exchange. As will be seen later,
this does not mean that such an interaction has no eﬀect on the considered
system, a fact that might seem counterintuitive from a classical point of view
but is, nevertheless, true in the quantum regime. This constraint, however,
leads to an immense reduction of the region in Hilbert space which the wave
vector is allowed to enter. This reduced area is called the “accessible region”
of the system.
9.1.1 Accessible Region (AR)
We focus now on a bipartite system under the special constraints given in
Chap. 7 and with the Hamiltonian (7.1). If the energies contained in the gas
and the environment, respectively,
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
91–108 (2004)
c Springer-Verlag Berlin Heidelberg 2004
http://www.springerlink.com/
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E g := Ĥ g  ,

E c := Ĥ c 

(9.1)

are to be conserved, which means that these two energies are constants of
motion, the following commutator relations should hold
 g 
 c 
Ĥ , Ĥ = 0 ,
Ĥ , Ĥ = 0 .
(9.2)
It then follows from
 g   g g  g c  g 
Ĥ , Ĥ = Ĥ , Ĥ + Ĥ , Ĥ + Ĥ , Iˆ = 0

(9.3)

that
 g 
Ĥ , Iˆ = 0 ,

(9.4)

 c 
Ĥ , Iˆ = 0 .

Except for these constraints we need not specify Iˆ in more detail. All interactions that fulﬁll this relation will create perfectly microcanonical situations,
regardless of their strength or any other feature. And, as will be shown, there
are a lot of possible interactions that do fulﬁll these conditions and create
entanglement and therefore give rise to the increase of local entropy.
Due to (9.2) and the considerations of Sect. 2.4 the local energy projectors
P̂Ag of the gas system and P̂Bc of the container


|A, aA, a| , P̂Bc =
|B, bB, b|
(9.5)
P̂Ag =
a

b

commute with the full Hamiltonian,
 g   c

P̂A , Ĥ = P̂B , Ĥ = 0 .

(9.6)

Thus, because the system is not allowed to exchange energy with the environment the joint probability WAB introduced in (7.7) must be conserved
(see Sect. 2.4)

2   AB 2
AB
ψab
ψab (0) = WAB ,
ψ|P̂ g P̂Bc |ψ =
(t) =
(9.7)
A

a,b

a,b

and is set by the initial state. This means that the energy probability distribution {WAB } is a constant of motion in this system. Vice versa, any state that
features the same energy probability distribution as the initial state belongs
to the accessible region and could possibly be reached during microcanonical
dynamics.
In the following, we mainly consider initial product states, states that
have zero local entropy in the beginning and for which

2   A 2  B 2
AB
ψab
ψa (0) ψb (0) = WA WB .
(0) =
(9.8)
a,b

a,b

This is the only constraint that microcanonical conditions impose on the
accessible region of Hilbert space. Note that this does not mean that local
entropy is constant.
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9.1.2 The “Landscape” of P g in the Accessible Region
To demonstrate that the accessible region really has the cell structure mentioned in Sect. 6.3, namely that the biggest part of it is ﬁlled with states of
almost minimum purity (maximum entropy), we proceed as follows:
g
1. First we compute the (unique) state with the lowest possible purity, ρ̂min
g
g
(with purity P (ρ̂min ) = Pmin ) that is consistent with the given initial
state and the microcanonical conditions, consequently with a given energy
probability distribution {WA }, (see Sect. 9.1.3).
2. In Sect. 9.1.4 we compute the average of P g over the total accessible
Hilbert space region as introduced in Sect. 8.2.
3. We will show that this average purity is very close to the purity of the
g
lowest possible purity state ρ̂min
for a large class of systems. Considering only these systems, which then deﬁne the class of thermodynamic
g
systems, we can conclude that P g ≈ Pmin
for almost all states within
the accessible region. Note that this conclusion is only possible because
g
of the fact that the purity of ρ̂min
is the absolute minimal purity which
can be reached at all in the system. A quantity with a mean value close
to a boundary cannot vary very much. Thus it is not possible that the
distribution of the purity within the accessible region is something else
g
but a very ﬂat “lowland”, with a “soft depression” at ρ̂min
(see Fig. 9.1)
and a “peak” with P g = 1.
4. Since all states from the accessible region have the same energy probability distribution {WA } (remember (9.8)) and the minimum purity state
g
ρ̂min
is consistent with this distribution, all other states within the accesg
sible region that feature P g ≈ Pmin
must yield reduced local states that
g
are very close to ρ̂min (in this context
close means in terms of the dis
g
)2 deﬁned in Sect. 2.2.3 (2.19)). Thus, as
tance measure Tr (ρ̂g − ρ̂min
long as the trajectory keeps wandering through the compartment ﬁlled
with those states, the gas system is locally in a stationary state, i.e.,
equilibrium is reached.

We are now going to work out these steps.
9.1.3 The Minimum Purity State
As will be shown below, the minimum purity state is established, if all states
g
a that belong to the same energy eigenspace of the gas EA
are equally likely.
Thus the minimum purity state consistent with the microcanonical conditions
(9.7) and (9.8) and its corresponding purity are
g
ρ̂min
=

W
A,a

A

NA

|A, aA, a| ,

g
Pmin
=

 W2

A

A

NA

.

(9.9)

To check that this is, indeed, the state with the smallest purity consistent with
the given energy probability distribution {WA }, we introduce a deviation D

94

9 Quantum Thermodynamic Equilibrium

Accessible Region

g
Pmin

g
P ≈ Pmin

P =1

Fig. 9.1. Qualitative picture of the purity landscape in the microcanonical case.
g
g
or at P = Pmin
. There is
The biggest part of the accessible region is at P ≈ Pmin
g
however only a small zone featuring P signiﬁcantly above Pmin or at the extreme
P = 1. The only topological property this rough picture refers to is the relative size
of diﬀerent regions.

of the diagonal elements and a deviation E of the oﬀ-diagonal elements such
that the resulting state is still consistent with {WA } and compute its purity.
E is thus introduced as a matrix that does not have any diagonal elements.
For the deviation

D=
DA,a |A, aA, a|
(9.10)
A,a

the partial trace over one degenerate subspace A has to vanish

Tra {D} =
DA,a = 0 ,

(9.11)

a

because under microcanonical conditions the total probability distribution
{WA } introduced by the initial state is ﬁxed. The deviation D only redistributes the probability within a subspace A. E and D of course have to be
Hermitian. Now with
g
ρ̂ = ρ̂min
+D+E,

we ﬁnd

(9.12)
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g
P (ρ̂) = Tr (ρ̂min
+ D + E)2
 g 2
 
 
= Tr (ρ̂min
) + Tr D2 + Tr E2
g
g
+ 2Tr {ρ̂min
D} + 2Tr {ρ̂min
E} + 2Tr {DE} .

(9.13)

g
Due to the properties of E and the diagonality of ρ̂min
and D the last two
terms vanish. Using the deﬁnitions (9.9) and (9.10) we compute the term
g
D} =
Tr {ρ̂min

W
A,a

A

NA

DA,a =

W 
A

A

NA

DA,a = 0 .

(9.14)

a

So we ﬁnd
 
 
 g 2
) + Tr D2 + Tr E2 .
P (ρ̂) = Tr (ρ̂min

(9.15)

Since
 
Tr D2 ≥ 0 ,

 
Tr E2 ≥ 0 ,

(9.16)

the smallest purity is reached for
E = 0 and D = 0 .

(9.17)

Thus, the smallest possible purity state is unique and consists only of
g
ρ̂ = ρ̂min
.

(9.18)

g
Due to the uniqueness of ρ̂min
the following holds. If one can show that
for a certain region of Hilbert space the purity of a subsystem takes on a
minimum, one has established that any full state within this region yields
the same local state featuring the same entropy, energy, etc.

9.1.4 The Hilbert Space Average of P g
Now we have to evaluate the Hilbert space average of the purity of the gas
system P g  within the accessible region of the state using the techniques of
Sect. 8.2. For these considerations we use the parametrization of the Hilbert
space as before. The whole space is represented by the real and imaginary
AB
parts of a complex amplitude of the basis states ψab
, introduced by the set
AB AB
of real Cartesian coordinates {ηab , ξab }. In each degeneracy subspace AB
we ﬁnd NAB = NA NB coordinates.
The accessible region (AR) of the system is deﬁned by conditions (9.7)
and (9.8), respectively, and obviously consists in each degeneracy subspace
AB of hyperspheres with radii RAB = WAB or in the case of an initial
product state RAB = WA WB . (Some information about hyperspheres in
high-dimensional spaces can be found in App. A.)
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According to its deﬁnition in (7.10) the purity of the gas system P g is a
AB AB
function of the Cartesian coordinates {ηab
, ξab }. In fact it is a polynomial
AB AB
of fourth order in all coordinates {ηab
, ξab }. As explained in Sect. 8.2 the
Hilbert space average of a function, here the purity P g , within an accessible
region (AR) can be evaluated by the integral
P  =
g

AR

!
AB AB
AB
AB
P g ({ηab
, ξab }) ABab dηab
dξab
!
.
AB
AB
ABab dηab dξab
AR

(9.19)

The concrete calculation of these integrals is a rather complicated task and of
no physical relevance. Therefore we just give a ﬂavor of how to integrate P g
over the accessible region and some ideas of the structure of the considered
Hilbert space. The complete mathematical procedure can be found in App. B.
Since we have one hypersphere in each subspace AB, it is straightforward to switch to generalized spherical coordinates for each subspace. It is
quite evident that the functional determinant det F of this
! coordinate transformation decomposes into a product of determinants AB det FAB in the
diﬀerent subspaces AB because of the total independence of subspaces, as
already mentioned in Sect. 8.2. As a consequence, the average over each term
of P g according to (9.19) factorizes and reduces to a product of averages over
the degeneracy subspaces, to which the amplitudes in that term correspond.
The restriction to the accessible region is just a product of δ-functions,
which restrict the radius rAB of the generalized spherical coordinates to the
radius of the respective hypersphere RAB . Finally, the integral reduces to an
integral over all angle variables of each subspace,
 ! AB
! 
AB 
φj
P g ({φAB
i })
AB det F
g
!
! AB j
P  =
.
(9.20)
AB
|det F | j φj
AB
These remaining integrals of a polynomial function over several hyperspheres
are not easy to get but with a mathematical trick (see App. B) one is able
to integrate P g , ﬁnding the Hilbert space average of the quantity in the
accessible region (cf. (B.29))
P g  =

 W2

A

A

+

NA


1−




WB2

+

 W2

B

 W 2 W 2 (N + N )
A B
A
B
.
NA NB + 1

B

B

NB


1−




WA2

A

(9.21)

A,B

The Hilbert space average is thus a unique function of the invariants WA ,
WB , speciﬁed by the initial product state and the degeneracies NA , NB .
For a single degenerate subspace AB, the summations over A, B break
down and we get (NA = ng , NB = nc )

9.2 Energy Exchange Conditions

P g  =

ng + n c
ng nc + 1
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(9.22)

in agreement with Sect. 8.4.
9.1.5 Microcanonical Equilibrium
If the degeneracy of the occupied energy levels is large enough so that
NA NB + 1 ≈ NA NB ,

(9.23)

which should hold true for typical thermodynamic systems, (9.21) reduces to
P g  ≈

 (W )2  (W )2
A
B
+
.
NA
NB
A

(9.24)

B

g
The ﬁrst sum in this expression is obviously exactly Pmin
(9.9), so that for
systems and initial conditions, in which the second sum is very small, the
g
allowed region almost entirely consists of states for which P g ≈ Pmin
. The
second sum will be small if the container system occupies highly degenerate
states typical for thermodynamic systems, in which the surrounding is much
larger than the considered system. This is the set of cases mentioned already
in Sect. 9.1.2: all systems fulﬁlling this pre-condition are now called thermodynamic systems. Thus we can conclude that all states within the accessible
g
g
region are very close to ρ̂min
and have approximately the purity Pmin
. The
g
g
density operator, which has P g = Pmin and S g = Smax
, and which is consistent with the microcanonical conditions, is unique. The density operators
g
with P g ≈ Pmin
should not deviate much from this one and should therefore
g
also have S g ≈ Smax
, the latter being
g
Smax
= −kB



WA ln

A

WA
,
NA

(9.25)

which reduces for sharp energy probability distribution {WA } = δAA to
g
= kB ln NA .
Smax

(9.26)

For a numerical demonstration of several aspects of these considerations we
refer to Sect. 18.1.

9.2 Energy Exchange Conditions
In the last sections we only considered a contact scenario, for which no energy
transfer between the gas and the container was allowed. However, many systems do exchange energy with the environment, and therefore it is necessary
to allow also for this possibility in our considerations.
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For environments with a special kind of degeneracy structure, i.e., an
exponential increase of the degeneracy with energy, the system will reach the
canonical equilibrium state. This special scenario is called canonical contact.
However, ﬁrst of all let us consider here the more general situation of an
energy exchange contact condition, without any assumptions for the spectrum
of the environment.
9.2.1 The Accessible and the Dominant Regions
Our approach to the “energy exchange conditions” will be based on similar
techniques as before. The possibility of a partition according to Sect. 7.1 is
still assumed. However, now there is no further constraint on the interaction
ˆ since energy is allowed to ﬂow from one subsystem to the other. The only
I,
constraint for the accessible region therefore derives from the initial state of
the full system, and the fact that the probability of ﬁnding the total system
at some energy E,

 

AB 2
ψab
W (E) :=
WAB =
,
(9.27)
A,B/E

A,B/E a,b

should be conserved (see (7.9) where A, B/E stands for: all A, B such that
g
c
+EB
= E). This constraint is nothing but the overall energy conservation.
EA
One could try to repeat the above calculation under the energy conservation constraint, but now it turns out that the average purity over the accessible region is no longer close to the actual minimum purity. Furthermore,
the energy probability distribution of the individual system considered is no
longer a constant of motion. Thus, we proceed in a slightly diﬀerent way:
1. Contrary to the microcanonical case, the probability of ﬁnding the gas
(container) subsystem at some given energy is no longer a constant of
motion here. However, we are going to prove that there is a predominant
d
distribution, {WAB
}, which almost all states within the allowed region
have in common. The subregion formed by these states will be called the
“dominant region” (see Sect. 9.2.2).
2. Having identiﬁed the “dominant region” we will demonstrate that this
region is by far the biggest subregion in the accessible region of the system
(see Sect. 9.2.3 and Fig. 9.2).
3. Once the existence of such a dominant region has been established, we can
use the results from the microcanonical conditions to argue that almost
all states within this dominant region, which is speciﬁed by a ﬁxed energy
probability distribution for the considered system, feature the maximum
local entropy that is consistent with the predominant distribution. Out
of this analysis we get the equilibrium state of the considered system (see
Sect. 9.2.4).
Just like in the previous case our subjective lack of knowledge about where
to ﬁnd the system within the accessible region should be irrelevant. The
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Accessible Region

g
Pmin

g
P ≈ Pmin

P =1

Dominant Region
Fig. 9.2. Qualitative picture of the purity landscape. In the canonical case the
accessible region contains a dominant region which almost entirely ﬁlls the accessible
region. Within the dominant region, all states feature the same energy probability
distribution. Thus all topology from the microcanonical case (cf. Fig. 9.1) transfers
to the dominant region.

reduced local state ρ̂ g (t) as a function of the full state |ψ(t) should always
evolve into a state with a ﬁxed probability distribution WA , and an almost
time invariant entropy, which is the maximum entropy that is consistent
with this (canonical) distribution. Nevertheless, the state of the full system
continues to move with the constant velocity (8.7) in Hilbert space.
9.2.2 Identiﬁcation of the Dominant Region
First, we calculate the size of a region in Hilbert space that is associated with
a certain energy probability distribution {WAB }. In order to ﬁnd the predomd
}, this size will then be maximized with respect to
inant distribution {WAB
the WAB ’s, under the condition of the energy probability distribution of the
whole system {W (E)} being kept ﬁxed.
To calculate the size of the region associated with the energy distribution
{WAB } according to (7.8), we again use the set of independent parameters
{φi }. Due to the condition (9.27) the set {φi } can be rearranged with respect to AB-subspaces ({φAB
i }) and therefore the functional matrix F fac-
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torizes again. For the size of the respective region with the energy distribution
{WAB } we get


det FAB
V ({WAB }) =
dφAB
.
(9.28)
i
i

AB

These integrals are just surfaces of hyperspheres and can be evaluated using
the techniques described in the App. A.3:

N N −1/2
V =
(WAB ) A B
O(1, 2NA NB ) .
(9.29)
AB

Here O(1, 2NA NB ) is the surface area of a 2NA NB -dimensional hypersphere
of radius R = 1.
Instead of maximizing V directly we choose to maximize ln V ; this is
equivalent, since the logarithm is a monotonous function. Additionally we set
NA NB − 1/2 ≈ NA NB , an approximation that is not necessary but simpliﬁes
the calculation and is deﬁnitely valid for large degrees of degeneracy:


NA NB ln WAB + ln O(1, 2NA NB ) .
ln V =
(9.30)
A,B

Furthermore we drop all terms that do not depend on {WAB }, since they are
of no relevance for the maximum. Introducing the Lagrange multipliers {λE }
to account for the condition of overall energy conservation, the function we
want to maximize with respect to the {WAB } reads





ln V =
NA NB ln WAB −
λE 
WAB − W (E) .
(9.31)
A,B

E

A,B/E

This maximization is routinely done by solving the following set of equations:
∂ ln V
=0
∂ WAB

(9.32)

and yields
d
WAB
=

NA NB
λE=EAg +EBc

.

(9.33)

Finally, using (9.27) we ﬁnd for the Lagrange multipliers
λE =

N (E)
W (E)

with N (E) =



NA NB .

(9.34)

A,B/E

To check the character of the extremum one can additionally consider the
second derivative of (9.31),
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∂ 2 ln V
N N
= − A2 B < 0 .
2
∂ WAB
WAB
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(9.35)

We have thus identiﬁed the energy probability distribution, which most of
the states within the accessible region exhibit, i.e., the energy probability
d
distribution of the dominant region, {WAB
}.
9.2.3 Analysis of the Size of the Dominant Region
So far we have only shown that among the regions with given energy probability distribution {WAB } there is a biggest one. However, for our argument
we need to show that this region V d is, indeed, much larger than all the
others, that it really ﬁlls almost the entire accessible region. To examine
the size of this region we need to know how the size of a region depends
on the corresponding distribution {WAB }, if this distribution does not ded
viate much from the dominant distribution {WAB
}. Therefore we consider
d
WAB =: WAB + AB , where the AB ’s are supposed to be small and

AB

=0

(9.36)

A,B/E

to guarantee that the new WAB still belongs to the accessible region. For
ln V we then ﬁnd

d
ln V =
NA NB ln(WAB
+ AB ) .
(9.37)
A,B

It is possible to replace the sum over A, B by a sum over all E and the
respective subspaces A, B/E. Additionally expanding the logarithm to second
order we get


2 
 
1
AB
AB
d
.
(9.38)
ln V ≈
NA NB ln(WAB ) + d −
d
2 WAB
WAB
E
A,B/E

Since the expansion is around an extremum the linear term should vanish.
Indeed, using (9.36) the second summation over this term yields


NA NB

A,B/E

AB
d
WAB

=


A,B/E

λE

AB

= λE


AB

Thus, using (9.33) and (9.34), we ﬁnally ﬁnd

 
2
N
N

A B
A,B/E

2 
V ≈Vd
exp−
AB 
2NA NB W (E)
AB

= 0.

(9.39)

A,B/E

(9.40)
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i.e., regions, V , that correspond to energy probability distributions that deviate from the dominant one are smaller than the dominant region, V d . Since
the smallest factor that can appear in the exponent of (9.40) for given NA
and NB is (NA NB )/(2W (E)), the regions V will be much smaller already for
very small deviations, if the corresponding NA NB is large. This is another
prerequisite for a system to be thermodynamical.
9.2.4 The Equilibrium State
Finally, to ﬁnd the marginal, dominant energy probability distribution WAd
of the gas system individually, one has to sum the compound probabilities
d
over the irrelevant container system to obtain
WAB
WAd =



d
WAB
=

B

 N N
 N c (E c )W (E)
g
B
A B
,
= N g (EA
)
λE
N (E)

B/E

(9.41)

B/E

where again the sum over B/E denotes a summation under the condition
g
g
c
c
E = EA
+ EB
, and NA = N g (EA
) and NB = N c (EB
) the respective degeng
g
c
eracies. Since EB = E − EA is a function of E for ﬁxed EA
we switch from
a summation over B to a summation over E,
g
WAd = N g (EA
)

 N c (E − E g )W (E)
A

E

N (E)

.

(9.42)

This is the energy probability distribution for the gas system that one will
ﬁnd with overwhelming probability for a thermodynamic system. Simply by
exchanging the indices (up to here everything is symmetric with respect to
an exchange of the subsystems) we ﬁnd the marginal dominant energy probability distribution for the container system, which will be of interest later
c
WBd = N c (EB
)

 N g (E − E c )W (E)
B

E

N (E)

.

(9.43)

So far we have only established the energy probability distributions that
almost all states from the accessible region feature, but nothing has been
said about entropy, purity, etc. The equilibrium state is still undetermined.
Once the trajectory has entered the dominant region, we can assume that
the trajectory will practically never leave it, because this region ﬁlls almost
the whole accessible region of the system. However, since all states within
the dominant region feature the same energy probability distribution, motion
within the dominant region will never give rise to any further energy exchange
between the subsystems. As a consequence the situation is as if the system
were controlled by microcanonical conditions.
Therefore, we can take the arguments from Sect. 9.1.5 to identify the
equilibrium state. Following this idea, we can start with (9.24) and use the
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d
dominant energy distribution WAB
, ﬁnding for the Hilbert space average of
the purity of the gas

P g  ≈

 (W d )2
A

A

NA

+

 (W d )2
B

B

NB

.

(9.44)

Again it is possible to conclude that the second term (due to the environment)
is much smaller than the ﬁrst one for a suﬃciently degenerate environment.
The ﬁrst term is exactly the minimum purity of the gas system within the
dominant region. Thus, almost all states from the dominant region will also
g
is
yield approximately the same local gas state. This equilibrium state ρ̂eq
again the state of minimum purity (maximum entropy, see Sect. 9.1.3) that
is consistent with the dominant energy distribution,
g
ρ̂eq
≈

 Wd

A

A,a

NA

|A, aA, a| .

(9.45)

One problem remains: the dominant energy probability distribution WAd
(9.42) is not independent of the initial state since diﬀerent energy probability
distributions of the local initial state may result in diﬀerent overall energy
probability distributions W (E), and those clearly enter (9.42) and thus even
(9.45). Normally the canonical contact of standard thermodynamics leads to
an equilibrium state, which does not depend on the initial state. Here we
have considered a more general contact scenario from which the canonical
contact seems to be a special subclass, as we will demonstrate in the next
section.

9.3 Canonical Conditions
In the last section we have investigated a situation, for which an energy
transfer between the system and its environment was allowed. With these
constraints alone it does not seem possible to end up in an equilibrium state
that does not depend on the initial state. For a canonical situation the gas
system should be found in the canonical equilibrium state, independent of
the initial conditions. This behavior, however, can be found, if we take a
further condition into account: a special form of the degeneracy of the environment NB .
So, for the moment, we assume an exponential increase of the container
degeneracy
c

NB = N0c eαEB ,

(9.46)

where α, N0c are some constants. Let us start again from (9.42) using (9.46)
for the degeneracy of the environment

104

9 Quantum Thermodynamic Equilibrium
g

WAd = NA e−αEA

 N c eαE W (E)
0
.
N (E)

(9.47)

E

Obviously, the sum does not depend on A at all. Since WAd has been constructed as some probability distribution it is still normalized by deﬁnition.
Therefore the sum has to reduce to a normalizing factor. This could also be
shown in a rather lengthy calculation, which we skip here. Finally we get for
the dominant energy probability distribution of the gas system
g

WAd =

NA e−αEA
g .
−αEA
A NA e

(9.48)

This result is no longer dependent on the initial state! The justiﬁcation for the
degeneracy structure of the environmental system (9.46) for thermodynamic
systems will be discussed later in Sect. 11.2 and Sect. 11.4.
The energy probability distributions of almost all states from the accessible region consistent with the constraints is then the canonical distribution.
Since the argumentation for the minimal purity state (state of maximal entropy) remains unchanged, the equilibrium state now reads


1

g
ρ̂eq
≈
A

NA e

g
−αEA

g

e−αEA |A, aA, a| .

(9.49)

A,a

Obviously, this is the well known canonical equilibrium state with the inverse
temperature β = α.
For some more concrete illustrations of the implications, which the rather
abstractly derived principles in this chapter bear on the dynamics of adequate
systems, see Sect. 18.2.

9.4 Fluctuations of Occupation Probabilities WA
Unfortunately the term “ﬂuctuations” has various meanings in the ﬁeld of
physics. In the context of thermostatistics one speaks of thermal ﬂuctuations,
meaning that some extensive variable, e.g., energy deﬁned as an average over
a distribution with ﬁxed intensive variable, e.g., temperature (see Sect. 3.3.2)
might not be exactly sharp. Instead one gets an energy probability distribution peaked at some value, having a certain width. This width is taken to
characterize “ﬂuctuations”, but the distribution itself is constant in time, i.e.,
does not ﬂuctuate.
In the context of quantum mechanics ﬂuctuations also refer to the width
of (quantum mechanical) probability distributions (“uncertainties”). The socalled “vacuum ﬂuctuations” refer to the fact that the probability to measure
some ﬁnite electromagnetic ﬁeld intensity, say, does not vanish even in vacuum (i.e., a pure state). Nevertheless again the probability distribution itself
is constant in time.

9.4 Fluctuations of Occupation Probabilities WA
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The ﬂuctuations we want to discuss in this section are of a diﬀerent kind.
In our approach all occupation probabilities are explicit functions of time,
which reﬂects the eternal motion of the pure state of the total system within
its accessible region. Since the “probability landscape” WA is not entirely
ﬂat, probabilities will vary in time as the state vector wanders around in
Hilbert space. These ﬂuctuations in time will be studied here by analyzing
the respective probability landscapes.
Fortunately it is possible to calculate precisely the size of regions that are
associated with a given WA , this being equivalent to the probability to ﬁnd
a state featuring this WA , if states from the accessible region were picked at
random. The size of those regions as a function of the concrete probabilities
will be called V(WA ). Any peak of V(WA ) will then be the most likely value
for WA , and the sharper this peak, the smaller the ﬂuctuations.
To examine this, we restrict ourselves for the moment to cases for which
the energy distribution of the total system is sharp, i.e.,
{W (E)} = δE,U .

(9.50)

g
c
Because of this constraint and the overall energy conservation E = EA
+ EB
,
the index B of the container system can be written as a function of A, B =
B(A). Therefore we can write all states of the accessible region in terms of
the state of the gas system with the parameter A, as
  AB(A)
ψab
|A, a ⊗ |B(A), b .
(9.51)
|ψacc  =
A

a,b

For the dominant probability distribution WAd we ﬁnd here from (9.42)
WAd = NA

 NB(A) W (E)
E

=

N (E)

NA NB(A)
A,B/U

NA NB

,

= NA

 NB(A) δE,U
E

N (E)

=

NA NB(A)
N (U )
(9.52)

where we have used (9.34). If we take the overall energy conservation into
account, the summation over A, B/U in the denominator reduces to a summation over A leading to
WAd =

NA NB(A)
A

NA NB(A)

.

(9.53)

Since the states of the accessible region have to be normalized, we require
   AB(A) 2  AB(A) 2 
ηab
=1,
(9.54)
+ ξab
A

a,b
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AB(A)

AB(A)

where {ηab
, ξab
} again denote the real and imaginary parts of the
AB(A)
amplitudes ψab
. Note that this condition restricts the parameter space to
a hypersphere with radius one, as has already been discussed several times.
In this parameter space the dimension, d, of this hypersphere is

d=2
NA NB(A) .
(9.55)
A

The total Hilbert space is partitioned here into subspaces A, ﬁlled with states
g
for which the gas system is to be found at energy EA
. The dimension dA of
such a subspace is given by
dA = 2NA NB(A) .

(9.56)

From the topological point of view all those dimensions are equivalent. It is
only the underlying partition scheme that makes them distinguishable. Thus
if some partition is established (e.g., the partition introduced in Sect. 7.1),
it is only a subset of these parameters that determines the probability of the
g
. Namely all parameters belonging
gas system to be found at some energy EA
to the respective subspace A of the Hilbert space with dimension dA . The
g
probability WA of ﬁnding the gas system at energy EA
can now be evaluated
by summing all probabilities (squares of amplitudes) of the states belonging
to the respective subspace A
  AB(A) 2  AB(A) 2 
WA =
ηab
.
(9.57)
+ ξab
a,b

Here we are interested in the size of the corresponding region V(WA ). We
ask: how big is the zone on the surface of the hypersphere of radius one and
dimension d, which consists of points for which (9.57) is fulﬁlled? The size of
the zone can be calculated by parametrizing the surface in such a way that
WA is one of the parameters. If now the surface integral is computed and all
other parameters are integrated out except for WA , the remaining function
will describe the size of the zones as a function of WA . We have transferred
the complicated integration on the hypersphere to App. A.3, citing here only
the result for the size of such a subspace A

dA −2 
d−dA −2
V(WA ) = C
WA
1 − WA
,
(9.58)
with some normalization constant C. The function describes the sizes of the
respective subspaces A, which is directly proportional to the relative frequency of states featuring WA . By adequate normalization of V(WA ), choosing C in such a way that the integral over V(WA ) is one (see App. A.3), it is
now possible to estimate the probability of ﬁnding a state that features WA .
In Fig. 9.3 we show the distribution function in dependence on the dimensions
d and dA .
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Fig. 9.3. Probability distribution function of ﬁnding a state featuring WA , for
three diﬀerent dimensions d and dA . The vertical solid line at position 0.1 marks
the respective mean value of each distribution.

First of all we ﬁnd for the WA , for which the respective subspace A has
maximal volume V(WA ) (see (A.34)),
WAmax =

dA − 2
=
d−4

NA NB(A) − 1
A

NA NB(A) − 2

.

(9.59)

Furthermore, it is possible to evaluate the mean value WA (see (A.35))
 1
NA NB(A)
dA
=
WA =
WA V(WA ) dWA =
.
(9.60)
d
0
A NA NB(A)
For large d and dA , i.e., for large total systems, WAmax as well as the mean
value WA turn out to be identical with WAd (cf. (9.53)). Thus the energy
probabilities of the dominant distribution are indeed the most likely ones,
also for each single probability (see Fig. 9.3).
Now, the variance of this distribution, V(WA ), can be calculated as well,
yielding (see (A.36))
 1
2 dA (d − dA )
.
(9.61)
WA2 V(WA ) dWA − WA =
∆WA =
d2 (d + 2)
0
If the trajectories in Hilbert space were ergodic, ∆WA would be a direct
measure of the ﬂuctuations. Since we know that the trajectories are not ergodic, such a simple connection is not necessarily true. Nevertheless, if ∆WA
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is small, almost all states within the accessible region feature a WA very near
to WAd , such that ﬂuctuations can be expected to be small. In that sense
∆WA can be considered a measure of the ﬂuctuations. If the environment
gets bigger, both d and dA , will scale with some factor, say, α, and then
∆WA will scale like
.
1
.
(9.62)
∆WA ∝
α
Typically, this should apply to the ﬂuctuations as well.
Coming back to the case of the total system having some energy probability distribution W (E) that is not exactly sharp, we can assign to any energy
subspace E its own dimension dE and the dimension dE
A of its subset that corg
. Note that the considerations
responds to the gas system being at energy EA
so far hold true for each
subspace E. Thus they all have their own
 energy

relative frequency V E WAE of the probability WAE (where the superscript E
denotes the restriction to the respective energy subspace E). This leads to a
set of variances ∆WAE , one for each subspace E.
We are interested in the variance of the relative frequency of WA , the
g
. This probability WA now
overall probability of ﬁnding the gas system at EA
consists of a sum over the product of the probability to ﬁnd the whole system
g
at energy E and at the same time the gas system in the state EA
, WAE ,

WA =
W (E) WAE .
(9.63)
E

Because the energy subspaces are entirely independent of each other, we
ﬁnally get
-

2
W (E) ∆WAE .
∆WA =
(9.64)
E

Thus, the full width of the distribution is essentially the geometrical mean of
the widths corresponding to the pertinent energy subspaces. This means that
the principle stated in (9.62) still applies: the more states there are within
the energy subspaces, either in the gas or in the container system, the smaller
the ﬂuctuations of the occupation probabilities. In particular, in the limit of
the environment becoming arbitrarily large the ﬂuctuations will practically
vanish.
For some illustrations of these results, see Sect. 18.3.

10 Interim Summary

Experiments cannot be extrapolated, only theories.
— D. J. Raine and E. G. Thomas [106]

Before we continue with our checklist for a foundation of thermodynamics,
we review some of the main ideas and results of the last chapters. These
should be seen in connection with former eﬀorts towards a foundation based
on classical theories.

10.1 Equilibrium Properties
So far we have developed a theory to predict the behavior of a subsystem,
without following the complete time evolution. The considered model is a
bipartite quantum system, a small one, the gas g, which we want to observe
and a big one, the environment or container c, weakly coupled to each other.
Depending on the type of interaction (with or without energy exchange) and
on the structure of the environment, we can predict the equilibrium state
of the gas system and its purity. The possibility to make predictions is a
consequence of the respective Hilbert space and its accessible region only.
We do not need any further assumptions like ergodicity, etc. The complete
system is eternally in pure state and evolves according to a unitary evolution
with constant velocity in Hilbert space, a reversible Schrödinger dynamics.
10.1.1 Microcanonical Contact
We have ﬁrst considered a microcanonical interaction between a small system
(gas g) and an environment (container c) (no energy exchange). The whole
system (gas and container) is conﬁned to an accessible region in Hilbert space,
restricted by the conservation of energy in each subsystem separately.
Without any additional assumptions, such as those used in damping models, it is then possible to make a prediction about the equilibrium state of
the system (g). In spite of the eternal unitary evolution of the state of the
total system this subsystem alone can be found at approximately maximum
entropy (minimum purity) at any time. Any state belonging to the accessible
region of the total Hilbert space has approximately maximum entropy with
respect to the subsystem. This type of behavior is found to be generic for a
very large class of even small quantum systems and agrees with the classical
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
109–112 (2004)
c Springer-Verlag Berlin Heidelberg 2004
http://www.springerlink.com/
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thermodynamic expectations according to the second law of thermodynamics.
All subsystems g, which meet these conditions, are called “thermodynamic
systems”. Note that this thermodynamic behavior is not enforced by an ad
hoc introduced relaxation rate or something like that but is just a property
of fundamental quantum mechanics in such a bipartite system under very
weak restrictions. For some more concrete illustrations, see 18.1.
Equations for Microcanonical Contact (cf. Sect. 9.1):
–

Accessible region:
  2  2
ψaA  ψbB  = WA WB .

(10.1)

a,b

–

Hilbert space average of P g in the accessible region:
P g  ≈

 (W )2  (W )2
A
B
+
.
NA
NB
A

–

Equilibrium state, minimum purity state:
g
ρ̂min
=

W
A,a

–

(10.2)

B

A

NA

|A, aA, a| ,

(10.3)

Minimum purity, maximum entropy:
g
Pmin
=

 W2

A

A

NA

,

g
Smax
= −kB


A

WA ln

WA
.
NA

(10.4)

10.1.2 Energy Exchange Contact, Canonical Contact
If we allow the system g and the environment c to exchange energy, the
considerations are a little bit more complicated. The accessible region is no
longer ﬁlled with states of maximum entropy only, there are several diﬀerent
areas, where the entropy takes on even bigger values than on average. However, we discover a very large region, which ﬁlls almost the whole accessible
state space of the system, called the “dominant region”. Since the dominant
region is exponentially bigger than all other regions and the state wanders
through the whole accessible region with constant velocity, we can predict
that the state should be found mostly in the dominant region. Within the
dominant region each state features the same energy distribution and thus
the system no longer exchanges energy with the environment. This situation
is now “quasi” microcanonical and we can thus transcribe the respective results to the dominant region. Therefore we can predict the entropy in the
dominant region to be maximal (the system has minimum purity) and the
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equilibrium state of the system is similar to the microcanonical equilibrium
state but with the energy distribution of the dominant region.
However, the dominant energy distribution is not necessarily the canonical energy distribution, wherefore we ﬁrstly talk about “energy exchange contact”. However, there is a large variety of systems, which do have a canonical
energy distribution in their dominant region. For this to happen the environment must have an exponential increase of the degeneracy with energy. This
exponential increase is quite intuitive for a lot of physical situations, as will
be discussed in the next chapter. For a concrete model exemplifying these
considerations see Sect. 18.2.
Equations for Energy Exchange Contact (cf. Sect. 9.2):
–

Accessible region:

 

AB 2
ψab
W (E) :=
WAB =
.

–

Dominant probability distribution:
NA NB W (E)
.
A,B/E NA NB

d
WAB
=

–

 N c (E − E g )W (E)
A

N (E)

E

.

(10.7)

Hilbert space average of P g in the dominant region:
P g  ≈

 (W d )2
A

A

–

(10.6)

Dominant probability distribution for the gas system:
g
)
WAd = N g (EA

–

(10.5)

A,B/E a,b

A,B/E

NA

+

 (W d )2
B

B

NB

.

(10.8)

Equilibrium state, minimum purity state:
g
ρ̂eq
≈

 Wd

A

A,a

NA

|A, aA, a| .

(10.9)

Equations for Canonical Contact (cf. Sect. 9.3):
–

Dominant probability distribution for the gas system:
g

WAd
–

=

NA e−αEA
g .
−αEA
A NA e

Equilibrium state, minimum purity state:

g
1
g
ρ̂eq
≈
e−αEA |A, aA, a| .
g
−αE
A
A NA e
A,a

(10.10)

(10.11)
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10.2 Local Equilibrium States and Ergodicity
As explained in Sect. 6.3, ergodicity is not needed in our approach, while
concepts like ergodicity or the “a priori postulate” have been in the center
of the discussion in the past. Here we want to explain, at least partially, the
connection.
Given that a compound system meets the requirements of a thermodynamic system, the considered local system will under microcanonical conditions most likely be found in the momentary equilibrium state (state of
minimum purity and maximum entropy)
g
ρ̂eq
≈

W
A,a

A

NA

|A, aA, a| .

(10.12)

g
, have the
Obviously all states |A, a, which belong to one “energy shell” EA
same probability WA /NA . These states are the same as those one would have
found, if one had applied the “a priori postulate” (Sect. 3.3.1). They are also
the same states as obtained, if one had assumed perfect ergodicity for the
single, microscopically isolated system, and time averaged over a long enough
period.
g
It might be worth mentioning that in order to obtain ρ̂eq
it is even irrelevant in which space one assumes this ergodicity. One could take as the
possible states of the system, in each of which the system will be found for
the same time, the orthogonal energy basis states or one could allow for
g
superpositions, in both cases one would ﬁnd ρ̂eq
as a result.
To sum up, one can say that the eﬀect of some adequate, microcanonically
coupled environment is that the considered system behaves locally as if it
were perfectly ergodic, within arbitrarily short time periods. Alternatively
one could describe the result by an ensemble, i.e., many copies of the same
system, the same number of copies being in every pure state accessible to
the system. However, in the present picture the single considered system is
simply highly entangled with its environment.
For a thermodynamic system under energy exchange contact conditions,
the momentary equilibrium state is
g
ρ̂eq
≈

  N c (E − E g ) W (E)
A

A,a E

N (E)

|A, aA, a| .

(10.13)

Like in the microcanonical case, this local state is the same as obtained, if one
had given the same probability to all states that belong to the same energy
shell of the full system, E. In this case, the local equilibrium state is the same
as if the full system were perfectly ergodic, although it is not.
Further examples for weakly coupled bipartite systems have been studied
using also entirely diﬀerent techniques [17, 58, 124]. The results are similar
to those described in this chapter.

11 Typical Spectra of Large Systems
. . . the positions and velocities of every particle of a
classical plasma or a perfect gas cannot be observed, nor
can they be in an atom nor in a molecule; the theoretical
requirement now is to ﬁnd the gross macroscopic
consequences of states that cannot be observed in detail.
— A. Cook [27]

11.1 The Extensitivity of Entropy
If a set of axioms is formulated as a basis of thermodynamics, one is usually
told that entropy has to be an extensive quantity. This basically means that
if two identical systems with entropy S are brought in contact such as to
form a system of twice the size of the original systems, the entropy S tot of
the joint system should double,
S tot = 2S .

(11.1)

Formulated more rigorously this means that entropy should be a homogeneous function of the ﬁrst order, or that it should be possible to write it
as a function of the other extensive variables, say, energy U , volume V and
particle number N as
S = N s(U/N, V /N ) ,

(11.2)

where s(U/N, V /N ) is the entropy of a single particle. This is obviously an
important property, since it guarantees, e.g., that temperature deﬁned in the
usual way (see (3.17))
T =

∂U
∂S

(11.3)

remains the same under this procedure, i.e., temperature is an intensive quantity.
However, this basic requirement faces severe problems for the standard
deﬁnition of entropy as considered in the following. The classical deﬁnition
of entropy for the microcanonical ensemble (see Sect. 3.3.2) reads
S = kB ln m ≈ kB ln G(U ) ,

(11.4)

where m denotes the number of micro states consistent with the energy U , i.e.,
the volume of the corresponding energy shell in phase space, divided by the
volume of some elementary cell, and G(U ) the state density. In our approach
the same formula holds (for a sharp energy probability distribution) for the
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
113–122 (2004)
c Springer-Verlag Berlin Heidelberg 2004
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equilibrium entropy (see (9.26)), except G(U ) being the quantum mechanical
energy state density at the energy U .
Regardless of whether we are following classical or quantum mechanical
ideas, if one assumes that the thermal contact of two identical systems, while
containing only negligible energy by itself, allows for energy exchange between
the systems, the entropy S tot of the doubled system at the double energy
could be calculated from the state density by the convolution
 2U
tot
S = kB ln
G(E)G(2U − E) dE .
(11.5)
0

It is obvious that this, in general, cannot be twice the entropy of one of the
separate systems, for
 2U
kB ln
G(E)G(2U − E) dE = 2kB ln G(U ) .
(11.6)
0

This could only be true, if the function G(E)G(2U − E) were extremely
peaked at E = U . In general, however, there is no reason to assume this,
even if G(E) were a rapidly growing function. If G(E) grows exponentially,
the integrand of the convolution is ﬂat, rather than peaked. The identity of
(11.6) is often claimed in standard textbooks by referring to the ideal gas, for
which it happens to be approximately true, or by complicated considerations
based on the canonical ensemble [22]. All this, however, is not a straightforward, general extensivity proof for the microcanonical case. So, according to
those deﬁnitions, one cannot claim without further study that entropy is an
extensive quantity. (This problem is not to be confused with Gibbs’ paradox
that can be solved by using Boltzmann statistics of identical particles; here
dividing the left hand side of (11.6) by some function of N will not ﬁx the
problem [127].)
Finally one is often referred to Shannon entropy
 (µ)
(µ)
S (µ) = −kB
Wi ln Wi ,
(11.7)
i
(12)

(1)

(2)

which appears to be extensive, since (11.1) holds, if Wl
= Wi Wj .
However, this means that the probabilities of ﬁnding the systems in their
individual states should be uncorrelated. This is clearly not the case in the
microcanonical ensemble. If one system is found at the energy E, the other
one necessarily has to be at the energy U − E.
It thus remains to be shown, if, and under what condition, S can indeed
be a homogeneous function of U .

11.2 Spectra of Modular Systems
Practically all of the matter we encounter in nature has some sort of modular
structure. Gases are made of weakly interacting identical particles. Crystals
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are periodic structures of, possibly strongly interacting, identical units, even
disordered matter, like glass or polymers, and can be split up into fairly small
parts without changing the properties of the parts essentially.
Let us, as an example, consider the sequential build-up of some piece of
solid material. First, we have one atom with some energy spectrum. If we
bring two atoms together, the spectrum of the resulting molecule will be
substantially diﬀerent from the energy spectrum of the two separate atoms.
The energy resulting from the binding can be as large as typical level splitting
within the spectrum of the separate atoms. However, the spectrum of the
molecule will already be broader than the spectra of the separate atoms. If
we now combine two 2-atom molecules to one 4-atom molecule, the spectrum
of the 4-atom molecule will again be considerably diﬀerent from the spectrum
of the two separate 2-atom molecules. If we continue this process, at some
point, say, if the separate parts contain a hundred atoms or so each, the
separate parts will already have broad energy spectra, typically containing
bands that stretch over a considerable energy region with a smooth state
density. If we now combine these parts again, the energy contained in the
binding will be negligible compared to the structures of the energy spectrum
of the two separate parts. Most of the atoms in one part do not even feel the
force of the atoms in the other part anymore, simply because they are too
far away. Thus, the energy distortion of the separate spectra caused by the
binding will be negligible. This is the limit beyond which the weak coupling
limit applies. This limit is always assumed to hold in thermodynamics. For
the contact between a system and its environment it is thus assumed that
the spectra of the separate systems are almost undistorted by the contact.
So, this principle should apply to the diﬀerent identical parts of one system
above some size. Here we assume that there are a lot of parts above this limit
to make up a macroscopic system, as is the case in our example, where there
are a lot of parts containing some hundred atoms, to be combined to form a
piece of metal, containing on the order of 1023 atoms.
The bottom line is that the spectrum or state density of any macroscopic
system can be viewed as the spectrum of a system consisting of very many
almost interaction free parts, even if the basic particles are strongly interacting. In the case of a gas no additional consideration is necessary, for its
spectrum can naturally be understood as the combined spectrum of all the
individual gas particles.
We ﬁnally analyze the properties of spectra that result from very many
identical non-interacting systems. Just as the state density of two noninteracting systems should be the convolution of the two individual state
densities, the state density of the modular system, G(U ), should be the convolution of all individual state densities, g(E). Deﬁning


CN {g(E)}(U ) := g(E) ∗ g(E) ∗ · · · ∗ g(E) (U )
(11.8)
as the convolution of N identical functions g(E), where the convolution labeled by “∗” is mathematically deﬁned by the integration
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CN {g(E)}(U ) :=


···

g(E1 )g(E2 − E1 ) · · · g(Ei − Ei−1 )
· · · g(U − EN −1 )

N
−1


dEj .

(11.9)

j=1

Thus we can write
G(U ) = CN {g(E)}(U ) .

(11.10)

To evaluate this convolution, we start by considering another convolution.
We deﬁne
r(E) :=

e−αE g(E)
e−αE g(E)dE

and the quantities

R := e−αE g(E) dE ,

r := E r(E) dE ,

σ 2 := E 2 r(E) dE − r2 .

(11.11)

(11.12)
(11.13)
(11.14)

If the increase of g(E) with energy is not faster than exponential, which we
have to assume here, then all these quantities are ﬁnite and, since r(E) is
normalized, r is the mean value of r(E) and σ 2 is the variance of r(E). Now,
consider the convolution of all r(E) written as
CN {r(E)}(U ) =

e−αU G(U )
.
RN

(11.15)

To evaluate CN {r(E)}(U ) we exploit properties typical for a convolution.
Since the integral over a convolution equals the product of the integrals of
the convoluted functions, we have

CN {r(E)}(U ) dU = 1 .
(11.16)
Since the mean value of a convolution of normalized functions is the sum of
the mean values of the convoluted functions, we ﬁnd

M := U CN {r(E)}(U ) dU = N r .
(11.17)
As the square of the variance of a convolution of normalized functions is the
sum of the squares of the convoluted functions, we ﬁnally get
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Σ 2 :=

U 2 CN {r(E)}(U ) dU − N 2 r2 = N σ 2 .

(11.18)

The Fourier transform of two convoluted functions equals the product of the
Fourier transforms of the convoluted functions. If for simplicity we deﬁne the
Fourier transform of a function r(E) as F{r(E)}, we thus ﬁnd

N
F{CN {r(E)}} = F{r(E)} .

(11.19)

If r(E) is integrable, F{r(E)} is integrable as well and it is very likely that
the function F{r(E)} has a single global maximum somewhere. This maximum should become much more predominant, if the function is multiplied
very many times with itself, regardless of how strongly peaked the maximum
originally was. This means that the function F{CN {r(E)}} should get extremely peaked at some point, if N becomes large enough. One can show (see
App. D) that this peak, containing almost all of the area under the curve, is
approximately Gaussian. One can now split F{CN {r(E)}} up into two parts,
the Gaussian and the rest. Since a Fourier transform is additive leaving the
area under the square of the curve invariant, and transforming a Gaussian
into a Gaussian, CN {r(E)} should again mainly consist of a Gaussian and a
small part that cannot be determined, but gets smaller and smaller as N gets
larger. In the region, in which the Gaussian is peaked, F{CN {r(E)}} should
be almost entirely dominated by the Gaussian part. At the edges, where the
Gaussian vanishes, the small remainder may dominate. If we assume that the
integral, the mean value and the variance of F{CN {r(E)}} are entirely dominated by its Gaussian part, we can, using (11.16), (11.17) and (11.18), give a
good approximation for F{CN {r(E)}} that should be valid at the peak, i.e.,
around U = N r


1
(U − N r)2
.
(11.20)
CN {r(E)}(U ) ≈ √
exp −
2N σ 2
2πN σ 2
Solving (11.15) for G(U ) and inserting (11.20), evaluated at the peak, we
thus ﬁnd
RN eαN r
G(N r) ≈ √
,
2πN σ 2

(11.21)

where r, R and σ are all functions of α. Thus, we have expressed G as a
function of α. Since we want G as a function of the internal energy U , we
deﬁne
U := N r(α)

or

U
= r(α) .
N

(11.22)

Solving formally for α we get
α = α(U/N ) = r−1 (U/N ) .

(11.23)
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Now R, σ and α are all functions of the argument (U/N ) and we can rewrite
(11.21) as


N
R(U/N ) eα(U/N )U
√
,
G(U ) ≈
2πN σ(U/N )

(11.24)

or, by taking the logarithm

ln G(U ) ≈ N

ln R(U/N ) +


U
1
α(U/N ) − ln(2πN ) − ln σ(U/N ) .
N
2
(11.25)

If we keep U/N ﬁxed, but let N  1, which amounts to a simple upscaling
of the system, we can neglect everything except for the ﬁrst part on the right
hand side of (11.25) to get


U
α(U/N ) .
(11.26)
ln G(U ) ≈ N ln R(U/N ) +
N
This is obviously a homogeneous function of the ﬁrst order and thus an
extensive quantity. Therefore, (11.2) is ﬁnally conﬁrmed.
The joint spectrum of a few non- or weakly interacting systems does
not give rise to an extensive entropy, contrary to the standard deﬁnition
of entropy; but the spectrum of very many such subsystems always does,
regardless of the form of the spectrum of the individual subsystem of which
the joint system is made.

11.3 Entropy of an Ideal Gas
To check (11.26) we consider a classical ideal gas, just taking the spectrum of
a free particle in one dimension as the function to be convoluted. The total
energy of a classical gas depends on 3N degrees of freedom, corresponding
to the components of the momenta of all N particles. From the dispersion
relation of a classical free particle conﬁned to one dimension
E=

1 2
p ,
2m

where m is the mass of a single particle, we ﬁnd
.
m
dp
m
=
.
=
dE
p
2E

(11.27)

(11.28)

Since there are two momenta corresponding to one energy and taking h as
the volume of an elementary cell, we get for a particle restricted to the length
L the state density
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g(E) =

L
h

.

2m
.
E

119

(11.29)

With this state density we ﬁnd, using some standard table of integrals, for
the quantities deﬁned in Sect. 11.2
.
1
L 2πm
, r=
.
(11.30)
R=
h
α
2α
Setting r =
α=

1
2



U
N

U
N

and writing α and R as functions of this argument we get
−1
,

R=

L
h




4mπ

U
N

 12
.

Inserting these results into (11.26) yields

 


U
L 1
1
.
+
ln G(U ) = N  ln + ln 4mπ
h
2
N
2

(11.31)

(11.32)

Relating the number of degrees of freedom N  to the number of particles N
by N  = 3N we eventually ﬁnd


 

L 3
4
U
3
ln G(U ) = N 3 ln + ln
mπ
+
.
(11.33)
h
2
3
N
2
This is exactly the standard textbook result (without the corrected Boltzmann statistics, see e.g., [127]), which is usually calculated by evaluating the
surface area of hyperspheres and using the Stirling formula.

11.4 The Boltzmann Distribution
In Sect. 9.2.4 we found an equilibrium energy probability distribution for a
canonical situation, i.e., a contact, which allows for energy exchange with a
large surrounding. This distribution is given by (9.42) and reads, written now
in terms of state densities

Gc (E − E g )W (E)
W d (E g ) = Gg (E g )
dE .
(11.34)
G(E)
Here, Gg (E g ) and Gc (E c ) are the state densities of the gas and the container
system, respectively, whereas G(E) is the state density of the total combined
system. This is obviously not the familiar Boltzmann distribution. Instead
of the Boltzmann factor exp(−E g /kB T ) one has here a factor depending on
the state density of the environment. We are now going to analyze this factor
under the assumption that the spectrum of the environment has the typical
structure as established in Sect. 11.2.
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ln Gc (E c )

N2  N1

N1

∆E
E c /N
Fig. 11.1. Upscaling of the graph ln Gc (E c ) with increasing N ; the original section
within ∆E gets stretched. With respect to the same ∆E the new graph gets closer
to a linear approximation (straight line).

If the environment is a large system, it should be possible to write the
logarithm of its state density according to (11.2) as
ln Gc (E c ) = N sc(E c /N ) ,

(11.35)

where N is the number of some basic units of the environment. If one looks
at the graph of such a homogeneous function for diﬀerent N , it is clearly seen
that increasing N just amounts to an upscaling of the whole picture. This
means that the graph becomes smoother and smoother within ﬁnite energy
intervals (see Fig. 11.1).
This can be stated in a more mathematical form by checking the expansion
of ln Gc (E c ) around some point of ﬁxed energy per unit, E c /N =
ln Gc (E c ) ≈ N sc | +



d2 sc 
dsc 
1
c
(E
−N
)+
(E c −N )2 +O( 3 ) .
dE c 
2N d(E c )2 
(11.36)

Evidently, already the second order term scales with N −1 , terms of order n
scale with N 1−n . Therefore, for large N , a truncation of the expansion after
the linear term will be a valid approximation over a wide energy range, with
the range of validity becoming larger with increasing N . Without ln Gc (E c )
being a homogeneous function of the ﬁrst order such a truncation would
remain without justiﬁcation, although it is often routinely used [22].
In (11.34) the function W (E)/G(E) is multiplied by the environment
state density under the integral. If the range in which this function is peaked
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(or takes on values that diﬀer signiﬁcantly from zero) is smaller than the range
over which a linearization of ln Gc (E c ) is valid, we might replace the state
density of the environment in (11.34) by an exponential that the linearization
(11.36) gives rise to. The expansion then has to be around the energy, where
W (E)/G(E) is peaked, i.e., N has to be chosen to lie in the center of the
peak. This replacement yields
W d (E g ) ≈ Gg (E g )




1
dsc 
g
((E
−
E
)
−
N
)
W (E) dE ,
exp N sc | +
G(E)
dE c 
(11.37)
or, with the terms depending on E g taken out of the integral



dsc  g
d
g
g
g
E
W (E ) ≈ G (E ) exp −
dE c 




1
dsc 
c
exp N s | +
(E
−
N
)
W (E) dE . (11.38)
G(E)
dE c 
To simplify this even further we deﬁne

dsc 
β=
dE c 

(11.39)

and rewrite (11.38) as
g

W d (E g ) ∝ Gg (E g )e−βE ,

(11.40)

which is exactly the well known Boltzmann distribution.

11.5 Beyond the Boltzmann Distribution?
In the last years the standard limits of thermodynamics have been challenged
by exploiting the laws of quantum mechanics [4, 5, 117]. It should be pointed
out here that within the framework of the ideas presented here, the Boltzmann distribution does not follow naturally from some basic principles like it
does from the maximum entropy principle in the context of Jaynes’ principle.
Rather, it is due to the special structure of the spectra of the systems that
represent the environment. If a system is in contact with a system, which is
not built according to the scheme described in Sect. 11.2, it can have a stable
equilibrium energy probability distribution that signiﬁcantly diﬀers from the
Boltzmann distribution. In fact, any distribution described by (9.42), must
be considered stable, as long as the state density of the container system is
large enough. Thus, if one could build a system with a high state density, but
not of modular origin, one could get a non-standard equilibrium distribution.
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However, realizing such a system is probably very hard; it would either have
to be impossible to split up into identical parts, or, alternatively, the parts
would have to interact strongly over large distances. Furthermore, one would
have to decouple this system entirely from any further system, including the
electromagnetic ﬁeld. Although all this seems rather unrealistic, such eﬀects
might be seen in some future experiments.

12 Temperature
All concepts . . . have a deﬁnite and limited applicability
. . . Such a case is that of temperature, deﬁned as the
mean kinetical energy of the random linear motion of
the component particles of a many-particle system in
thermal equilibrium. This notion is diﬃcult to apply
if there are too few particles in the system, or if the
temperature is so low that thermal equilibrium takes a
long time to establish itself, or if the temperature is
so high that the nature of particles changes with small
changes of the temperature.
— Th. Brody [23]

If it is hard to deﬁne entropy as a function of the micro state on the basis
of classical mechanics, it is even harder to do so for the temperature. One
could claim that temperature should only be deﬁned for equilibrium and thus
there is no need to deﬁne it as a function of the micro state. Based on this
reasoning temperature would then simply be deﬁned as
∂S
1
∂
1 ∂G(E)
=
=
ln G(E) =
,
kB T
∂E
∂E
G(E) ∂E

(12.1)

with G(E) being the state density cf. (3.48). In this way one would neglect all
dynamical aspects (see [131]), since this deﬁnition is based on the Hamiltonian
of the system rather than on its state. Strictly speaking, this deﬁnition would
exclude all situations in which temperature appears as a function of time
or space, because those are non-equilibrium situations. To circumvent this
restriction it would, at least, be convenient to be able to express temperature
as a function of the micro state. There have been several attempts in this
direction.
As already explained in Chap. 5, a quantity like temperature is essentially
determined by two properties. It should take on the same value for two systems in energy exchanging contact, and if the energy of a system is changed
without changing its volume, it should be a measure for the energy change
per entropy change.
Most deﬁnitions rely on the second property. Maxwell connected the mean
kinetic energy of a classical particle with temperature. In the canonical ensemble (Boltzmann distribution) it is guaranteed that the energy change per
entropy change equals temperature. And the ensemble mean of the kinetic
energy of a particle equals kB T in this case. Thus, if ergodicity is assumed,
i.e., if the time average equals the ensemble average, temperature may indeed
be deﬁned as the time averaged kinetic energy. Similar approaches have been
proposed on the basis of the microcanonical ensemble [107, 110]. However,
temperature is eventually not really given by an observable (cf. Sect. 18.6),
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
123–131 (2004)
c Springer-Verlag Berlin Heidelberg 2004
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but by a time average over an observable, leaving open the question of the averaging time and thus the question on what minimum timescale temperature
may be deﬁned. Furthermore, the deﬁnition is entirely based on ergodicity.
Nevertheless, it allows, at least to some extent, for an investigation of processes, in which temperature varies in time and/or space, since that deﬁnition
is not necessarily restricted to full equilibrium.
To avoid those problems of standard temperature deﬁnitions, we want to
present yet another, entirely quantum mechanical deﬁnition here.

12.1 Deﬁnition of Spectral Temperature
We deﬁne the inverse of spectral temperature as
−1

W0 + WM
1
:= − 1 −
kB T
2

M 

Wi + Wi−1 ln Wi − ln Wi−1 − (ln Ni − ln Ni−1 )
,
2
Ei − Ei−1
i=1

(12.2)

where Wi is the probability of ﬁnding the quantum system at the energy
Ei , M is the number of the highest energy level EM , while the lowest one
is labeled E0 . This formula is motivated by the following idea. For a two
level system it seems plausible to deﬁne temperature just from the energy
probability distribution and the degrees of degeneracy as


W1 N0
E1 − E0
.
(12.3)
= exp −
W0 N1
kB T
The deﬁnition (12.2) results if one groups the energy levels of a multi-level
system into neighboring pairs, to each of which a “temperature” is assigned
via the above formula, weighted by the average probability for each pair to be
occupied. This deﬁnition obviously depends only on the energy probability
distribution and the spectrum of a system. It thus cannot change in time for
an isolated system, and it is always deﬁned, independent of whether or not
the system is in an equilibrium state. Thus there should be many systems
or situations with such a temperature, which do not exhibit thermodynamic
properties at all. The latter will, as explained in the following, only show up
in equilibrium situations or close to those.
If the spectrum of a system is very dense and if it is possible to describe the
energy probability distribution, {Wi }, as well as the degrees of degeneracy,
{Ni }, by smooth continuous functions (W (E), N (E)) with a well deﬁned
derivative, (12.2) could be approximated by


 Emax
d
1
d
ln W (E) −
ln N (E) dE .
(12.4)
W (E)
≈−
kB T
dE
dE
0
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This can further be simpliﬁed by integrating the ﬁrst term to yield
 Emax
1
d
≈ W (0) − W (Emax ) +
ln N (E) dE
W (E)
kB T
dE
0
 Emax
W (E) dN (E)
≈ W (0) − W (Emax ) +
dE .
N (E) dE
0
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(12.5)

Since for larger systems typically neither the lowest nor the highest energy
level is occupied with considerable probability (if the spectra are ﬁnite at
all), it is the last term on the right hand side of (12.5) that basically matters.
This term can be interpreted as the average over the standard, system based,
rather than micro state based deﬁnition of the inverse temperature.

12.2 The Equality of Spectral Temperatures
in Equilibrium
The equality of temperatures in equilibrium is usually shown based on entropy being extensive, i.e., additive for two systems in contact, on entropy
approaching a maximum in equilibrium, and on the standard deﬁnition of
temperature as given by (12.1). If we were exclusively dealing with large modular systems as described in Chap. 11, we could also introduce the equality
this way, exploiting the corresponding properties derived so far. In the following, however, it will be demonstrated that the concept of equal equilibrium
temperatures holds for even more general situations if based on spectral temperatures.
If two systems are in heat contact at the total energy E = E g + E c , we
expect their energy probability distributions to be those corresponding to the
dominant region (see Sect. 9.2.2), i.e. to be deﬁned by
W d (E g ) = N g (E g )

 N c (E − E g )W (E)
E

W d (E c ) = N c (E c )

N (E)

 N g (E − E c )W (E)
E

N (E)

,

(12.6)

.

(12.7)

We check now if and under what circumstances those dominant energy probability distributions yield the same temperature according to the deﬁnition
(12.2) or (12.5).
First we examine the case of a small discrete system g, coupled to a large
continuous system c that is assumed to have a spectrum which is typical for
large, modular systems as described in Sect. 11.2. For such a joint system the
factor
N c (E c ) N g (E − E c )

(12.8)
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will always be peaked near E c ≈ E, since N c grows, by deﬁnition, much
faster with energy than N g does. Thus, calculating W d (E c ) and assuming
the situation in Sect. 11.4, namely that W (E)/N (E) takes on considerable
values in some ﬁnite energy region only, we ﬁnd that W d (E c ) will also take
on considerable values within and slightly below the very same energy region
only. This intuitive result means that most of the total energy is in the larger
system.
Since by deﬁnition, the state density of the large system can be well
described by an exponential, i.e.,
N c (E c ) ∝ eβE

c

(12.9)

in the region where W d (E c ) is peaked, we ﬁnd, applying (12.5), for the inverse
temperature of the large system
1
≈β.
kB T c

(12.10)

For the same situation we infer for the small system, as explained in Sect. 11.4
(11.40)
g

W

d

(Eig )

≈

N g (Eig ) e−βEi
j

g

N g (Ejg ) e−βEj

.

(12.11)

Inserting this into (12.2) yields
1
≈β,
kB T g

(12.12)

so that
Tc ≈ Tg .

(12.13)

For a large modular continuous system in contact with a small discrete
system and a reasonably peaked energy probability distribution of the combined system, we thus ﬁnd the same local temperatures for almost all states
of the full system. This result is independent of whether or not the full system
is in a pure or a mixed state, i.e., independent of whether there is a further
environment or not. The temperatures are the same, although entropy is
deﬁnitely not additive with respect to the chosen partition.
Now we examine the case of two large systems with continuous spectra
in contact. In this case, as will be seen, we do not even need the assumption
of the spectra being typical spectra of modular systems. Formulating (12.6)
for a continuous spectrum yields
 ∞ c
N (E − E g )W (E)
d
g
g
g
W (E ) = N (E )
dE .
(12.14)
N (E)
0
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Applying (12.5) to this distribution yields
1
=W d (0) − W d (Emax )
kB T g


Emax



+
0

0

∞

N c (E − E g )W (E) dN g (E g )
dE dE g .
N (E)
dE g

(12.15)

The smallest energy value for which N c (E c ) takes on non-zero values at all, is
E c = 0. Thus we can, after reversing the order of integrations, replace Emax
as a boundary by E. Furthermore we assume both the probability densities
to ﬁnd the system in the ground state W d (0) and at the highest possible
energy (if there is one), W d (Emax ), to vanish. We can then rewrite (12.15)
as

 ∞
1
W (E) E dN g (E g ) c
=
N (E − E g ) dE g dE ,
(12.16)
kB T g
N (E) 0
dE g
0
and apply product integration to the inner integral, to ﬁnd

 ∞
W (E)
1
N g (E)N c (0) − N g (0)N c (E)
=
kB T g
N
(E)
0

 E
c
g
g
g dN (E − E )
g
dE .
N (E )
dE
−
dE g
0

(12.17)

Since state densities are supposed to vanish at zero energy, we get N g (0) =
N c (0) = 0. Substituting E − E g = E c and reversing the boundaries of the
integration yields

 ∞
1
W (E) E dN c (E c ) g
=
N (E − E c ) dE c dE .
(12.18)
kB T g
N (E) 0
dE c
0
One would have obtained exactly this result, if one had applied (12.5) to
the container system. This may be seen from a comparison with (12.16),
obviously only the subsystem indices are reversed.
If two large systems with continuous spectra are in heat contact, almost
all micro states accessible to the full system yield the same local spectral
temperatures for the subsystems, regardless of whether the spectra are typical
for modular systems, or how broad the energy probability distribution of the
full system is.

12.3 Spectral Temperature as the Derivative of Energy
with Respect to Entropy
As already explained, we do not only expect the temperature to take on the
same values for systems in contact, but also to be a measure for the energy
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change per entropy change, if all other extensive variables are kept ﬁxed, since
this is basically what the Gibbsian fundamental form states. Evidently, there
are situations in which the temperature as deﬁned by (12.2) will not show
this behavior. If, e.g., one considered an isolated system controlled by a timedependent Hamiltonian, one would ﬁnd that energy may very well change
while entropy is strictly conserved. Nevertheless, one could compute a ﬁnite
temperature for this system, which would obviously not be in agreement with
the temperature appearing in the ﬁrst law. However, this is probably not the
situation one has in mind, when trying to apply the Gibbsian fundamental
form. Here we want to distinguish two processes, for which the ﬁrst law should
be applicable. Firstly, we investigate the process of transferring energy into
an arbitrarily small system by bringing it into contact with, according to our
deﬁnition, a hotter environment, and, secondly, the case of slowly depositing
energy into a large system by any kind of procedure (running current through
it, stirring it, etc.).
12.3.1 Contact with a Hotter System
In this case we consider a discrete system in equilibrium, the entropy of which
is given by
S = −kB


i

Wi ln Wi

with Wi =

W (Ei )
,
N (Ei )

(12.19)

where Wi is now the probability of ﬁnding the system in one of the N (Ei )
energy eigenstates of the respective energy level Ei , not the probability of
ﬁnding the system somewhere at the energy Ei . The internal energy of the
system is now given by

W i Ei .
(12.20)
U=
i

The energy probability distribution of the system in contact with a larger
system reads, according to (11.40)

E
exp − kBiT
 E
Wi =
,
(12.21)
j
exp
−
j
kB T
where T is the temperature for the surrounding system as well as for the
system considered. If the surrounding area gets hotter, T increases and S as
well as U change. Thus we compute
∂U
=
∂S

∂U
∂T
∂S
∂T

.

(12.22)
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For the derivative in the numerator we get
 ∂W
∂U
i
=
Ei .
∂T
∂T
i
Computing the derivate in the denominator yields

  ∂W
∂S
∂Wi
i
= −kB
ln Wi +
.
∂T
∂T
∂T
i

(12.23)

(12.24)

Because the order for the summation and the derivative can be exchanged
on the right hand side of (12.24) and as i Wi = 1, the last term vanishes.
Together with (12.21) we thus get





 ∂W
E
E
∂S
j
i 
 .
= −kB
− i − ln
(12.25)
exp −
∂T
∂T
k
T
k
T
B
B
i
j
Since the second term in the large brackets does not carry the index i, the
same argument as before applies and the term vanishes. We thus ﬁnd
1  ∂Wi
∂S
=
E .
∂T
T i ∂T i

(12.26)

Inserting (12.23) and (12.26) into (12.22) eventually yields
∂U
=T ,
∂S

(12.27)

which means that for this kind of process our temperature exhibits the desired
behavior.
12.3.2 Energy Deposition
Now we consider a large system in isolating contact with an environment,
into which energy is deposited by any kind of process. The internal energy of
such a system reads:

U = W (E)E dE ,
(12.28)
where W (E) is again the probability of ﬁnding the system at some energy, not
in a single energy eigenstate. The entropy of such a system in microcanonical
equilibrium is with (9.25)

W (E)
dE .
(12.29)
S = −kB W (E) ln
N (E)
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According to Sect. 11.2 we can assume that the width of the energy distribution of the system is small enough so that the state density N (E) is
well described by some exponential within the region, where W (E) takes on
substantial values. As has already been explained, this region can be fairly
broad, if the system is large. In this case we can replace
N (E) ≈ N (U ) eβ(E−U ) .

(12.30)

Doing so we ﬁnd


S ≈ −kB W (E) ln W (E) − ln N (U ) + β(E − U ) dE

(12.31)

and after integrating the last two terms

S ≈ kB ln N (U ) − kB W (E) ln W (E) dE .

(12.32)

As an instructive example we consider the case of energy probability W (E)
being uniformly distributed over an interval of length . In this case we ﬁnd
from (12.32)
S ≈ kB ln N (U ) + kB ln .

(12.33)

The change of entropy δ S that arises in such a situation from a change of the
mean energy, δ U , and a change of the width of the distribution by a factor
C is
δS ≈ kB

∂
ln N (U ) δU + kB C .
∂U

(12.34)

To get an idea for the orders of magnitude involved we set
1
∂
ln N (U ) δU =:
,
∂U
kB Temp

(12.35)

where Temp is the empirical temperature as deﬁned in (12.1), yielding
δS ≈

δU
+ kB C .
Temp

(12.36)

This may become more elucidating by plugging in numbers and dimensions
δS ≈

δ U [J]
+ 1.38 × 10−23 [J/K]C .
Temp [K]

(12.37)

From this equation it is obvious that for state changes involving macroscopic
energy changes δU at reasonable temperatures the second term, corresponding to the change of the width of the energy probability distribution, becomes
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negligible, unless the width is increased by a factor of C > 1015 or so. Such a
change of the width, however, seems implausible from what we know about,
say, mechanical energy depositing processes, even if they do not proceed as
described by adiabatical following (see Chap. 13). A very similar picture will
result for non-uniform energy probability distributions. Thus it is safe to drop
the second term on the right hand side of (12.32), so that
S ≈ kB ln N (U ) .

(12.38)

Thus we are eventually able to calculate the entropy change per energy change
for typical processes:
∂S
∂
= kB
ln N (U ) .
∂U
∂U

(12.39)

This result has now to be compared with the spectral temperature for this
situation. With the deﬁnition of the inverse spectral temperature (12.5) we
obtain

1
d
= kB W (E)
ln N (E) dE
(12.40)
T
dE
or, consistently assuming the same situation as above (exponential growth of
state density) and approximating the logarithm of the state density around
the internal energy U ,


1
d
ln N (E)|U
= kB W (E)
T
dE



∂
2

ln N (E) (E − U ) + O(E ) dE .
+
(12.41)
∂E
U
The ﬁrst term is constant and therefore the derivative vanishes, leading us to
 

1
d
∂
= kB
ln N (E)
(E − U ) dE .
(12.42)
W (E)
T
∂E
dE
U
After integration we ﬁnd


1
∂
∂
= kB
ln N (E) = kB
ln N (U ) ,
T
∂E
∂U
U

(12.43)

which is evidently the same as the entropy change per energy change as given
by (12.39). Thus, we ﬁnally conclude that the temperature according to our
deﬁnition features the properties needed to guarantee agreement with the
Gibbsian fundamental form.

13 Pressure
. . . the laws of macroscopic bodies are quite diﬀerent
from those of mechanics or electromagnetic theory.
They do not aﬀord a complete microscopic description
of a system. They provide certain macroscopic
observable quantities, such as pressure or temperature.
These represent averages over microscopic properties.
— F. Mandl [80]

Technically one could introduce pressure within classical statistical mechanics as an observable, i.e., as a function of the micro state. The momentary
change of the momenta of all particles that occurs due to the interaction with
some wall has to equal the force exerted onto that wall and could thus be
interpreted as pressure. And indeed, there are simple models of ideal gases
which can account for some of their properties in this way [97, 104]. In general, however, this is not the way pressure is calculated within statistical
mechanics. No ensemble average over such a “pressure observable” is taken.
Instead one calculates the internal energy U as a function of entropy S and
volume V . The derivative of the internal energy with respect to volume, while
keeping entropy constant, is then identiﬁed with negative pressure (cf. (3.18))


∂U
:= −p .
(13.1)
∂V S=const.
This amounts to identifying the pertinent force with the change of energy
per change of length, which appears quite convincing, but the claim is that
the change appears in such a way that entropy does not change. The internal energy of the system could, in principle, change in many ways but it is
assumed that a process is selected that keeps entropy constant. Without this
assumption the above deﬁnition (13.1) would be meaningless.
In this way pressure is deﬁned by an inﬁnitesimal step of an adiabatic process. It has to be examined if, and under what conditions, adiabatic processes
occur at all. In the case of temperature it was rather obvious that processes
exist during which entropy changes while the volume is kept constant, in this
case, however, it is far from obvious that processes exist during which the
volume changes while entropy remains constant.

13.1 On the Concept of Adiabatic Processes
At ﬁrst sight, isentropic processes may appear almost trivial: If the inﬂuence
of the environment on the system under consideration, g, would be described
by means of a time-dependent change of some parameter a(t) entering the
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
133–141 (2004)
c Springer-Verlag Berlin Heidelberg 2004
http://www.springerlink.com/
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Hamiltonian of the system g, i.e., if the environment could be reduced to a
changing “eﬀective potential”, a classical control by Ĥ g (a(t)) would result.
Irrespective of a(t), the von Neumann entropy of g would necessarily remain
constant.
However, in the context of the present theory, such a reduction is considered “unphysical”. The environment, regardless of whether or not it gives
rise to a changing Hamiltonian for the considered system, will always become entangled with the considered system, thus causing the local entropy
of the latter to increase (see Sect. 9.1). To understand the combined eﬀect
of an “adiabatic process inducing” environment onto the system, we divide
the continuous evolution into steps alternating between two diﬀerent mechanisms: during one step-type the eﬀect of the environment is modeled only
by the changing parameter in the local Hamiltonian, a(t), during the other
only by the inevitable relaxation into the microcanonical equilibrium as described in Sect. 9.1. Letting the step duration go to zero should result in
the true combined eﬀect. Since the relaxation to microcanonical equilibrium
makes the oﬀ-diagonal elements (in energy-representation) of the local density
operator, ρ̂ g , vanish, the remaining entropy is controlled by the energy occupation probabilities. Thus, if those change during the “parameter changing
steps”, entropy changes inevitably as well under the full evolution. Therefore, adiabatic processes are not trivial at all in a true physical process. The
invariance of entropy, however, can be guaranteed if the occupation numbers
do not change during the parameter changing steps. (They will obviously
not be changed during the “relaxation steps”, for we assume microcanonical
conditions.) In quantum mechanics such a behaviour can be found within the
scheme of adiabatic following.
Under the conditions of adiabatic following not only S, but all occupation numbers of states remain constant. Similar to the classical picture, for
adiabatic following to work, the speed of change must be low enough. This
is shortly explained in the following.
The adiabatic approximation (see [31, 113] and for the classical version
remember Sect. 4.5) is a method of solving the time dependent Schrödinger
equation with a time-dependent Hamiltonian. If a Hamiltonian contains a
parameter a(t) like length or volume that varies in time, it will have the
following form


Ĥ(a(t)) =
Ei(a(t)) |i, a(t)i, a(t)| =
Ei(t) |i, ti, t| .
(13.2)
i

i

At each time t a momentary Hamiltonian with a momentary set of eigenvectors and eigenvalues is deﬁned. If the wave function is expanded in terms of
this momentary basis with an adequate phase factor, i.e., with the deﬁnition
  t

1

ψi := i, t|ψ exp
(13.3)
E dt
i 0 i
the time dependent Schrödinger equation can be transformed to the form
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  t

∂

1
∂ψj

=−
|i, t exp
ψi j, t|
(Ei − Ej )dt .
∂t
∂t
i 0
i
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(13.4)

The bracket term on the right hand side of (13.4) scales with the velocity of
the parameter change, da(t)/dt, this term gets multiplied by a rotating phase
factor that rotates the faster the larger the energy distance Ei − Ej . This
means that if the initial state is a momentary eigenstate of the Hamiltonian
|ψ(0) = |i, 0, the transition rate to other eigenstates will be extremely small
if the velocity of the parameter change is low, and it will fall oﬀ like (Ei −
Ej )−1 for transitions to eigenstates that are energetically further away. Thus
in this case of slow parameter change we have as an approximate solution
|ψ(t) ≈ |i, t .

(13.5)

Obviously, for such an evolution entropy is conserved. This is what is called
the adiabatic approximation or the adiabatic following. This behavior has
been discussed in detail for the situation described above, in which the initial state is a single momentary energy eigenstate and not a superposition of
many of those. In this case, the contributions to the wave function at some
time t would consist of peaks in the spectrum, as described by the adiabatic
approximation, centered around the energy of the energy eigenstate that generated them. However, if the edges of those peaks overlap, the corresponding
amplitudes ψi have to be added coherently (according to (13.4)), thus producing, possibly, a higher probability density in the overlap region than the
simple addition of the probability densities of the corresponding peaks would
suggest. This means that a coherent superposition of energy eigenstates is
less likely to be correctly described by the adiabatic approximation than a
mixture.
Thus, it is problematic to explain the existence of adiabatic processes, in
general, by the scheme of the adiabatic approximation, if there is no decohering mechanism. If one tried to describe macroscopic thermodynamic systems
as entirely isolated, non-interacting systems, one would have to admit that
these are most likely in superpositions of many energy eigenstates, even if
they are all degenerate, and, in this case, there is no decohering mechanism.
In the context of our approach, the process of a changing local system parameter, like, e.g., volume, can be described by a Hamiltonian of the following
form:
Ĥ(t) = Ĥ g(a(t)) + Ĥ c + Iˆgc (t) .

(13.6)

To implement an adiabatic process, one still wants to have a thermally insulating contact with the environment. The full energy of the gas system,
however, cannot be a strictly conserved quantity anymore, since without a
changing energy one cannot get a ﬁnite pressure. However, any change of
energy is induced by the parameter a(t), thus, if a(t) stopped changing at
some time, energy should no longer change either. Demanding this behavior
we get as a condition for the interaction Iˆgc (t)
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 g
Ĥ (t), Iˆgc (t) = 0 .

(13.7)

As described in Sect. 9.1, the eﬀect of a suitable coupled environment system is to reduce purity within the gas system down to the limit set by the
conserved quantities derived from (13.7). This amounts to making the oﬀdiagonal elements of ρ̂ g , represented in the basis of the momentary eigenvectors of Ĥ g (t), vanish. In order to get a qualitative understanding of the type
of evolution that a Hamiltonian like the one deﬁned in (13.6) will typically
give rise to, we refer to the same scheme as introduced at the beginning of this
section, i.e., we decompose the continuous evolution into two diﬀerent types
of (inﬁnitesimal) time steps. In one type of step we imagine the interaction
to be turned oﬀ and the system to develop according to its local Hamiltonian
Ĥ g (t), this evolution being described by the corresponding von Neumann
equation. During the other type of step, we imagine the interaction to be
turned on, but constant in time, as well as the local Hamiltonian. During
this period the evolution is described by the Schrödinger equation for the full
system, and will result in quenching the momentary oﬀ-diagonal elements.
These two types of steps are now supposed to interchange. In the limit of the
steps becoming inﬁnitesimally short, the true, continuous evolution results.
For the ﬁrst type the von Neumann equation reads
i



∂ ρ̂ g
= Ĥ g (t), ρ̂ g .
∂t

(13.8)

The probability Wi of the system to be found in a momentary eigenstate |i, t
of Ĥ g (t), is
Wi = i, t|ρ̂ g (t)|i, t .

(13.9)

If those probabilities do not change, the adiabatic approximation holds exactly true. Therefore we calculate the derivatives with respect to time ﬁnding
∂
∂
∂
∂ ρ̂ g (t)
i, t| ρ̂ g (t)|i, t + i, t|
|i, t + i, t|ρ̂ g (t)
|i, t .
Wi =
∂t
∂t
∂t
∂t
(13.10)
Splitting up ρ̂ g into a diagonal part and an oﬀ-diagonal part E

Wi |i, ti, t| + E
ρ̂ g =:

(13.11)

i

and inserting (13.8) and (13.11) into (13.10) yields


∂
∂
∂
W = Wi
i, t| |i, t + i, t|
|i, t
∂t i
∂t
∂t
∂
∂
+
i, t| E|i, t + i, t|E
|i, t
∂t
∂t


+ i, t| Ĥ g , E |i, t .

(13.12)
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The ﬁrst part on the right hand side of (13.12) vanishes since


∂
∂
∂
i, t| |i, t + i, t|
|i, t
= i, t|i, t = 0 .
∂t
∂t
∂t
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Thus (13.12) reduces to
∂
∂


∂
Wi =
i, t| E|i, t + i, t|E
|i, t + i, t| Ĥ g , E |i, t .
(13.14)
∂t
∂t
∂t
Obviously, this derivative vanishes, if E vanishes. This means that if, during
the intermediate step, in which the interaction is active, the oﬀ-diagonal
elements were completely suppressed, the rate of change of the probability
would vanish at the beginning of each step of the von Neumann equation type.
It would take on non-zero values during this step, especially if the step were
long and ρ̂ g (t) changed quickly. If we made the steps shorter, the interaction
with the environment might not erase the oﬀ-diagonal elements completely.
Thus, this situation is controlled by a sort of antagonism. A rapidly changing
ρ̂ g (t) tends to make the adiabatic approximation fail, while the contact with
the environment that quickly reduces the oﬀ-diagonal elements stabilizes such
a behavior.
This principle can also be found from a diﬀerent consideration. Instead
of solving the full Schrödinger equation one can introduce a term into the
von Neumann equation of the local system, which models the eﬀect of the
environment the way it was found in Sect. 9.1. Such an equation reads



∂ ρ̂ g
i
= Ĥ g (t), ρ̂ g − i
i, t|ρ̂ g |i , t Cii |i, ti , t|
(13.15)
∂t

i,i

with
Cii = 0

for i = i ,

for i = i .

Cii ≥ 0

(13.16)

This equation obviously leaves Tr {ρ̂ } invariant and reduces the oﬀ-diagonal
elements. The bigger the Cii ’s, the quicker this reduction will proceed. To
analyze this equation we deﬁne

 
ρ̂ g (t) =
Wi |i, ti, t| + r(t)E(t) , Tr E2 = 1 , r ≥ 0 ,
(13.17)
g

i

where the Wi ’s are time independent and E may also contain diagonal elements. The second term on the right hand side of (13.17) thus contains all
deviations from the adiabatic behavior. With this deﬁnition r is a measure
for those deviations. Taking the derivative of ρ̂ g (t) according to (13.17) and
observing (13.13) one ﬁnds


∂

∂ g
∂
∂r
∂E
Wi
ρ̂ (t) =
|i, t i, t| + |i, t
i, t|
+
E+r
∂t
∂t
∂t
∂t
∂t
i
=

∂E
∂r
E+r
.
∂t
∂t

(13.18)
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Inserted into (13.15) we get





∂E
∂r
E+r
= Ĥ g (t), ρ̂ g − i
i, t|ρ̂ g |i , tCii |i, ti , t| . (13.19)
i
∂t
∂t

i,i

Multiplying (13.19) from the left by E, taking the trace and realizing that
Tr E

∂
E
∂t

=

 
1 ∂
Tr E2 = 0 ,
2 ∂t

 

Tr E Ĥ g , rE = 0

(13.20)

one ﬁnds, solving ﬁnally for ∂r/∂t

∂r
2
=−r
|i, t|E|i , t| Cii
∂t

i,i


∂
∂

−
Wi i, t|E
|i, t +
i, t| E|i, t .
∂t
∂t
i

(13.21)

If the right hand side of (13.21) consisted exclusively of the ﬁrst sum, r could
only decrease in time, the decrease would be the faster the bigger the Cii .
Only the second sum can cause r to deviate from its stable value r = 0 and
this sum would be large if Ĥ g (t) changed quickly. Thus, a fast local decoherence should stabilize the adiabatic approximation even for rapidly changing
Hamiltonians. A numerical simulation of these rather abstract concepts can
be found in Sect. 18.8.
In eﬀect, we argue here that realistic adiabatic processes cannot dispose
of decohering environments: During the adiabatic expansion of the gas, say,
the gas certainly remains in contact with the cylinder and the piston, the
coupling to which has been identiﬁed as the source of thermal behavior.
For an adiabatic process to happen we must assume that energy exchange
is suppressed on the pertintent time scales. The stabilizing eﬀect of such a
microcanonical environment should not really be surprising.
To conclude we can say that within the context of our approach adiabatic,
i.e., entropy conserving processes are very likely to happen, if the decoherence
induced by the environment proceeds fast compared with the change of the
local Hamiltonian. The evolution of the state will then have the following
form

ρ̂ g (t) ≈
Wi |i(a(t))i(a(t))| .
(13.22)
i

If we identify the parameter a by the volume V , we eventually ﬁnd for the
pressure
 

∂U
∂E
∂
Wi i = −p .
=
Tr ρ̂ g Ĥ g =
∂V
∂V
∂V
i

(13.23)
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In this way, pressure, or any other conjugate variable (except for temperature), is deﬁned, whenever a local Hamiltonian Ĥ g can be speciﬁed such that
the weak coupling limit applies (see Chap. 15) and the change of the system
proceeds in such a way that, with a changing local Hamiltonian, the whole
system remains within the weak coupling limit. If this is guaranteed, pressure can be deﬁned by (13.23), regardless of whether the system is changing
or not and regardless of whether the system is thermally insulated or not.
The inﬁnitesimal process step is just a virtual one, it is a mathematical construction to deﬁne pressure in such a way that it ﬁts the whole scheme of
thermodynamics, rather than something that is really physically happening.

13.2 The Equality of Pressures in Equilibrium
To examine, which pressure will be reached in equilibrium by systems in “volume exchanging contact”, we consider the often discussed case of a container
with a moving wall, dividing the gas into two diﬀerent compartments (see
Fig. 13.1). This situation is just meant as an example (cf. Sect. 18.7), the
principles of our consideration can be transferred to other situations.
To show for this example the equality of pressures in equilibrium one could
try to repeat the calculation from Sect. 12.2, now with respect to volume
rather than energy. However, such an approach would face two problems.
The ﬁrst problem is intrinsic to the situation and arises in the case of a
completely heat insulating wall. (A completely frictionless sliding of the wall
is assumed anyway.) Imagine such a system to be prepared in equilibrium. If
the wall is moved, equilibrium is disturbed. On the other hand, if the wall is
moved slowly enough for the process to be adiabatic, entropy cannot increase.
If the wall, after release, moved back towards its initial equilibrium position,
it would not do so due to an increase of entropy, since, as explained, entropy
will not be any larger in equilibrium. Thus, in such a situation equilibrium
is not maintained for entropic reasons but due to kinetic inhibition. In fact,
there may even be no relaxation to equilibrium at all on its way back, if the
wall does not accelerate beyond a velocity for which the process becomes

pl

pr < pl

q
Fig. 13.1. Container with a moving wall inside, dividing the gas into two compartments.
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irreversible, it would keep oscillating forever (in principle). Practically there
will, of course, always be an equilibrium position of the wall. However, this
may depend on details like the weight of the wall, non-equilibrium properties
of the gases, etc.
In terms of our theory this diﬃculty results from the fact that the corresponding accessible region cannot be deﬁned in the same simple way as
discussed in Chap. 9. It is not possible to decide whether a state belongs to
the accessible region or not by checking whether or not it is in accord with
some constants of motion, like (9.5) and (9.25).
The second problem is of technical nature. It arises even in the case of
the wall being heat conductive, a case for which the ﬁrst problem does not
occur.
In the case where the volume is ﬁxed and the exchange of energy is allowed, it is possible to analyse the problem in terms of an orthogonal set
of states, each of which corresponds to a given fragmentation of the full energy onto the subsystems (see Chap. 9). This is impossible in the case of
volume being allowed for exchange. Unfortunately there is no set of “volume
eigenstates” being orthogonal to each other. And thus the techniques from
Sect. 12.2 cannot be applied.
In spite of these problems, it should be possible to show that the system
will, on the level of local systems, rest in its state, if the pressures on both
sides are equal, and undergo some evolution if they are diﬀerent.
To get a fully quantum mechanical description of this situation we now
have to include at least three systems: the gas in the left compartment (labeled “l”), the gas in the right compartment (labeled “r”) and the wall itself
(labeled “w”). In this case, we may think of the wall as just having one translational degree of freedom q(t), the fact that the wall necessarily consists of
many particles does not matter here. If we assume that this whole tri-partite
system is energetically isolated and a weak coupling scheme may be applied,
the following has to hold true
U l(t) + U r(t) + U w(t) = const. ,

(13.24)

where the U ’s are the energy expectation values of the respective subsystems
(internal energies). If the wall is at ﬁrst at rest, there will be a ﬁrst period in
which it moves slowly enough, if it starts moving at all, so that for the two
gas compartments the adiabatic approximation will be valid. The heavier the
wall, the longer this period will last. For this period we thus get
U l(q(t)) + U r(−q(t)) + U w(t) = const. ,

(13.25)

where q is the position of the wall and positive q values stand for the compression of the right compartment. Taking the derivative of (13.25) with respect
to time yields
 l 
 r 
∂U
dq dU w
∂U
+
=0,
(13.26)
−
∂q S
∂q S dt
dt
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with the deﬁnition (13.1) we get
(pl − pr )

dU w
dq
=
.
dt
dt

(13.27)

If the pressure in the left compartment was higher than the pressure in the
right compartment, the wall would move to the right while its energy rises.
This process is energetically allowed, and thus likely to happen, no locally
stationary situation will result. If the pressures in both compartments were
the same, the wall would have to start moving without picking up internal
energy. This is obviously energetically forbidden. If the wall starts moving,
its internal energy has to increase, no matter how slow the movement is,
especially if the wall is heavy. Thus, in this case the system will remain
at rest.
In this way, the equality of pressures in equilibrium may be established,
though not on the basis of some dominant region, like in the case of temperature.

14 Quantum Mechanical
and Classical State Densities
Any real measurement involves some kind of coarsegrained average which will eventually obscure the
quantum eﬀects, and it is this average that obeys
classical mechanics.
— L. E. Ballentine [9]

Regardless of its rather problematic foundation (see Chap. 4), Boltzmann’s
“recipe” to calculate thermodynamic behavior from a classical Hamilton function of a system works extremely well. This recipe essentially consists of
his entropy deﬁnition, the ﬁrst and second laws. Using this recipe, not only
the thermodynamic behavior of gases, but also thermodynamic properties of
much more complicated systems, like liquid crystals, polymers, etc., which
are deﬁnitely quantum mechanical systems, may be computed to very good
precision.
If now, like in this particular approach, another (fully quantum mechanical) entropy deﬁnition is suggested, the question arises whether this other definition produces equally good if not better results. For many cases it suﬃces
to check whether or not the classical and the quantum mechanical deﬁnitions
of entropy are approximately equal
S class ≈ S qm ,

(14.1)

and together with the entropy deﬁnitions
S class = kB ln Gclass (U, V ) ,

S qm = kB ln Gqm (U, V )

(14.2)

it remains to investigate if
Gclass (U, V ) ≈ Gqm (U, V ) .

(14.3)

Here Gclass (U, V ) is according to Boltzmann the number of classical micro
states that is consistent with the macro state speciﬁed by U, V ; stated more
mathematically: the volume of the region in phase space that contains all
micro states of the system that feature the energy U and are restricted to the
(conﬁguration space) volume V . This region is also referred to as the energy
shell.
Gqm (U, V ) is the quantum mechanical density of energy eigenstates at
the energy U , given that the whole system is contained within the volume V .
With this deﬁnition S qm is the equilibrium entropy we found for the case of
microcanonical conditions and sharp energies (9.26). If the validity of (14.3)
can not be established, a theory relying on S qm would remain highly problematic from a practical point of view, regardless of its theoretical plausibility.
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
143–157 (2004)
c Springer-Verlag Berlin Heidelberg 2004
http://www.springerlink.com/
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From an operational point of view, the validity of (14.3) is far from obvious, because both quantities are evidently computed in entirely diﬀerent
ways. And of course, in general, Gqm (U, V ) is discrete, while Gclass (U, V ) is a
smooth continuous function. There are indeed cases where the recipe based
on Gqm (U, V ) works better than the one based on Gclass (U, V ). If one, e.g.,
changes from an ideal to a molecular gas, the deﬁciencies of the classical entropy deﬁnition, S class , become visible at low temperatures; the heat capacity
deviates signiﬁcantly from the predicted behavior. This eﬀect is referred to
as the “freezing out of internal degrees of freedom”. It is due to the fact
that the quantum mechanical level spacing of the spectrum arising from the
internal (vibrational, rotational) degrees of freedom is much larger than that
arising from the translational degrees of freedom. This behavior is described
correctly by calculations based on S qm . Nevertheless, if one claims S qm to be
the “correct” deﬁnition, the striking success of the classical entropy deﬁnition
needs explanation. This can only be done by showing the validity of (14.3)
for a reasonably large class of cases.
For some simple systems, for which both types of spectra can be calculated
exactly, there is a striking similarity between Gclass (U, V ) and Gqm (U, V ): for
a free particle they are the same. If the free particle is restricted to some volume, Gqm (U, V ) becomes discrete, but as long as V is large, the level spacing
is small and if the energy interval is chosen to contain many levels – it may
still be extremely small compared to macroscopic energies – Gclass (U, V ) and
Gqm (U, V ) are still almost identical. This, eventually, is the reason why both
methods lead to almost identical thermodynamic state functions for an ideal
gas. A very similar situation is found for the harmonic oscillator. The quantum energy spectrum Gqm (U ) of the harmonic oscillator consists of an inﬁnite
number of equidistant energy levels. The volume of the classical energy shell,
Gclass (U ), of a harmonic oscillator is constant with respect to energy. Thus,
if the level spacing is small, like is the case for small frequencies, the number
of levels that is contained within a given interval is almost independent of
the energy U around which the interval is centered.
In the following we want to analyse whether Gclass (U, V ) and Gqm (U, V )
can be viewed as approximations for each other, at least for a large set of
cases.

14.1 Bohr–Sommerfeld Quantization
One hint towards a possible solution in that direction comes from the Bohr–
Sommerfeld Quantization [22, 127]. This theory from the early days of quantum mechanics states that energy eigenstates correspond to closed trajectories in classical phase space that enclose areas of the size jh

p dq = jh ,
(14.4)
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j being an integer. This integration over a region in phase space could be
transformed into an integral over the classical state density with respect to
energy
 Ej
Gclass (E) dE = jh ,
(14.5)
0

with Ej denoting the respective energy level. If this theory is right, the desired connection is established and the quantum mechanical spectrum can be
calculated from Gclass (E) by (14.5), integrating only up to an energy level Ej .
A simple example for which the Bohr–Sommerfeld quantization produces
good results is the harmonic oscillator in one dimension. Possible trajectories
are ellipses in phase space (see Fig. 14.1). The classical phase space volume,
the area of the ellipse enclosed by the trajectory, is according to (14.4)
.

√
2U
U
(14.6)
p dq = π 2mU
= ,
mω 2
ν
where ν = ω/2π is the frequency of the oscillation. From standard quantum
mechanics we know that Ej = (j + 12 )hν. Applying (14.5) yields Uj = jhν
and is thus almost precisely correct.
p

√

2mU

q

(j + 12 )h



U = H(p, q) =

p2
2m

+

2U
mω 2

mω 2 2
q
2

p
h

q
j
j+1

Fig. 14.1. Bohr–Sommerfeld-quantization: phase space of a one dimensional harmonic oscillator. The elliptic trajectory j includes a volume of (j + 12 )h. Between
two trajectories a volume of h is enclosed.
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Unfortunately the Sommerfeld theory is not always applicable and the
above formula holds true for some special cases only.

14.2 Partition Function Approach
Some more evidence for the similarity of Gclass and Gqm can be obtained
from a consideration which is usually done in the context of the partition
function [108]. The partition function which, within standard classical mechanics, completely determines the thermodynamic properties of a system,
reads for the quantum mechanical case
/ 
 


Ĥ
E
qm
= dE Gqm (E) exp −
(14.7)
Z = Tr exp −
kB T
kB T
and for the classical case



H(q, p) 
Z class =
exp −
dq dp
kB T
µ

=

G

class



E
dE .
(E) exp −
kB T

(14.8)

(If one sets 1/kB T = α, the partition function becomes equal to the function
R(α), which is crucial for the spectrum of large modular systems as described
in Sect. 11.2.) In the literature [108] one ﬁnds
1
)≈
kB T

  ∂H 2 
β 3
exp(βH(q, p))
Z class (β) −
dq dp ,
24m
∂qi
µ
i

Z qm (β :=

(14.9)

where the correction term is basically the leading order term of an expansion
in terms of powers of , but higher order terms will also involve higher orders
of β, the gradient of the Hamiltonian and inverse mass 1/m.
If Z qm (β) and Z class (β) were exactly the same, Gclass and Gqm would
have to be equal as well, since by taking derivatives with respect to β of
the partition function, all moments of e−βE G(E) can be produced and if all
moments of two functions are the same, the two functions have to be the
same. This, however, cannot be the case since one knows that Gqm is discrete
while Gclass is not. Thus, strictly speaking, the correction terms can never
really vanish. Nevertheless (14.9) already provides a strong indication that
for a large class of systems (the class of systems for which the correction term
is small) at least the “rough structure” of Z qm (β) and Z class (β) could be the
same.
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Unfortunately, the smallness of the correction term does not provide a
necessary criterion for the equality of Gclass and Gqm . If one thinks, e.g., of
a wide potential well with a saw tooth shaped bottom, it is obvious that if
one makes each tooth smaller and smaller (but keeps the width the same
by introducing more and more teeth), the spectrum should approach the
spectrum of a ﬂat bottom potential well for which the similarity of Gclass and
Gqm can be shown explicitly. The correction term for the saw tooth bottom
potential well, however, does not decrease with the teeth getting smaller, it
might indeed be arbitrarily big if the edges of the teeth are arbitrarily steep.
Thus, there are systems for which the expansion in (14.9) does not even
converge, even though Gclass and Gqm of those systems may be very similar.

14.3 Minimum Uncertainty Wave Package Approach
In order to avoid the insuﬃciencies of the above analysis, we present here yet
another treatment, which might help to clarify the relation between Gclass
and Gqm .
The basic idea is the following. Rather than analyzing the spectrum of
the Hamiltonian directly, one can analyze the spectrum of a totally mixed
state (1̂-state) subject to this Hamiltonian. Since a system in the totally
mixed state occupies every state with the same probability, it can be found
in a certain energy interval with a probability proportional to the number of
energy eigenstates within this interval. If the 1̂-state is given as an incoherent
mixture of many contributions, its spectrum will result as the sum of the
individual spectra of the contributions. Here, the 1̂-state will be given as a
mixture of minimum momentum-position uncertainty wave packages, thus
each of them corresponds to a point in classical phase space. If it is then
possible to show that only those wave packages contribute to Gqm (U ), which
correspond to points in phase space that feature the classical energy U , i.e.,
if the energy spread of those packages is small, a connection between Gclass
and Gqm could be established.
Before we set up this complicated approximation scheme in full detail
for arbitrary systems, we consider, again, as an instructive example, the one
dimensional harmonic oscillator. In classical phase space the energy shells
are ellipses as shown in Fig. 14.1. To each point (volume element) within this
energy shell, a quantum mechanical state of minimum position-momentum
uncertainty may be assigned. For the harmonic oscillator these states are
known as “coherent” or “Glauber states” (see Fig. 14.2). These states are
known to have an energy probability distribution centered around the energies
of their classical counterparts. Furthermore the widths of these distributions
decrease, relative to their mean energies, with increasing mean energies. Thus,
each quantum state corresponding to a point within the energy shell may
add the same “weight” within the same energy interval, to the quantum
mechanical energy spectrum Fig. 14.3. In this case one will, eventually, ﬁnd
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p
γi , (pi , qi )

q

Fig. 14.2. Minimum uncertainty wave packages: phase space of the harmonic oscillator. Within the loop of volume h a minimum momentum-position uncertainty
wave package γi is deﬁned at every point (pi , qi ).

Fig. 14.3. Minimum uncertainty wave packages in energy space. Only wave packages within the phase space volume of h contribute to the state density Gqm (E) at
energy Ej . All these packages add energy space to the respective level. Note that in
the case of the harmonic oscillator all packages have additionally the same shape.
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as many states in a certain energy interval in the quantum spectrum as
there are points in the corresponding classical energy shell. This obviously
establishes the similarity between Gclass and Gqm that we are looking for. If,
and to what extend such a scheme yields reasonable results in general, will
be investigated in the following.
Now we try to apply these ideas to a more general Hamilton model. We
start oﬀ by rewriting the quantum mechanical state density Gqm . Therefore
we consider the respective Hamiltonian in energy basis which reads

E P̂ (E) ,
(14.10)
Ĥ =
E

where P̂ (E) is the projector, projecting out the energy eigenspace with energy
E. The quantum mechanical state density at energy E can then be written
as the trace over the projector P̂ (E)


Tr P̂ (E) = Gqm (E) .
(14.11)
Using a complete but not necessarily orthogonal basis |γ, with

|γγ| = 1̂ ,
γ|γ   = 0 ,

(14.12)

γ

we ﬁnd for the quantum mechanical state density, carrying out the trace
operation

 
γ|P̂ (E)|γ .
(14.13)
Gqm (E) = Tr P̂ (E) =
γ

Furthermore, deﬁning
g(γ, E) := γ|P̂ (E)|γ

(14.14)

we get
Gqm (E) =



g(γ, E) .

(14.15)

γ

According to its deﬁnition in (14.14) g(γ, E) is the energy spectrum of a single |γ that contributes to the spectrum of the Hamiltonian or, as mentioned
before, to the energy spectrum of the 1̂-operator subject to this Hamiltonian (for a visualization see Fig. 14.4). The full spectrum Gqm (E) of the
Hamiltonian or the 1̂-operator is the sum of all individual spectra of those
contributions g(γ, E), as stated in (14.15).
Now we choose the special complete basis as introduced in (14.12), which
spans the whole Hilbert space. First of all we restrict ourselves to a two
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Gqm (E)

2k∆g(γ)
∆g(γ)

g(γ, E)

g(γ)

E

Fig. 14.4. Minimum uncertainty wave packages: contribution of a single g(γ, E)
to the spectrum of the Hamiltonian, for an arbitrary quantum mechanical state
density.

dimensional phase space (q, p), an extension to 6N phase space coordinates
can easily be done later. In position representation this basis is deﬁned as
.


1
∆q∆p
p
(x − q)2
x|γ := x|q, p := √
−
i
exp
−
x
.
(14.16)
4
∆x
4(∆x)2

2π
Obviously, this basis consists of Gaussian (minimum position-momentum uncertainty) wave packages with variance ∆x, each of which corresponds to a
point γ = (q, p) in phase space. The wave packages are deﬁned on a lattice in
phase space with distance ∆q and ∆p, respectively (see Fig. 14.5), thus the
coordinates q and p are integer multiples of ∆q, ∆p only. In “standard” quantum mechanics one often tries to create a complete basis consisting of true
quantum mechanical states by choosing the lattice grid such that ∆q∆p = h.
Thus one gets exactly one normalized state per “Planck cell” (see [89]). Note
that the Gaussian wave packages deﬁned in (14.16) are not normalized, if one
does not choose this special subset. We are interested in the case ∆q → 0
and ∆p → 0, an “inﬁnitesimal” Gaussian wave package basis. In this limit
the norm of the basis states γ|γ will also vanish, but the basis remains
complete. To prove this, we have to show that the following holds true

!
x|
|γγ| |x  = x|1̂|x  =
γ


γ

x|γγ|x  = δ(x − x ) .
!

(14.17)
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∆x
Ω(q, p) = h

∆p

∆q
q
Fig. 14.5. Minimum uncertainty wave packages deﬁned on a lattice in phase space
with distance ∆q and ∆p, respectively.

Using the position representation of the basis states (14.16) the left hand side
turns into

x|γγ|x 
γ




1
(x − q)2 + (x − q)2
i

=√
exp −
− p (x − x ) ∆q∆p .
4(∆x)2

2π ∆x q,p
(14.18)
Within this equation, we perform the limit ∆q → 0, ∆p → 0 and switch from
the sum to an integration



1
i
(x − q)2 + (x − q)2

=√
− p (x − x )
dqdp exp −
4(∆x)2

2π ∆x
(14.19)
allowing for inﬁnitesimal contributions. The integration over p yields a δfunction in (x − x ) that can be pulled out of the q integration. Since the
δ-function is zero everywhere except for x = x , we can set x = x in the
integrand and carry out the integration over the remaining Gaussian, ﬁnding



1
(x − q)2

= δ(x − x ) ,
=√
(14.20)
δ(x − x ) dq exp −
2(∆x)2
2π∆x
which obviously shows that the chosen inﬁnitesimal basis is complete. (This
scheme is also known from the context of quantum optics, where it is usually
called a “P-representation”, see [118].)
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The normalization of the basis states can be investigated by using again
deﬁnition (14.16)

γ|γ = γ| |xx|dx |γ
1 ∆q∆p
=√
2π ∆x





(x − q)2
∆q∆p
∆q∆p
dx exp −
=
=
. (14.21)
2
2(∆x)
2π
h

From this equation it can be seen that the special complete basis consisting
of normalized quantum mechanical states (γ|γ = 1) can be introduced by
choosing ∆q∆p = h. This is exactly what von Neumann proposed. In the
case of ∆q → 0 and ∆p → 0 the normalization vanishes. If one tried to sum
the “weights” of the inﬁnitesimal contributions in one “Planck cell”, i.e., if
one sums over a volume Ω(q, p) = h in phase space and does the limit later,
one gets
lim



lim

∆q→0 ∆p→0

γ|γ = lim

γ

∆q→0 ∆p→0

Ω(q,p)=h

1
=
h

lim

  ∆q∆p
q
p
Ω(q,p)=h

h


dq dp = 1 .

(14.22)

Ω(q,p)=h

This means that all contributions coming from γ-wave packages corresponding to a phase space volume h (“Planck cell”) will add up to yield the weight
one together. (For a more detailed discussion of the basis characteristics of
Gaussian wave packages see [63, 115].)
Now we jump back to the considerations about the spectrum of the Hamiltonian and the 1̂-operator, respectively, to analyze the “weight” of a single
|γ wave package to the full spectrum. As mentioned before the contribution
of a single wave package corresponds to g(γ, E). Since such a wave package
might contribute to many energy levels we have to sum over all energies



g(γ, E) =
γ|P̂ (E)|γ = γ|γ since
P̂ (E) = 1̂ ,
(14.23)
E

E

E

and therefore, together with (14.21)

E

g(γ, E) =

∆q∆p
.
h

(14.24)

This means that while the spectrum is built up from contributions coming
from γ-wave packages, the contributions from wave packages corresponding
to a phase space volume h will add exactly the weight 1 to the spectrum
(see (14.22)). If this weight were now concentrated in one single energy level,

14.3 Minimum Uncertainty Wave Package Approach

153

one could say that the Sommerfeld quantization was exactly right and that a
volume h would correspond to exactly one energy eigenstate. This, however,
is typically not the case. Nevertheless, (14.24) means that, if the contributions
of wave packages corresponding to classical states up to a certain energy fall
entirely into some energy range of the quantum mechanical spectrum, and no
other wave packages lead to contributions within this range, the total number
of states within this range has to equal the classical phase space volume up
to the corresponding energy divided by h. This situation might very well be
satisﬁed to good accuracy, as we will see. This is the reason why in some
simple cases like the particle in a box or the harmonic oscillator this simple
relation holds exactly true.
It is straightforward to generalize the above introduced scheme to N particles, or rather 3N degrees of freedom. |γ then has to be chosen as a product
of the above described wave packages so that the contributions corresponding
to a phase space region of volume h3N will add the weight one to the spectrum. (Note that at this point it is just a generalization to a larger number
of degrees of freedom, no modularity is involved yet.)
To decide now, whether or not the approximation of the number of quantum mechanical states within the respective energy interval by the volume
of the classical phase space divided by h is a reasonable approximation, we
analyze (14.15) more thoroughly. Since the exact form of g(γ, E) can only be
calculated with huge eﬀort, we cannot evaluate this equation exactly. However, some properties of g(γ, E) can be estimated with pretty good precision.
The mean value, e.g., reads

2
E g(γ, E)
p2
1

γ|Ĥ|γ
≈
+
=
g(γ) := E
+ V (q) , (14.25)
γ|γ
2m 2m ∆x
E g(γ, E)
where V is the potential energy part of the Hamiltonian and the right hand
side holds if ∆x is small compared to the curvature of the potential. Also the
energy spread, the variance of g(γ, E), can roughly be estimated


2
γ|Ĥ 2 |γ − γ|Ĥ|γ
∂H 
p
∆g(γ) :=
+
∆x .
(14.26)
≈
γ|γ
m∆x
∂x 
q,p

We thus ﬁnd that the mean of g(γ, E) will be quite close to the energy of the
corresponding classical state U = H(q, p), and that its width will be reasonably small, at least for systems with large mass and small potential gradients.
Or, stated in other words, a minimum momentum-position uncertainty wave
package has a spectrum concentrated around the energy of its corresponding
classical state.
Let us assume that the spectra of those packages have a form, in which
almost all of their weight is concentrated within a range of some variances
∆g(γ) from the mean, like for Gaussians or Poissonians (see Fig. 14.4). Summing over the relevant energy interval only, we can approximate (14.24) by
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II

III

I

III

II

2l∆g(U )
∆g(U )

∆g(U )

g(U )

U − l∆g(U )

U = Ĥ(q, p)

U + l∆g(U ) E

Fig. 14.6. Summation of wave packages. Large region I: all wave packages fall
entirely into that part of the spectrum that is summed over. Region II: all packages
are totally outside of the considered energy region. They do not contribute to the
sum. Region III: problematic packages are at the edges.



E=U +k∆g(γ)

g(γ, E) ≈

E=U −k∆g(γ)

∆q∆p
,
h

(14.27)

where k is some small integer and U the classical energy H(q, p). Around the
classical energy U we introduce a typical spread ∆g(U ) of our wave packages
in the energy region (e.g., an average over all spreads in the energy region).
We can then approximately calculate the number of energy eigenstates within
a small energy region around U . We sum over an energy interval E = U −
l∆g(U ) . . . U + l∆g(U ), where l is an integer, so that we sum over a region
of some typical spreads ∆g(U ). According to the connection of g(γ, E) and
Gqm (U ) in (14.15) it is possible to write


E=U +l∆g(U )

E=U −l∆g(U )



E=U +l∆g(U )

G

qm

(E) =



g(γ, E) .

(14.28)

E=U −l∆g(U ) γ

Now we want to rearrange this double sum, to use the approximation (14.27).
Because of the dependencies on the diﬀerent parameters, this is not so easy.
In Fig. 14.6 we try to illustrate the situation. The idea is that, if l is large
enough, almost all g(γ, E) from this energy region fall entirely into that part
of the spectrum that is summed over and to which (14.27) applies (area I
in Fig. 14.6). No packages that are totally outside of the considered energy
region contribute to the sum, therefore we can forget about them (area II in
Fig. 14.6). Indeed there could be some packages at the edges of the considered
region, for which we do not know their contribution to the sum, because they
are inside as well as outside of the region (area III in Fig. 14.6). Within this
interval of 2k∆g(γ) at the edges of the considered energy region, (14.27)
can obviously not be applied, therefore we also neglect it. As a reasonable
approximation for (14.28) one may accept to use

14.3 Minimum Uncertainty Wave Package Approach



E=U +l∆g(U )





g(γ, E) ≈

E=U −l∆g(U ) γ

γ
U −l∆g(U )≤H(γ)≤U +l∆g(U )

∆q∆p
.
h
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This is a sum, for which only those γ’s contribute with ∆q∆p/h that are
totally inside the considered energy interval around U . We need to estimate
the error induced by the edges of the region. If the gradient of the classical
Hamilton function in (14.26) does not vary much within the energy region
(no extremely diﬀerent spreads of the packages within and at the edges of the
considered region), the relative error, ˜ can be estimated as the ratio of the
energy interval at the edges, for which the g(γ, E) do not fall entirely into
the summed over part of the spectrum to the total summed energy interval
2∆g(U )
1
= .
2l∆g(U )
l

˜≈

(14.30)

Keeping this in mind and with ∆q → 0 and ∆p → 0 in (14.29) we get
lim



lim

∆q→0 ∆p→0

q,p
U −l∆g(U )≤H(q,p)≤U +l∆g(U )


=
U −l∆g(U )≤H(q,p)≤U +l∆g(U )

∆q∆p
h

dqdp
,
h

(14.31)

where the integral in phase space is restricted to an energy shell with the
spread 2l∆g(U ). In classical mechanics such an integral over an energy shell
in phase space can be transformed into an integral of the classical state
density Gclass (E) over the energy itself. We conclude that


E=U +l∆g(U )

E=U −l∆g(U )

G

qm

1
(E) ≈
h



U +l∆g(U )

dE Gclass (E) ,

(14.32)

U −l∆g(U )

with a relative error given by (14.30).
We have thus found that the number of states within a certain energy
region is equal to the phase space volume corresponding to that energy region,
divided by h. The energy region that has to be summed over is proportional to
l∆g(U ). The relative error occurring is inversely proportional to l. Thus, this
method is deﬁnitely not adequate to identify individual energy eigenstates
with satisfactory precision. However, the number of states within an interval
of, say 100 times the energy spread of a minimum uncertainty wave package,
can be predicted with pretty good accuracy.
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14.4 Implications of the Method for Minimum
Uncertainty Wave Packages
The method introduced in the last section is useful for systems for which the
energy spread (14.26) of a minimum uncertainty wave package is much less
than its mean energy. This essentially holds in two cases (or combinations of
both). One is the case of large systems (small potential gradients) with big
particle masses. The other is the case of systems being made up from many
identical, approximately interaction free subsystems, as will be explained below. In those cases the quantum mechanical state density in a certain ﬁnite
energy interval can be approximated by the classical state density with a
relative error 1/l (see (14.30)). Thus, for those classes of systems, the classical and the quantum mechanical entropies are approximately the same (see
(14.10)-(14.12)). Since thermodynamic systems typically belong to the latter class, it will be very diﬃcult to decide from thermodynamic experiments
whether the classical or the quantum theory of thermodynamics holds true,
since the predictions will be very similar in both theories.
Routinely, in thermodynamics we are dealing with systems consisting of
a large number of identical, almost interaction free subsystems, for which the
method introduced in Sect. 14.3 should yield good results. If they are assumed
to be truly interaction free, the mean energy of a minimum uncertainty wave
package of the full system is given by a sum over the mean values of the
individual systems
gtot (γ tot ) =

N


gµ (γ µ ) .

(14.33)

µ=1

The energy spread of the full system in this case reads
"
#N
#
2
∆gtot (γ tot ) = $
(∆gµ (γ µ )) .

(14.34)

µ=1

Because the whole system consists here of identical subsystems, we can assume that the individual mean value and the individual energy spread are of
comparable size for most γ tot . Therefore we can approximate the
√ total mean
value by gtot (γ tot ) = N E and the energy spread ∆gtot (γ tot ) = N ∆E. Now
we can roughly estimate the ratio of energy spread over the mean value as
∆gtot (γ tot )

1
≈√ ,
N
gtot (γ tot )

(14.35)

which means that the
√ described method should produce good results for energy intervals of U/ N , where U is the total energy of the full system. Obviously this energy interval is very small for a classical number of subsystems
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(say some 1023 particles) and therefore classical and quantum mechanical considerations would not give rise to diﬀerent predictions. For gases with only a
small number of particles or near absolute zero temperature, where the above
assumptions are deﬁnitely not true, a classical consideration would lead to
totally diﬀerent expectations than a quantum mechanical one. Remember,
e.g., the freeze out of degrees of freedom in low temperature physics.
We conclude that there is a wide range of systems for which Gqm (U ) is
indeed proportional to Gclass (U ), in particular, large systems consisting of
heavy mass particles and systems consisting of very many almost interaction
free subsystems.

14.5 Correspondence Principle
It is quite comforting to see that the quantum approach to thermodynamics
is compatible with classical procedures – in those cases where classical models
are available at all. This fact can hardly be overestimated, as there are many
branches of physics, in which thermodynamics is routinely applied while a
quantum foundation would neither be feasible nor of practical interest. Pertinent examples would include, e.g., macroscopic physical and biophysical
systems. The situation is diﬀerent, e.g., for the concept of chaos: Here the
exponential increase of distance between initially nearby states has no counterpart in quantum mechanics (where the distance is invariant under unitary
transformation). This “failure of the correspondence principle”, though, is
hardly a weakness of quantum theory; classical systems are essentially open
systems, “the Schrödinger equation is not the appropriate tool for analyzing
the route from quantum to classical chaos” ([59]). However, it is presently
not clear, how conventional classical chaos might emerge from the underlying
quantum substrate.

15 Suﬃcient Conditions
for a Thermodynamic Behavior
It is not a question of annihilating science, but
of controlling it. Science is totally dependent upon
philosophical opinions for all of its goals and methods,
though it easily forgets this.
— F. Nietzsche

Since the present approach is entirely based on the Schrödinger equation with
no additional abstract concept like ergodicity or other “a priori postulate”
being involved, it is obvious that the thermodynamic behavior, as explained
in the previous chapters, should result in appropriate situations or physical
set-ups only: not all systems that can be described by the Schrödinger equation are thermodynamic systems. Many of the restrictions and conditions
that are necessary for thermodynamic behavior to emerge, have already been
mentioned, but for clarity we want to summarize and discuss them here again
explicitly. It should be pointed out that, unlike the conditions in many other
approaches, the conditions introduced here are well deﬁned physical properties of the systems under consideration, rather than abstract claims or
postulates.
Furthermore, thermodynamic behavior is here considered to emerge “step
by step”. Contrary to other approaches, systems need not be fully thermodynamic or entirely non-thermodynamic. Since we have deﬁned thermodynamics to encompass a multitude of properties (see Chap. 5), it could well
be that systems show some aspects of thermodynamics only, while lacking
others. We indeed ﬁnd this to be the case.

15.1 Weak Coupling Limit
The prime prerequisite for a system to exhibit any thermodynamic behavior
whatsoever in the context of this approach, is the existence of some other
system, some surrounding, to which it is weakly coupled. Weakly in this
context basically means

Iˆ2 
Ĥ g , Ĥ c 
(15.1)
i.e., the energies contained in the system itself and in the surrounding one
have to be much larger than the energy contained in the interaction. This
has to hold for any state, into which the full system can possibly evolve. This
means, in particular, that the spectrum of the joint system has to be close
to the convolution of the individual spectra of the two subsystems, i.e., the
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
159–163 (2004)
c Springer-Verlag Berlin Heidelberg 2004
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interaction can be considered as a perturbation that has only a weak eﬀect
on the spectrum (cf. Sect. 7.1).
So, on the one hand, the interaction is indispensable in order for the system to evolve towards higher local entropy states, but on the other, it has to
be very weak. What exactly the “optimum” interaction strength should be,
is not easy to tell and depends on the spectra of the decoupled subsystems. If
those systems have truly and exactly degenerate energy levels, all the formulas about equilibrium states ((10.12), (10.13), etc.) apply even for arbitrarily
small interaction strengths. Relaxation times might become extremely long,
though, but eventually equilibrium will be reached. If the subsystems have
a high state density, or, more precisely, a small but ﬁnite level spacing, it
depends on the interaction strength, how many energy levels “count” as degenerate in the sense of the formulas describing the equilibrium states. If there
is something like an average absolute value of the elements of the interaction
matrix in some energy region, the number of levels within an energy interval
of the size of this average value can be considered the corresponding degree of
degeneracy. Thus, to some extent a stronger interaction might even produce
“better” results, since it yields higher eﬀective degrees of degeneracy, which
enhances thermodynamic behavior (see Chap. 17). If the interaction becomes
too strong, the system might still reach some local equilibrium state, but this
state may not be predictable anymore from the properties of the decoupled
parts of the system. Except for these overall strengths and principal structures of the interaction matrix, like non-energy exchanging (microcanonical)
or energy exchanging (canonical) conditions, the details of the interaction
matrix are irrelevant. All numerical simulations show, indeed, independence
of such details (see, e.g., Fig. 18.5).

15.2 Microcanonical Equilibrium
For a system that cannot exchange energy with its surroundings, an equilibrium state of maximum entropy (a state that is diagonal in the local energy
eigenbasis) (10.12) will be reached if


2

c
 W (E g ) 2
 W (EB
)
A
,
(15.2)
g
c)
N c (EB
N g (EA
)
B

A

g
c
where W (EA
) (W (EB
)) are the occupation probabilities of the system (eng
g
c
vironment) and N (EA
) (N c (EB
)) the corresponding degrees of degeneracy
(cf. (9.24)). This means that an equilibrium will be reached, if the environment system either occupies energy levels with much higher degrees of
degeneracy than the considered system, or if its energy probability distribution is much broader, i.e., contains more energy levels. The equilibrium state
is not entirely independent of the initial state, but depends on the initial
energy probability distribution of the considered system as must be expected
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under microcanonical conditions. Thus, a behavior as derived in Sect. 5.1 2a
results.

15.3 Energy Exchange Equilibrium
If a system is in contact with its environment with energy exchange allowed,
g
) (see (9.42)), will be
an equilibrium energy probability distribution, W d (EA
reached, if



g
g
g
g
g
c
g
c
N (EA )N (E − EA )
N (EA )N (E − EA ) ,
(15.3)
A

which means that either the state density of the considered system or the state
density of the surrounding has to be high (cf. (9.52)). A state of maximum
entropy consistent with the equilibrium energy probability distribution (a
state that is diagonal in the local energy eigenbasis), is only reached, however,
if additionally (cf. (9.56))
2

c
 W d (EB
)
c)
N c (EB
B



 W d (E g ) 2
A
.
g
N g (EA
)

(15.4)

A

This is essentially the same condition as for the microcanonical equilibrium,
except that equilibrium probabilities enter rather than the initial probabilities. A full equilibrium that only depends on the initial energy probability
distribution of the joint system, W (E), is thus only reached, if the surroundings are much larger.

15.4 Canonical Equilibrium
A full canonical equilibrium state with complete independence of the initial
state of the considered system and maximum entropy consistent with the
mean energy (i.e., standard Boltzmann distribution) is reached, if in addition
to the requirements of the paragraph above, the environment system has a
state density of the type
c

c
N c (EB
) ∝ eαEB

(15.5)

in the region where the function W (E)/N (E) takes on non-negligible values (see Sect. 11.4). This is very likely to be the case if the environment
system consists of very many, identical, weakly interacting subsystems (see
Sect. 11.2). The more subsystems there are in this modular environment, the
larger will be the range in which the state density is well described by an
exponential. Thus, in this case a behavior as stated in Sect. 5.1 2b results.
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15.5 Spectral Temperature
In Sect. 12.1 we have deﬁned a so-called spectral temperature, on the basis
of the spectrum and the momentary energy probability distribution of the
system. It has the following properties: two weakly interacting systems having
g
c
reached the equilibrium distribution W d (EA
) and W d (EB
) have the same
spectral temperature, if either one system has a state density typical for
large modular systems, like described in Sect. 11.2 and one (small) system
has a discrete spectrum, or if both systems are large and have spectra that
may be described by continuous state densities (see Sect. 12.2). This is the
property of a temperature as demanded in Sect. 5.1 4b.
This equality of spectral temperatures is entirely independent of whether
or not the entropies of the two systems in quest are extensive (additive). The
above principle applies for the case of the joint system being in a pure state,
thus having zero entropy. Since the local entropies of the two systems in
equilibrium will be larger than zero, entropies will deﬁnitely not be additive.
Furthermore, the spectral temperature has yet another feature. Firstly,
consider a small system coupled to some large modular environment with
a speciﬁc parameter α as stated in (15.5), in equilibrium. Now we couple
it to some other large modular environment with an inﬁnitesimally smaller
speciﬁc parameter α (“inﬁnitesimally hotter”). The system starts to decay
into the new equilibrium state. The amount of energy change divided by the
amount of entropy change in this process is then exactly given by the spectral temperature. Additionally, consider a large modular system, the energy
distribution of which takes on non-negligible values only in a region where
its state density is described by an exponential. Then energy is brought into
the system (“heating”) such that the “peak” of the energy probability distribution shifts to another region, described by another exponential. Again,
the energy change divided by the entropy change in this process will be approximately the spectral temperature. The approximation will be better the
higher the state density is in all regions (Sect. 12.3). These properties are, as
postulated in Sect. 5.1 3b, properties of the temperature.

15.6 Parametric Pressure
If the local Hamiltonian Ĥ g (V ) for the system g is taken to depend on a
continuous parameter V , a parametric pressure (13.23) can be deﬁned on the
basis of this Hamiltonian and its momentary energy probability distribution.
This parametric pressure has the following properties. Let the external parameter V be changed by a small (inﬁnitesimal) amount only and let this
change be performed slowly compared to the rate at which oﬀ-diagonal elements of the density matrix of the system would vanish due to the weak
coupling of the system to a larger environment (see Sect. 15.2). Then the
change of the internal energy divided by the change of the parameter V is
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the momentary parametric pressure of the system Sect. 13.1. This is the
property of a conjugate variable like pressure as demanded in Sect. 5.1 3c.
Furthermore, consider two such systems in contact in such a way that the
parameter V of the Hamiltonian in one system can only increase, if the respective parameter in the other one decreases. Let both systems be weakly and
microcanonically coupled to some larger environment. Then the whole system
can be at rest only if both parametric pressures are equal (see Sect. 13.2).
This is the property of an intensive variable like pressure as demanded in
Sect. 5.1 4b.

15.7 Extensitivity of Entropy
If a system in full canonical contact with a larger environment is being split
up into two weakly interacting subsystems, their entropies will be additive
in equilibrium. If, however, a system is in microcanonical contact with some
larger environment such that the requirements of Sect. 15.2 are met, the
entropies of the subsystems will not necessarily be additive. This will, in
general, only be the case, if both systems feature a state density that is
typical for large modular systems (see Sect. 11.2). Thus, in this case, entropy
is an extensive quantity as claimed in Sect. 5.1 4a.
So, if all systems that one deals with are large in the sense that they consist
of many identical subunits, and if all those systems are, at least, microcanonically coupled to some even larger environment, the resulting situation will
show all properties and features of standard equilibrium thermodynamics.

19 Heat Conduction
During the International Congress on Mathematical
Physics held in London in the year 2000, J. L. Lebowitz
expressed his opinion that one of the great challenges
to mathematical physics in the twenty-ﬁrst century is
the theory of heat conductivity and other transport
phenomena in macroscopic bodies.
— R. Alicki and M. Fanes [3]

In Chap. 17 we have considered the route of a system into its global equilibrium state due to the coupling to an environment – the way from a nonequilibrium initial state into the stationary global equilibrium state. In fact,
this relaxation process may even look like an exponential decay described by a
rate equation, i.e., a statistical behavior for the considered system, while system and environment follow a Schrödinger equation. This is the key-feature
of the Schrödinger dynamics of bipartite systems, by which the problem of
time reversal invariance of microscopic equations and irreversibility can be
overcome.
In this chapter we go another step further to non-equilibrium phenomena
– the local equilibrium behavior. For such a scenario, the intensive quantities
of the system are no longer equal, i.e., there is no global equilibrium established. However, in spite of this fact, in a very small part of the system one
ﬁnds something like an equilibrium state only diﬀering from subregion to subregion. (Such non-equilibrium phenomena have already been introduced in
Sect. 3.2, where we discussed the ideas of linear irreversible thermodynamics.)
One of the most challenging scenarios for such a local equilibrium behavior
is the heat conduction. Think, e.g., of some material bar coupled at both
ends to heat baths of diﬀerent temperature. In this sort of experiment, one
typically ﬁnds a constant temperature gradient within the material (no global
equilibrium), such that in every small segment of the chain a local equilibrium
state is realized with a supposedly well-deﬁned temperature.
Before we present some preliminary results for normal heat conduction in
quantum mechanical systems, we summarize some standard theories of heat
conduction.

19.1 Theories of Heat Conduction
In the region of non-equilibrium phenomena it is much harder to get a general
approach to the diﬀerent aspects of this subject than in the area of equilibrium. Therefore we concentrate here mainly on two aspects of this subject.
Firstly, on the linear response on thermal forces and secondly on the quasiparticle approach to transport behavior.
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
221–234 (2004)
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We restrict ourselves here to insulators. In fact, we are mainly interested
in the “pure” energy current through a material, where no direct particle
transport channel exists (like that implemented by electrons in metals). In the
classical understanding of solid states, normal heat conduction in insulators
results from the transport of quasi-particles like, e.g., phonons or magnons,
etc. Therefore the transport of heat through a material would be nothing but
a diﬀusion of those quasi-particles. However, why should the quasi-particles
start to diﬀuse through the material? This must be due to some external
force, which could induce a respective current within the material.
Let us start with the interpretation of heat conduction, mainly borrowed
from electrodynamics – with the “theory of linear response”.
19.1.1 Linear Response Theory
We have found in Sect. 3.2 for the energy current
j=−

L
∇T = −κ ∇T ,
T2

(19.1)

where κ is the heat conductivity. This equation, called Fourier’s law, deﬁnes
a linear connection between current and temperature gradient.
To obtain an explicit expression for the conductivity a similar approach
as applied in standard dc (direct current) electric conductivity is often used.
In the latter case this approach is based on the idea that the electric potential
is an external perturbation for the system under consideration. For a periodic time-dependent perturbation, this theory makes use of time-dependent
perturbation theory of ﬁrst order, in which one has to introduce a Dysonseries expansion of the time evolution, truncated after the ﬁrst order term.
Like in the case of Fermi’s Golden Rule this perturbation leads in ﬁrst order
to transitions in the system. For a perturbation constant in time and space
we need the zero frequency limit of this theory. If the electric ﬁeld is taken
as such a perturbation for the system, one is able to deduce the dc electric
conductivity, given by the famous Kubo formula (for a complete derivation
see [66, 67, 78]).
A similar approach for the thermal case has ﬁrst been undertaken by
Luttinger [67, 77], who introduced a “thermal potential” to the Hamiltonian
of the system. However, this is exactly the main problem of this approach
– what is a “thermal potential”? The mathematical analysis, while being
completely similar to the case of electric conductivity, has to draw on illdeﬁned analogies: the perturbation should be proportional to the current.
This assumption could not be proven mathematically and remains of unclear
origin. Finally, one also gets a Kubo formula, now for thermal conductivity,

κ = −T lim

s→0

0

∞

dt e−st


0

β

dβ  j(−t − iβ  )j .

(19.2)
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Basically, this Kubo formula is a current-current correlation function, where
j(−t − iβ  ) is a time-dependent current operator in the interaction picture.
Despite its problematic foundation the thermal Kubo formula is widely
accepted. Kubo writes in his book “Statistical Physics II” (p. 183 in [67]):
“It is generally accepted, however, that such formulas exist and are
of the same form as those for responses to mechanical disturbances.”
These formulas are being used in a large variety of cases to compute the
thermal conductivity of experimental systems [51, 52].
19.1.2 Quasi-Particle Approach
As already mentioned, in the classical picture transport is interpreted to result from quasi-particles like, e.g., phonons or magnons diﬀusing through the
solid. In this picture a stationary heat current results from scattering processes of the quasi-particles, in analogy to the particles proper experiencing
collisions. Here, scattering processes derive from anharmonicity and the presence of defects. There are two diﬀerent types of scattering: the “normal” or
N-processes and so called U-processes (“Umklapp”-processes). N-processes
are momentum conserving and cannot aﬀect the heat conduction of the solid
state. Only the second type of scattering, the U-processes, are believed to give
rise to a ﬁnite heat conductivity. In such processes momentum is conserved
only modulo a reciprocal lattice vector. The quasi-particles are scattered into
diﬀerent modes, possibly traveling in the reverse direction after the process.
Usually such a diﬀusion of quasi-particles (quasi-particle transport) through
the material is described by a Peierls-Boltzmann equation (see Sect. 4.1 and
[82, 98, 99]). For very low temperatures these U-processes rapidly die out
and the heat conductivity would diverge. In this case only impurities may
limit the heat conductivity [81, 83, 100, 133]. Because of this suppression of
the U-processes this approach is often discussed within a low temperature
approximation.
Since we are going to study heat conductivity in spin chains later on, we
focus now on magnons, the respective quasi-particles in the case of magnetic
excitations (spin waves). Of course, such a quasi-particle concept would only
be a good description for a big enough system. This is certainly not the case
for the very small systems we are going to study later on, nevertheless let us
turn to a short introduction into this theory.
In the following we consider a long chain of identical systems, taken to be
spins. With the aid of a Holstein-Primakoﬀ transformation (cf. [55]) and a
Fourier transformation we can introduce magnon generation and annihilation
operators b̂†k and b̂k , fulﬁlling the correct bosonic commutator relations. In
the low temperature limit one can approximate the Hamiltonian of the chain
of spins with next neighbor Heisenberg interactions by the following diagonal
Hamiltonian
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Ĥ0 =



ωk b̂†k b̂k ,

(19.3)

k

with a dispersion relation given by ωk , where k deﬁnes the respective quasiparticle mode. The full derivation of this approximation can be found, e.g.,
in the book by Kittel, “Quantum Theory of Solids” [62]. An important fact
is that all magnon scattering processes are removed now from the Hamiltonian and therefore we get a ballistic transport behavior, i.e., a magnon passes
through the chain without any resistance. This is due to the fact that the current operator is a conserved quantity in this low temperature approximation
of the Heisenberg coupled chain, as can be shown by transforming the current
operator also into the mode picture and using a low temperature approximation. This current operator commutes with the Hamiltonian of (19.3) and
therefore we ﬁnd no normal heat transport in this low temperature approximation. A current in a cyclic structure, once induced, will never decrease in
such a system, it will ﬂow for ever.
However, if we do not neglect higher oder terms of the magnon Hamiltonian we additionally get a magnon-magnon interaction. The next higher
order term of the Hamiltonian is given by

Ĥ1 ∝
δ(k1 +k2 −k3 −k4 −2πj ) W (k1 , k2 , k3 , k4 )b̂†k1 b̂†k2 b̂k3 b̂k4 , (19.4)
k1 ,k2 ,k3 ,k4

where the W (k1 , k2 , k3 , k4 ) can be interpreted as transition probabilities
for the respective scattering process. The delta-function δ(k1 +k2 −k3 −k4 −2πj )
guarantees momentum conservation. Only those terms contribute, for which
k1 + k2 − k3 − k4 = 2πj with j = 0, 1, . . . . This refers to the fact that the
momentum is conserved only modulo by a reciprocal lattice vector. Since this
is a fourth order term, the eﬀect is very small. However, principally we expect
a normal heat conductivity, because the quasi-particles are scattered now.

19.2 Quantum Heat Conduction
So far we have described several approaches to non-equilibrium behavior, in
particular, to heat conduction. Here we want to present yet another method
to analyze local equilibrium behavior. As discussed in the second part of this
book, a quantum mechanical foundation can be established for equilibrium
thermodynamics even of small systems and therefore it is tempting to expect
non-equilibrium behavior also to follow directly from quantum mechanics.
Indeed, in chain-like quantum systems strong indications have been found for
a normal heat conduction [84, 111, 112]. However, the sort of conductivity
in such systems depends on the coupling of the modular system. There are
systems showing a normal heat conduction and others where the conductivity
diverges. Therefore we attempt to give an introduction to the heat conduction
in such chains, from the view of the theories developed in the text at hand.
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19.2.1 Model Hamiltonian and Environment
The most important diﬀerence between the technique that we are going to
explain in the following and the theories described before derives from the
fact that we incorporate two heat baths at diﬀerent temperatures explicitly
into our model. This coupling eventually gives rise to an energy ﬂux.
Of course, in such an approach we face the question of how to model the
baths. In principle, we would like to include them as “full-ﬂedged” quantum systems, featuring their own energy levels, etc. However, the numerical
integration of the corresponding Schrödinger equation tends to become exponentially hard with a growing Hilbert space dimension. Especially for nonequilibrium systems, which we are going to investigate in this chapter, the
dimension of the full Hilbert space is by far too large for a direct integration
of the Schrödinger equation. We would have to introduce two environment
systems (“baths”) with some hundreds of energy levels each, coupled via our
considered system with nN levels. All together, the complete dimension of
the Hilbert space was quickly over a million of energy levels. Thus we have
to settle for an approximation scheme to investigate these systems with reduced computational eﬀorts. The method proposed by Lindblad (introduced
in Sect. 4.8) is exactly such a technique to approximate the inﬂuence of the
environmental system, instead of integrating the full Schrödinger equation,
as done so far. The numerical investigations of Sect. 18.4.3 on a chain coupled at one end to an environment, where we have compared the solution
of the full Schrödinger equation with the approximation based on the Lindblad formalism showed a very good agreement between the two approaches
(see Fig. 18.15). This justiﬁes the use of the Lindblad formalism as a mathematical technique. Furthermore, the treatment of open systems by a master
equation or a Lindblad formalism, is well-established.
The system we are going to investigate is a chain of N subsystems with
n = 2 levels each (for more information about such “quantum networks”
see [79] or [93]). The diﬀerent subsystems are coupled by a next neighbor
interaction of diﬀerent types. All together, the Hamiltonian Ĥ of the system
thus reads
Ĥ =

N

µ=1

(µ)

Ĥloc +

N −1
λ  (µ,µ+1)
.
Ĥ
λ0 µ=1 int

(19.5)

Here, the terms of the ﬁrst sum represent N equidistant 2-level subsystems.
The second term accounts for pair-interactions between two adjacent subsystems, with an overall coupling strength λ. For λ to characterize the absolute
interaction strength it is necessary to normalize the diﬀerent interaction types
by λ0 , the mean absolute value of interaction matrix elements, i.e.,
/
 N −1

2
1
(µ,µ+1)
λ20 = 2N Tr
.
(19.6)
Ĥint
n
µ=1
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In terms of the Pauli operators the local Hamiltonian of a subsystem µ
with an energy spacing ∆E = 1 can be written as
(µ)

Ĥloc =

1 (µ)
σ̂ .
2 3

(19.7)

The two level systems are coupled via three alternative next neighbor interactions. Firstly, a non-resonant diagonal interaction
(µ,µ+1)

ĤNR

(µ)

= CNR σ̂3

(µ+1)

⊗ σ̂3

,

(19.8)

which does not account for energy transfer between the systems. Secondly, a
resonant energy transfer interaction (Förster-Coupling), which reads in terms
of Pauli operators,

(µ,µ+1)
(µ)
(µ+1)
(µ)
(µ+1)
.
(19.9)
= CF σ̂1 ⊗ σ̂1
+ σ̂2 ⊗ σ̂2
ĤF
Here, CNR and CF can be used to adjust the relative strength of these two
couplings. And last but not least a totally random next neighbor interaction
(µ,µ+1)

ĤR

=

3 
3


(µ)

pij σ̂i

(µ+1)

⊗ σ̂j

(19.10)

i=1 j=1

with normal distributed random numbers pij , and variance 1. Note that pij is
independent of µ, since we do not allow for disorder. The coupling should be
chosen randomly but the same between the diﬀerent interacting pairs of subsystems. The random interaction is supposed to model “typical interactions”
without any bias.
This system is now coupled to a suitable environmental system according
to the Lindblad formalism. In doing so, we couple the ﬁrst and the last subsystem of our chain to a separate bath, each at a diﬀerent temperature. The
standard Liouville equation is, therefore, supplemented by two incoherent
damping terms, and reads


dρ̂
= −i Ĥ, ρ̂ + L̂c1 ρ̂ + L̂c2 ρ̂ ,
dt

(19.11)

where the operators L̂c1 as well as L̂c2 are super-operators acting on operators
of the Liouville space, so-called Lindblad operator, modelling the inﬂuence
of the respective environment c1 and c2 . In terms of super-operators we can
write now the full Lindblad-equation as
dρ̂
= L̂ ρ̂ .
dt

(19.12)

For the local coupling of spin ν of the chain to the environment c1 we expand
the Lindblad-part in terms of raising and lowering operators
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L̂c1 ρ̂ =

W1→0
(ν)
(ν)
(ν) (ν)
(ν) (ν)
(2 σ̂− ρ̂ σ̂+ − ρ̂ σ̂+ σ̂− − σ̂+ σ̂− ρ̂)+
2
W0→1
(ν)
(ν)
(ν) (ν)
(ν) (ν)
(2 σ̂+ ρ̂ σ̂− − ρ̂ σ̂− σ̂+ − σ̂− σ̂+ ρ̂) ,
2
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(19.13)

where the ﬁrst term describes a decay from |1 → |0 with rate W1→0 and
the second from |0 → |1 with W0→1 < W1→0 . Now the properties of the
environment (bath) only enter via these two rates. Their absolute amounts,
refer to the coupling strength of the bath to the respective system. The
relative diﬀerences of the rates are related to the temperature of the bath.
If such a bath was brought into contact with a single two level system, the
system would relax into the stationary state:


1
W1→0 0
.
(19.14)
ρ̂stat =
0 W0→1
W1→0 + W0→1
This Lindblad approximation is able to reduce the computational eﬀort drastically. Instead of the very large Hilbert space we are now working in the
Liouville space of the chain system with only n2N dimensions.
According to Chap. 12 we use the probability of ﬁnding one of the single
two level systems in the upper level as a measure for the local temperature
of the respective system. For a small local coupling between the two level
systems, i.e., for negligible energy contained in the interaction, we deﬁne as
a measure for the local temperature


(µ)
(µ)
(19.15)
Eloc = Tr ρ̂(µ) Ĥloc ,
(µ)

(µ)

Ĥloc and thus Eloc are deﬁned in units of ∆E, ρ̂(µ) is the corresponding
reduced density operator of site µ. Up to a logarithm this is exactly the
spectral temperature deﬁned in Chap. 12.
Before we can characterize the introduced system class of a chain coupled
to two environmental systems, we have to deﬁne some more properties.
19.2.2 Current Operator and Fourier’s Law
Once (19.11) has been solved, one wants to know whether or not the resulting
behavior is in accord with standard linear irreversible thermodynamics, i.e.,
with Fourier’s law
j = −κ ∇T .

(19.16)

This has to be read out somehow from the resulting density operator. Due
to the absence of any notion of space, there is no gradient deﬁned in our
model. However, a reasonable quantity to replace the gradient seems to be
the temperature diﬀerence between two adjacent spins
∆T (µ,µ+1) = T (µ) − T (µ+1) .

(19.17)
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Furthermore, we need an expression for the current within in the system.
In order to deﬁne this consistently, we start by considering the derivative of
local energy with respect to time. According to the Heisenberg equation of
motion for operators (see (2.57)) one ﬁnds for the local energy in the chain

d (µ)
∂ (µ)
(µ) 
Ĥloc = i Ĥ, Ĥloc + Ĥloc ,
dt
∂t

(19.18)
(µ)

where the last term vanishes because Ĥloc has no explicit time dependence.
Let us concentrate now on the Heisenberg coupled spin chain with Ĥint =
ĤNR + ĤF , so that

d (µ)
(µ) 
Ĥloc = i Ĥ, Ĥloc
dt
 (µ−1) (µ)
(µ−1) (µ)
(µ) (µ+1)
(µ) (µ+1) 
.
= i CF σ̂−
σ̂+ − σ̂+
σ̂− + σ̂+ σ̂−
− σ̂− σ̂+
(19.19)
Obviously, this quantity only depends on operators of the central system
µ and its neighbors to the left and right. Note that the quantity does not
change, if we consider only an energy exchange coupling (Förster coupling).
The four terms on the right hand side of (19.19) can be interpreted to
describe a current into as well as a current out of the central system µ. Thus,
we deﬁne these two current operators by
d (µ)
= Jˆ(µ−1,µ) − Jˆ(µ,µ+1) ,
Ĥ
dt loc
i.e., the current operator between the sites µ and µ + 1 reads
 (µ) (µ+1)
(µ) (µ+1) 
.
− σ̂+ σ̂−
Jˆ(µ,µ+1) = i CF σ̂− σ̂+

(19.20)

(19.21)

In order to fulﬁll “Fourier’s law”, the current between two subsystems µ and
µ + 1 should be connected to the temperature diﬀerence between these two
systems by


Tr ρ̂Jˆ(µ,µ+1) = −κ ∆T (µ,µ+1) .
(19.22)
Based on linear irreversible thermodynamics one expects a quasi-stationary
state, thus all quantities entering (19.22) should eventually become independent of time. Furthermore, if one thinks of κ as a material property that
should be the same for diﬀerent parts of the same material, one expects κ to
be independent of the site µ.
In some cases the complete current operator is a conserved quantity of
the considered system [Ĥ, Jˆ ] = 0, i.e., once prepared a current in a closed
loop system will never vanish. In this case there is no ﬁnite conductivity κ
and Fourier’s law is not fulﬁlled. This is a well known behavior in classical
heat conduction scenarios. A famous example in this context is the harmonic
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chain, which does not have any resistance for the energy current. As already
mentioned such a transport behavior is also called “ballistic transport”. In
solid state theories one needs anharmonic potentials to overcome this problem
and implement a ﬁnite heat conductivity in a crystal. As long as we imagine
the heat current as a quasi-particle transport problem (phonons, magnons),
these potentials are interpreted as scattering processes for the respective quasi
particles in the crystal.
For the models introduced above, we prove that the current operator is a
conserved quantity depending on the commutators [Ĥloc , Jˆ(µ) ], [ĤF , Jˆ(µ) ] and
[ĤNR , Jˆ(µ) ]. The ﬁrst commutator is zero according to the deﬁnition of the
current itself. In a loop, i.e., summing over all commutators for all currents
Jˆ(µ) between two subsystems, we ﬁnd




ĤF , Jˆ(µ) = 0 ,
ĤNR , Jˆ(µ) = 0 .
(19.23)
µ

µ

This means that in a chain, which is only coupled by a Förster type interaction, there is no ﬁnite conductivity, because the current is a conserved
quantity in the system. However, if the system is coupled, additionally, with
a non-resonant interaction, a ﬁnite heat conductivity is possible. For random
couplings, the interaction does not commute in most cases with the current
operator, so we also ﬁnd a normal heat conduction in such coupling models.
According to the classical theories of Sect. 19.1.2 we expect deviations from
normal conductivity also in the case of very low temperatures, since in this
limit the Hamiltonian of the system can be approximated by (19.3).
19.2.3 Linear Stability Analysis
For a numerical solution of the Liouville equation with incoherent damping
terms according to the Lindblad formalism, we have to integrate the linear
diﬀerential equation (19.12). This can be done by numerical diagonalization
of the super-operator L̂, solving the equation in the diagonal basis and transforming back to get the whole time dependent solution of the problem. Since
we are only interested in the stationary state of the problem, or in the properties of this state like local temperatures, heat currents, etc., we do not need
the full time dependent solution.
The complete super-operator L̂ is a time independent operator. Therefore
the linear system of diﬀerential equations is asymptotically stable, if all real
parts of the eigenvalues of L̂ are less than zero. Indeed, we ﬁnd that this
condition is fulﬁlled: all real parts of the eigenvalues are less than zero except
one eigenvalue, which is exactly zero. Thus, independent of the initial state,
the system reaches the same stationary state, the state given by the eigenstate
belonging to eigenvalue zero. We use this insight to compute directly the
stationary state by looking for this special eigenstate of the system. After an
appropriate normalization the stationary state ρ̂stat is reached for all initial
states after relaxation.
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The diﬀerent properties of the stationary state can be computed directly:
the monotonous measure of the local temperature of the single two-level
subsystems in the stationary state (cf. (19.15))


(µ)
(µ)
(µ)
Eloc = T (µ) = Tr ρ̂stat Ĥloc , 0 ≤ T (µ) ≤ 0.5 ,
(19.24)
as well as the expectation value of the heat current operator in the stationary
state


J (µ,µ+1) = Tr ρ̂stat Jˆ(µ,µ+1) .
(19.25)
We now turn to study the non-equilibrium properties of the small quantum
systems introduced in Sect. 19.2.1.
19.2.4 Heat Conduction in Low Dimensional Systems
We consider a chain of N spins coupled at both ends with the same coupling
strength to separate baths of diﬀerent temperature. For the higher temperature bath c1 we set a temperature in our deﬁnition of T c1 = 0.2, coupled to
the ﬁrst spin (µ = 1) in the chain. The lower temperature bath c2 (T c2 = 0.1)
is coupled to the last spin in the chain. We assume a weak coupling between
the spins and their respective baths as well as within the system.
Here we investigate all three diﬀerent types of internal couplings between
the spins to test the dependence on the interaction. Firstly we consider the
coupling due to an energy transfer only (Förster interaction). The two edge
spin systems are drawn to the temperatures of their respective bath (T (1) =

0.2

T [∆E]

T [∆E]

0.2

0.15

0.1

0.15

0.1

1

2

3

4

system number µ
(a)

1

2

3

4

system number µ
(b)

Fig. 19.1. Temperature proﬁle for a spin chain (N = 4) coupled to heat baths
at both ends (bars in the boxes mark the appropriate temperature of the bath
T c1 = 0.2, T c2 = 0.1). (a) Internal next neighbor Förster coupling, (b) internal next
neighbor Förster and non-resonant coupling (Heisenberg interaction). Temperature
deﬁned as in (19.24).
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Fig. 19.2. Temperature proﬁle: open system with weak internal random next neighbor coupling; bath temperatures T (B1) = 0.2, T (B2) = 0.1.

0.16 and T (4) = 0.14, respectively, cf. Fig. 19.1(a)), whereas the two systems
in the middle are exactly on the same average temperature, T (2) = T (3) =
0.15. As expected, we do not ﬁnd a normal heat conduction in the middle of
the system. Of course, the current does not diverge, because it is limited by
the resistance of the bath contact, but, nevertheless, Fourier’s law seems not
to be fulﬁlled.
Now we couple the subsystems in the chain additionally by means of a
non-resonant interaction, which by itself would not give rise to any energy
exchange. This special coupling is also known as Heisenberg interaction. In
this special case we ﬁnd the non-vanishing temperature gradient, independent of the initial state, shown in Fig. 19.1(b). Here, Fourier’s law is fulﬁlled
showing up as a ﬁnite temperature diﬀerence in the middle of the system.
This special coupling scenario will be analyzed in more detail in the next
section.
Before we consider the Heisenberg chain in more detail, let us investigate
a chain with random next neighbor couplings. This coupling is chosen to
be weak again and we take the same coupling between diﬀerent pairs of
adjacent subsystems (i.e., no disorder). The random coupling is supposed to
model “typical interactions” without any bias. Also in this case we ﬁnd a
linear temperature proﬁle as shown in Fig. 19.2. Therefore the normal heat
conduction seems to be a general result of this special class of models.
19.2.5 Fourier’s Law for a Heisenberg Chain
For the normal heat conduction in the Heisenberg chain, i.e., a chain with
an energy transfer coupling as well as with a non-resonant coupling, we will
calculate some further interesting quantities. In Fig. 19.1(b) we have found
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a ﬁnite temperature gradient between the two central systems. For very low
temperatures we argued in Sect. 19.2.2 that the gradient should vanish and
we should ﬁnd a ﬂat proﬁle like in the chains coupled by a Förster interaction only. To investigate this feature, we set the temperatures of the baths to
T c1 = Tmean + ∆T and T c2 = Tmean − ∆T . We choose a very small temperature diﬀerence ∆T = 0.0001 and change the mean temperature within the
range Tmean = 0.00025 . . . 0.49905. In Fig. 19.3(a) we show the temperature
diﬀerence between the two systems in the middle of the chain as a function of
the mean temperature Tmean . As expected, the temperature diﬀerence vanishes for very low temperatures.
Another important quantity is the expectation value of the current operator. From the stationary state of the system we can evaluate this current
according to (19.25). For the temperature diﬀerence between the two baths
∆T = 0.0001 as in the above investigation and for diﬀerent mean temperatures Tmean , we ﬁnd that the current increases for lower mean temperatures
(see Fig. 19.3(b)). This is a very small eﬀect, as can be seen from the absolute amount of the increase of the current in comparison to the decrease
of the temperature diﬀerence. The reason here is that the current is mainly
determined by the contacts of the system to the heat baths. The resistance
of these contacts is mainly responsible for the total amount of the current.
Finally, we are interested in the validity of Fourier’s law in this small
model system. Thus, we work at three diﬀerent ﬁxed mean temperatures
Tmean = 0.00015, 0.2015, 0.4515, for which we change the temperature diﬀerence of the two heat baths ∆T = 0.001 . . . 0.002 and compute the current as
well as the temperature diﬀerence of the two central systems. In Fig. 19.4(a)
we show the current of the local equilibrium state J (2,3) as a function of the
temperature diﬀerence between the two central systems. As can be seen, we
get a very good linear behavior for each mean temperature and Fourier’s law
seems to be fulﬁlled. The gradient of the straight line deﬁnes the conductivity
κ, which obviously depends on the mean temperature chosen.
In Fig. 19.4(b) the dependence of the conductivity κ on the mean temperature is depicted over the whole temperature range. For low temperatures
the conductivity increases, as expected from the considerations according to
Sect. 19.2.2.
19.2.6 Implications of These Investigations
For the overwhelming majority of coupling scenarios we have found a normal
heat conduction within our quantum mechanical approach. Even in the case
of an unbiased random coupling within the considered chains, a local equilibrium behavior and therefore a normal heat conduction shows up. Also in
the special case of the Heisenberg coupling we are able to show the validity
of Fourier’s law. Only for a very special interaction type – pure Förster interaction – does the conductivity diverge and we do not get a normal heat
conduction.

(T (2) − T (3) )[10−6 ∆E]
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(b)
Fig. 19.3. (a) Temperature diﬀerence between the two central systems (2,3) of a
four spin chain. (b) Current between the two central systems, both as a function
of the mean temperature Tmean (0.00025 ≤ Tmean ≤ 0.49905). Temperature deﬁned
as in (19.24).

To deduce these results no further assumptions are needed, only the principle of open quantum systems. Furthermore, this approach is valid even for
very small systems, like the considered chain models with only four spins,
where a quasi-particle approach seems more than problematic. Therefore we
think that also in the region of non-equilibrium thermodynamics a quan-
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Fig. 19.4. (a) Validity of Fourier’s law. Current over temperature diﬀerence between the two central systems (2,3). The temperature diﬀerences of the heat baths
are taken at mean temperatures Tmean = 0.00015, 0.2015, 0.4515, respectively. (b)
Dependence of the conductivity κ on the mean temperature.

tum approach could be very helpful. However, at the moment a full quantum
mechanical investigation of large-scale heat transport phenomena is not available.

18 Equilibrium Properties of Model Systems

Statistical mechanics is not the mechanics of large,
complicated systems; rather it is the mechanics of
limited, not completely isolated systems.
— J. M. Blatt [15]

To illustrate the principles that have been analyzed analytically and in a
rather abstract way mainly in Chap. 9, we now turn to some numerical data,
based on a certain type of models. These models are still rather abstract and
may thus be viewed as models for a whole class of concrete physical situations, which are always taken to consist of two subsystems (confer Fig. 7.1),
the considered system (gas, g) and the environment (container, c). These
subsystems are speciﬁed by their respective spectra only, or, rather, those
respective parts that play any role at all under the condition of energy conservation. What sort of physical structure could give rise to those spectra is
not considered here, since it turns out to be irrelevant to some extent.
We want to analyze these models on the level of discrete, closed, quantum mechanical Hamilton models, for which a discrete, ﬁnite dimensional
Schrödinger equation has to be solved. The spectra are translated into discrete diagonal matrix Hamiltonians that describe the decoupled bipartite
system. These can be chosen to be diagonal, without any loss of generality, since any such system may be analyzed in the energy eigenbasis of its
decoupled parts. The form of the interaction depends on the concrete physical subsystems and their interactions. However, since the “guess” is that for
the quantities considered here (entropy, occupation probabilities, etc.) the
concrete form of the interaction should not matter, the interaction is taken
as some random matrix thus avoiding any bias. The interaction has to be
“small” (see Sect. 7.1). In this way it is hoped that we get models that are
as “typical” for general thermodynamic situations as possible. Many of the
situations analyzed in this chapter are very similar to those known from the
context of quantum master equations. However, note that in order to apply
the theories at hand to those systems, neither a Markovian nor a Born assumption has to hold. In order to ﬁnd the equilibrium state those concepts
are not needed.

18.1 Entropy Under Microcanonical Conditions
All data in our ﬁrst example refer to the situation depicted in Fig. 18.1 (cf.
[20]). The “gas” (the system under consideration) consists of a two-level system, both levels being non-degenerate (N0g = N1g = 1), while the “container”
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
185–217 (2004)
c Springer-Verlag Berlin Heidelberg 2004
http://www.springerlink.com/
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∆E

N c = 50

Iˆ
system

environment

Fig. 18.1. Microcanonical scenario: a non-degenerate two-level-system (gas) is
weakly coupled to a system with one energy level of degeneracy N c = 50. This
is a model for a system in contact with a much larger environment such that no
energy can be exchanged between the system and environment.

(the environment) consists of just one energy level with degeneracy N c = 50.
This is necessarily a microcanonical situation regardless of the interaction
ˆ The container cannot absorb any energy, therefore energy cannot be exI.
changed between the systems. In this situation the probabilities of ﬁnding the
gas system in the ground (excited) state W0g (W1g ) are conserved quantities
and in this example chosen as
W0g = 0.15 ,

W1g = 0.85 .

(18.1)

As described in Sect. 9.1, the Hilbert space average of the purity of the gas
system is given according to (9.24) by
P g  ≈

2
50

(WAg )2  (WBc )2
+
= 0.765 .
g
NA
NBg

A=1

(18.2)

B=1

This should hold for large enough degeneracies of the occupied energy levels
(see (9.23)), which is here the case because
N0g N c + 1 = 51 ≈ N0g N c = 50 ,

N1g N c + 1 = 51 ≈ N1g N c = 50 . (18.3)

The minimum purity can be computed by (9.9) and we ﬁnd
g
=
Pmin

2

(WAg )2
= 0.745 .
NAg

(18.4)

A=1

As explained in Sect. 9.1, we ﬁnd here
g
,
P g  ≈ Pmin

(18.5)

a situation in which almost the entire accessible region would be ﬁlled with
the compartment containing only states of almost maximum local entropy.
To examine this expectation, a set of random states, uniformly distributed
over the accessible region, has been generated. Their local entropies have been
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Fig. 18.2. Relative size of Hilbert space compartments: this histogram shows the
relative frequency of states with a given local entropy S, among all states from the
g
accessible region. In this case the maximum possible entropy is Smax
= 0.423 kB .
Obviously, almost all states feature entropies close to the maximum.

calculated and sorted into a histogram. Since those states are distributed
uniformly over the accessible region, the number of states in any “entropy
bin” reﬂects the relative size of the respective Hilbert space compartment.
The histogram is shown in Fig. 18.2. The maximum local entropy in this
g
case is Smax
= 0.423 kB . Obviously, almost all states have local entropies close
g
to Smax . Thus compartments corresponding to entropies of, say, S g > 0.4 kB
indeed ﬁll almost the entire accessible region, just as theory predicts. Local
pure states (S g = 0) are practically of measure zero.
In order to examine the dynamics, a coupling Iˆ is introduced. To keep
the concrete example as general as possible, Iˆ has been chosen as a random
matrix in the basis of the energy eigenstates of the uncoupled system, with
Gaussian distributed real and imaginary parts of the matrix elements of zero
mean and a standard deviation of
∆I = 0.01∆E .

(18.6)

This coupling is weak, compared to the Hamiltonian of the uncoupled system. Therefore the respective interaction cannot contain much energy. The
spectrum of the system (see Fig. 18.1) does not change signiﬁcantly due to
the coupling, and after all the environment is not able to absorb energy.
Now the Schrödinger equation for this system, including a realization of
the interaction, has been solved for initial states consistent with (18.1). Then
the local entropy at each time has been calculated, thus resulting in a picture
of the entropy evolution. The result is shown in Fig. 18.3. Obviously the
g
entropy approaches Smax
within a reasonable time, regardless of the concrete
initial state. Thus the tendency towards equilibrium is obvious. The concrete
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Fig. 18.3. Evolution of the local entropy for diﬀerent initial states. A universal
state of maximum entropy (equilibrium) is reached, independent of the initial state.

form of the interaction Iˆ only inﬂuences the details of this evolution, the
equilibrium value is always the same. If the interaction is chosen to be weaker,
the time scale on which equilibrium is reached gets longer, but, eventually
the same maximum entropy will be reached in any case.

18.2 Occupation Probabilities
Under Canonical Conditions
Just like in Sect. 18.1 we present some numerical data (cf. [20]) to support the
principles derived in Sect. 9.2. The ﬁrst model, which has been analyzed numerically to illustrate the above mentioned principles, is depicted in Fig. 18.4.
The considered (gas) system, again, consists only of a non-degenerate twolevel system. The environment (container) system in this case is a three-level
system with an exponential “state density”: NBc = 50 · 2B with B = 0, 1, 2.
This has been chosen since for such a degeneracy scheme of the environment
theory predicts an equilibrium state of the gas system, which should be independent of its initial state (see (9.47)). If we restrict ourselves to initial
states featuring arbitrary states for the gas system but container states that
only occupy the intermediate energy level, no other container levels except
for those given could be reached, even if they were present. This is due to
ˆ
energy conservation and holds for the limit of weak interactions I.
In this case the model can also be seen as a model for a situation with a
much larger environment and we ﬁnd from (9.48)
W d (E0g ) =

2
,
3

W d (E1g ) =

1
.
3

(18.7)
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Fig. 18.4. Canonical scenario: a two-level gas system is weakly coupled to a three
level environment, such that energy can be exchanged. The exponential degeneracy
scheme of the container system guarantees a full independence of the equilibrium
state from the initial state.
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Fig. 18.5. Evolution of the ground level occupation probability for three diﬀerent
random interactions. The dotted line corresponds to a weaker interaction. Even in
this case the same equilibrium value, WAd = 23 , is approached, only on a longer
timescale.

To keep the situation as general as possible, Iˆ was, like in Sect. 18.1, chosen
to be a matrix with random Gaussian distributed entries in the basis of the
eigenstates of the uncoupled system, but now with energy transfer allowed
between the subsystems.
For this system the Schrödinger equation has been solved and the evolution of the probability of ﬁnding the gas system in its ground state, W (E0g ) is
displayed in Fig. 18.5. The diﬀerent curves correspond to diﬀerent interaction
strengths, given by the standard deviation of the distribution of the matrix
ˆ ∆I:
elements of I,
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Fig. 18.6. Evolution of the ground level occupation probability for diﬀerent initial
states. The theoretically predicted equilibrium value is reached, independent of the
initial states, as expected for canonical conditions.

∆Isolid, dashed = 0.0075∆E ,

∆Idotted = 0.002∆E .

(18.8)

Obviously, the equilibrium value of W d (E0g ) = 2/3 is reached independently
ˆ Within the weak coupling limit the interaction
of the concrete interaction I.
strength only inﬂuences the timescale on which equilibrium is reached.
Figure 18.6 displays the evolution of the same probability, W (E0g ), but
now for diﬀerent initial states, featuring diﬀerent probabilities for the groundstate, as can be seen in the ﬁgure at t = 0. The equilibrium value is reached
for any such evolution, regardless of the special initial state, thus we conﬁrm
the eﬀective attractor behavior typical for thermodynamics.
Figure 18.7 displays the evolution of the local entropy of the gas system
for the same three initial states as used for Fig. 18.6.
The maximum entropy, consistent with the equilibrium value of the energy
g
probabilities, is Smax
= 0.637 kB . This is also the value one ﬁnds, if one
maximizes entropy for ﬁxed mean energy (Jaynes’ principle). Obviously, this
value is reached for any initial state during the concrete dynamics of this
model. This supports the validity of (9.45), which states that the density
matrix of the equilibrium state is diagonal in the basis of the local energy
eigenstates.
To analyze the formation of a full Boltzmann distribution, we have ﬁnally
investigated the system depicted in Fig. 18.8. Here the “gas” system is a nondegenerate equidistant ﬁve-level system and the container system a ﬁve-level
system with degeneracies NBc = 6 · 2B (B = 0, . . . , 4), which should lead to
a Boltzmann distribution. We restrict ourselves to initial states, where for
both subsystems only the intermediate energy level is occupied (symbolized
by the black dots in Fig. 18.8). Due to energy conservation other states of
the container system would not play any role in this case even if they were
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Fig. 18.7. Evolution of the local entropy for diﬀerent initial states. S = 0.637 kB is
the maximum entropy that is consistent with the equilibrium energy probabilities.
This maximum entropy state is reached in all cases.

N4c = 96
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N3c = 48


N2c = 24

Iˆ
N1c = 12

N0c = 6
system

environment

Fig. 18.8. Canonical multi-level scenario: a ﬁve-level gas system is weakly coupled
to a ﬁve level container system with an exponential degeneracy scheme, such that
energy may be exchanged. Black dots symbolize the initial state. This set-up should
lead to a Boltzmann distribution.

present, just like in the previous model. Figure 18.9 shows the probabilities
g
W (EA
) of the diﬀerent energy levels to be occupied. While the gas system
starts in the intermediate (third) energy level, soon a Boltzmann distribution
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Fig. 18.9. Evolution of the energy occupation probabilities. After some relaxation
time a Boltzmann distribution is reached. Each probability is twice as high as the
one for the next higher energy level, as theory predicts.

develops. Obviously, each probability becomes twice as high as the one for
the level above. This is exactly what theory predicts (see (9.42)) for the
environment degeneracy scheme in this model.

18.3 Probability Fluctuations
To underline the results of Sect. 9.4 by some numerical data, a system almost
like the one depicted in Fig. 18.4 is analyzed, but now with a degeneracy
scheme given by
NBc =

N1c B
·2 .
2

(18.9)

The ratios between the degrees of degeneracy of the diﬀerent container levels
are thus the same as for the system sketched in Fig. 18.4, but the overall size
of the container system is tunable by N1c . For various N1c , the Schrödinger
equation has been solved numerically, and the following measure of the ﬂuctuations of the occupation probability of the ground level of the gas system
has been computed

 tf
2 
tf 
2
1
g
g
g
2
∆t W0 :=
,
(18.10)
W0 (t) dt −
W0 (t) dt
tf − ti
ti
ti
for initial states with
W0g (0) = 0.2 ,

W1g (0) = 0.8 .

(18.11)
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Fig. 18.10. Fluctuations of the probability for the considered system to be in the
ground state ∆t W0g , in dependence on the number of eigenstates of the environment
system N1c . Obviously, the ﬂuctuations go down, with increasing environment.

Figure 18.10 shows the dependence of the size of these ﬂuctuations on the
container system size N1c . The small crosses are the computed data points, the
dashed line is a least square ﬁt to a function proportional to 1/N1c . Obviously
this function ﬁts very well, conﬁrming that ﬂuctuations vanish like the square
root of the system size (9.62). The ﬁt reads
0.053
g
∆t W 0 =
.
(18.12)
N1c
For the situation described above, we get, using the techniques of Sect. 9.4,
especially using (9.64),
0.053
g
∆W0 =
(18.13)
N1c
and therefore the above ﬁt is in very good agreement with the theoretical
prediction, although the trajectories are not ergodic.

18.4 Spin Systems
So far we have illustrated that thermodynamic aspects can be observed in
a great variety of bipartite few level systems, just as theory predicts. The
bipartite system consists of a small system, the observed system as well as
a larger system with some hundreds of energy levels, the environment. We
have chosen the coupling between system and environment to be a random
interaction, to avoid any bias.
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Now we will show that based on theoretical concepts developed in this
book, thermodynamic behavior can be found also in another class of systems
– a class of modular systems (see Sect. 11.2) with only pair-interaction. These
special interactions of subsystems considered here are far from being unbiased like a total random interaction would be. We will deal mainly with linear
chains, with an identical interaction between each subsystem, e.g., a Heisenberg interaction. Nevertheless, we will ﬁnd, that even in these special models,
a thermodynamic behavior can be observed, without any further coupling to
an environment.
The investigations here are structured in an analysis of global and local
properties of such systems. Furthermore, we will observe the local behavior
of these chains additionally coupled to an environment. Let us start with an
investigation due to Jensen and Shankar in 1985 [58].
18.4.1 Global Properties
Jensen und Shankar considered a chain of N = 7 subsystems (n = 2 levels each), coupled by a next neighbor interaction [58]. They found hints of
thermodynamic behavior in such a modular system. They investigated the
Hamiltonian given by
Ĥ =

N 


(µ)

θ1 σ̂1

(µ)

+ θ2 σ̂3

µ=1

+λ

N


(µ)

(µ+1)

σ̂3 σ̂3

,

(18.14)

µ=1
(µ)

with the Pauli operators σ̂i of the spin µ (see Sect. 2.2.2) and subject to
cyclic boundary conditions (θ1 , θ2 and λ are constants). After a numerical
integration of the Schrödinger equation for the full system, they found an
equilibrium value for some expectation values of global observables of the
system. One interesting observable in this context is, e.g., the magnetization
in x-direction of the whole system
M̂1 =

N


(µ)

σ̂1

.

(18.15)

µ=1

The time dependence of the magnetization is shown in Fig. 18.11. Here one
ﬁnds for an initial energy of E = 4 a mean magnetization of M1 = 2.46 (solid
line in Fig. 18.11). This mean value is independent of the concrete initial
state of the system, but note that, of course, the equilibrium value depends
on the total initial energy of this state.
To estimate the equilibrium magnetization of the system without a full
solution of the Schrödinger equation we need to know the Hilbert space average of the expectation value of the magnetization over the corresponding
accessible region. (Such Hilbert space averages over expectation values can
be evaluated by the techniques shown in App. C.1.) In the present case the
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Fig. 18.11. Equilibrium behavior of the global magnetization of a spin system.
Total energy of the initial state E = 4. The horizontal line marks the average
magnetization M1 = 2.46 (θ1 = 1, θ2 = 0.5 and λ = 0.5, cf. [58]).

accessible region is set by the mean energy and the energy width of the initial state. The uncertainty where, within the accessible region, to ﬁnd the
state at a given time is here due to not knowing the initial state in full detail
rather than due to the unknown interaction with an environment. Such an
environment does not even exist here, thus, e.g., an increase of entropy can
certainly not be expected, nevertheless this case is similar to a “standard”
microcanonical situation.
A computation of the average of the magnetization in the case on hand
leads to an equilibrium value of the magnetization M1 = 2.35. The comparison of the mean value of the time dependent expectation value of the
magnetization with this equilibrium value shows good agreement.
18.4.2 Local Properties
Furthermore, one can observe the local behavior of such a modular system. If
we imagine the system as a ﬁnite chain of subsystems (see Fig. 18.12 left hand
side) and if we are only interested in the behavior of, say, the ﬁrst spin, we
may think of the rest of the system to be the environment for this singled out
subsystem. Consider now the uncoupled system of N −1 subsystems together
– the remaining spin should then be the considered system proper – we ﬁnd
N diﬀerent energies for the system, each of which with a binomial distributed
degeneracy, as shown in the right hand side of Fig. 18.12. For a weak coupling
everywhere in the chain, the interaction provides for a small lifting of the
degeneracy in the system, but leaves the spectrum qualitatively unchanged.
All together the system is now in the form required for the theory. However,
compared with the randomly chosen interactions, the coupling between the
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Fig. 18.12. Spectrum of an N = 10 spin system. On the left side, the chain of
coupled spins is shown (the dots mark the initial product state). The right hand
side shows the complete spectrum of N = 9 spins as an environment for the ﬁrst
spin of the chain. (Again, the dots mark the initial state)

spin of interest and the rest of the system (environment), is a very special
coupling, resulting from the structure of the whole system.
In the concrete situation we are going to investigate now, the spins are
coupled by a Heisenberg type of interaction with the total Hamiltonian

Ĥ =

3
N
N
−1 

1  (µ)
(µ) (µ+1)
σ̂3 + λ
σ̂i σ̂i
,
2 µ=1
µ=1 i=1

(18.16)

where we choose λ to be very small in comparison to the local energy spread
∆E = 1 of each spin (λ = 0.002).
In the middle of the spectrum we ﬁnd the highest degeneracy and, since we
need a suﬃciently large subspace of Hilbert space to gain a thermodynamic
behavior, we start in these highly degenerate subspaces (see Fig. 18.12). As
an initial state we use product states of the uncoupled system with total
energy E = 5. Again, the Schrödinger equation is solved for a system of
N = 10 spins, but we observe only the ﬁrst spin of the chain and a spin
in the center of the chain (µ = 5). The occupation probability of ﬁnding
the respective subsystem in the excited energy level is shown in Fig. 18.13.
In Fig. 18.13(a), we plot the probability for the ﬁrst spin (µ = 1) and in
Fig. 18.13(b) for the spin µ = 5. Both spins develop into the totally mixed
state, which refers to an inﬁnite temperature, in perfect agreement with the
theoretical predictions. Since the considered system is in contact with an
environment like in Fig. 18.12, where the upper band of the environment has
as many levels as the lower one, we expect the system to be in this special
equilibrium state.
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Fig. 18.13. Spin chain with Heisenberg interaction: probability of ﬁnding (a) the
ﬁrst (b) the ﬁfth spin system in its upper level. Horizontal lines mark the mean
value of the respective probability: (a) 0.504912 (b) 0.502989.

It is also possible to ﬁnd such a local equilibrium behavior for a lower
total energy of the system, but with much more ﬂuctuations, because of the
smaller parts of Hilbert space contributing to these calculations. However,
if we would consider, say, some hundreds of spins, we expect to ﬁnd a local
thermodynamic behavior of each of the subsystems with a ﬁnite temperature
and very small ﬂuctuations.
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18.4.3 Chain Coupled Locally to a Bath
After we have studied several properties of isolated chain like systems we
now present yet another aspect of modular systems. Motivated by the spatial
structure of our considered system it is now tempting to couple an environment not to the whole system but only at the edge of the system. Say, we will
investigate systems locally coupled to an environment, as shown in Fig. 18.14.
Interesting questions in this context are, whether the whole system is still to
be found in the theoretically predicted equilibrium state and whether also
the single subsystems are in the respective equilibrium state.
In Sect. 4.8 we have already introduced an approximate formalism to
model the inﬂuence of an environment – the Lindblad formalism. Based on the
full solution of the Schrödinger equation of the system with an environment,
as has already been used several times in this chapter, we will demonstrate
the equivalence of these two approaches.
Firstly we consider the solution of the full Schrödinger equation of the
system, here two spins, and its environment. The two subsystems in the
considered system together form a four-level system. Both interactions, the
internal system interaction and the external environment coupling, are chosen
randomly. As already done in Sect. 18.2, we use an environment of equidistant
levels with a degeneracy increasing exponentially with energy. This environment is weakly coupled to the ﬁrst spin only. For such an environment (c)
theory would predict a canonical equilibrium state on our four-level system,
with a deﬁnite temperature T (c) (see Sect. 9.2). The temperature of this fourlevel system should be the spectral temperature imposed by the degeneracy
structure of the environment.
N4c
∆E
N3c
∆E
∆E


Iˆ

∆E


Iˆ

N2c
∆E
N1c

system
∆E

N0c
environment
Fig. 18.14. Modular system built up of two spins weakly coupled to an environment, such that energy can be exchanged. Starting with the environment being in
the third level an arbitrary initial state of the system is possible.
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Let us now compare the equilibrium state of this system with the solution
of the Liouville equation with a Lindblad operator as well as with the theoretical prediction according to Sect. 9.2. The rates for the Lindblad formalism
are chosen such that the temperature is equivalent to the case of the solution of the Schrödinger equation and that the coupling to the environment is
weak.
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Fig. 18.15. Time dependence of the probabilities of ﬁnding the two spin system
in one of its four eigenstates. (a) Full solution of the Schrödinger equation and (b)
Lindblad formalism. The results of both approaches are in good accordance with
the theoretically predicted values (solid lines) [54].
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In Fig. 18.15 we plot the probability of ﬁnding the full four-level system
in one of its eigenstates. The dynamics in Fig. 18.15(a) refers to the full
Schrödinger case and in Fig. 18.15(b) one ﬁnds the dynamics according to
the Lindblad formalism. Obviously, both approaches reach the same equilibrium state, which is in perfect agreement with the predictions of the theory
developed in this book.
Furthermore, we are interested in the local temperatures of the single subsystems in comparison with the global temperature of the four-level system.
Only if these two temperatures are equal, would temperature be an intensive
and local quantity. As the pertinent temperature we use the spectral temperature of Chap. 12. Since the interaction between the two subsystems does
not enter our temperature measure, we expect that we get a good agreement
between global and local temperatures for internal weak couplings. Therefore we investigate the local temperature and its dependence on the internal
coupling strength. In Fig. 18.16(a) we show the result for a full integration of the Schrödinger equation for given internal coupling strength λ, and
in Fig. 18.16(b) the same investigation in the Lindblad formalism, together
with the global ﬁxed temperature. As can be seen in both cases, local and
global temperatures are approximately the same for a small internal coupling
strength λ, whereas for a larger coupling, global and local temperatures diﬀer.

18.5 On the Existence of Local Temperatures∗
As in Sect. 18.4 we consider a chain of spins with nearest neighbor interactions. However, instead of various values of the coupling strength we consider
groups of diﬀerent numbers of adjoining spins (see Fig. 18.17 and [46, 48]).
The idea behind this approach is the following. If N adjoining spins form
a group, the energy of the group is N times the average energy per spin
and is thus expected to grow proportionally to N as the size of the group
is increased. Since the spins only interact with their nearest neighbors, two
adjacent groups only interact via the two spins at the respective boundaries.
As a consequence, the eﬀective coupling between two groups is independent
of the group size and thus becomes less relevant compared to the energy
contained in the groups as the group size increases.
Since we want to analyse the existence of a quantity usually assigned
to equilibrium states, we should consider equilibrium scenarios or at least
situations close to equilibrium. Therefore we assume that our entire spin
chain is in a thermal equilibrium state. One can imagine that it may have
approached this state via interactions with its surrounding as described in
Chap. 9, although, for the consideration here, such details will be irrelevant.
∗

Based on [46, 47, 48, 49] by Hartmann et al.
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Fig. 18.16. The global (bottom solid line) and the local temperatures of the two
single subsystems as a function of the internal coupling strength λ. (a) Solution of
the full Schrödinger equation and (b) Lindblad formalism [54].

Before we can address the question of local temperatures, we have to
clarify what we mean when we say that temperature exists or does not exist.
The spectral temperature deﬁned in Chap. 12 always exists, but it usually
does not have all the properties temperature is supposed to have in thermal
equilibrium.
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N spins
Fig. 18.17. N

G

N spins

groups of N adjoining spins each are formed.

We adopt here the convention that local temperature exists if the respective (local) reduced density matrix is close to a canonical one. Then, the
spectral temperature, which in this case coincides with the standard temperature, fully characterizes the distribution, i.e., the diagonal elements of the
corresponding density matrix. If, furthermore, the local temperatures coincide with the global one, temperature is even an intensive quantity in the
scenario at hand (i.e., does not change with system size).
We thus consider a very long chain of very many spins in a global thermal
equilibrium state (9.49), divide the chain into N G groups of N adjoining spins
each (see Fig. 18.17) and test whether the local probability distribution also
has the canonical form (9.49).
18.5.1 Model
We start by deﬁning the Hamiltonian of our spin chain in the form,
Ĥ =



(µ)

(µ,µ+1)

Ĥloc + Ĥint

,

(18.17)

µ

where the index µ labels the elementary subsystems. The ﬁrst term is the
local Hamiltonian of subsystem µ and the second one describes the interaction
between subsystem µ and µ + 1. We assume periodic boundary conditions.
Since this section applies to all models with the structure (18.17), we do not
further specify the terms in the Hamiltonian before we apply the results to
the concrete spin chain model in Sect. 18.5.4.
We now form N G groups of N subsystems each with index ν = 1, . . . , N G
specifying the respective group, and µ = 1, . . . , N numbers the elementary
subsystems within such a group
µ → (ν − 1)N + µ .

(18.18)

According to the formation of groups the total Hamiltonian splits up into
two parts,
Ĥ = Ĥ0 + Iˆ ,
where Ĥ0 is the sum of the Hamiltonians of the isolated groups,

(18.19)
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G

Ĥ0 =

N


(ν)
Ĥgroup

with

(18.20)

ν=1
(ν)
Ĥgroup
=

N


((ν−1)N +µ)

Ĥloc

µ=1

+

N
−1


((ν−1)N +µ,(ν−1)N +µ+1)

Ĥint

µ=1

and Iˆ contains the interaction terms of each group with its neighbor group
only
G

Iˆ =

N


(νN,νN +1)

Ĥint

.

(18.21)

ν=1

We label the eigenstates of the total Hamiltonian Ĥ and their energies
with Greek letters (ϕ, ψ) and eigenstates and energies of the group Hamiltonian Ĥ0 with Latin letters (a, b)
Ĥ|ϕ = Eϕ |ϕ ,

Ĥ0 |a = Ea |a .

(18.22)

Here, the states |a are products of group eigenstates deﬁned as
G

(ν)
Ĥgroup
|aν 

= Eν |aν  ,

|a =

N


|aν  .

(18.23)

ν=1

Eν is the energy of one subgroup only and Ea =

NG
ν=1

Eν .

18.5.2 Global Thermal State in the Product Basis
We assume that the total system is in a thermal state with a density matrix
ρ̂, which reads in the eigenbasis of Ĥ
ϕ|ρ̂|ψ =

e−βEϕ
δϕψ .
Z

(18.24)

Here, Z is the partition function and β = 1/(kB T ) the inverse temperature.
Transforming the density matrix (18.24) into the eigenbasis of Ĥ0 we obtain
 E1
e−βE
dE Wa (E)
a|ρ̂|a =
(18.25)
Z
E0
for the diagonal elements in the new basis. Here, the sum over all states
|a has been replaced by an integral over the energy. E0 is the energy of
the ground state and E1 the upper limit of the spectrum. The density of
conditional probabilities Wa (E) is given by
Wa (E) =

1
∆E


|ϕ:E≤Eϕ <E+∆E

2

|a|ϕ| ,

(18.26)
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where ∆E is small and the sum runs over all states |ϕ with eigenvalues Eϕ
in the interval [E, E + ∆E].
To compute the integral of equation (18.25) we need to know the density
of the conditional probabilities Wa (E). For a very large number of groups,
N G  1, it may be approximated by a Gaussian normal distribution (for a
rigorous proof of this statement, which is a quantum analog of the central
limit theorem, and further applications, see [48] and [50]),


2
1
(E − Ea − εa )
lim Wa (E) = √
,
(18.27)
exp −
2 ∆2a
N G →∞
2π∆a
where εa and ∆a are deﬁned by
εa = a|Ĥ|a − a|Ĥ0 |a ,

(18.28)

2

(18.29)

∆2a = a|Ĥ 2 |a − a|Ĥ|a .

The quantity εa has a classical counterpart, while ∆2a is purely quantum
mechanical. It appears because the commutator [Ĥ, Ĥ0 ] is non-zero, and the
distribution Wa (E) therefore has non-zero width. Equation (18.25) can now
be computed for N G  1


1
β 2 ∆2a
a|ρ̂|a = exp −β ya +
×
Z
2

 E − y + β∆2
 E − y + β∆2 
1
0
1
a
a
√a
√a
×
erfc
− erfc
,
2
2∆a
2∆a
(18.30)
where ya = Ea + εa and erfc(. . . ) is the conjugate Gaussian error function.
The second term only appears if the energy is bounded and the integration
extends from the energy of the ground state E0 to the upper limit of the
spectrum E1 .
The oﬀ-diagonal elements a|ρ̂|b vanish for |Ea − Eb | > ∆a + ∆b because
the overlap of the two distributions of conditional probabilities becomes negligible. For |Ea − Eb | < ∆a + ∆b , the transformation involves an integral over
frequencies and thus these terms are signiﬁcantly smaller than the entries on
the diagonal part.
18.5.3 Conditions for Local Thermal States
We now test under what conditions the diagonal elements of the (local) reduced density matrices are also canonically distributed with some local in(ν)
verse temperature βloc for each subgroup ν = 1, . . . , N G . Since the trace
of a matrix is invariant under basis transformations, it is suﬃcient to verify that they show the correct energy dependence. If we assume periodic
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(ν)

boundary conditions, all reduced density matrices are equal (βloc = βloc
for all ν) and the products of their diagonal elements are of the form
a|ρ̂|a ∝ exp(−βloc Ea ). We thus have to verify that the logarithm of the
right hand side of (18.30) is a linear function of the energy Ea ,
ln (a|ρ̂|a) ≈ −βloc Ea + c ,

(18.31)

where βloc and c are real constants. Note that (18.31) does not imply that
the occupation probability of an eigenstate |ϕ with energy Eϕ and a product
state with the same energy Ea ≈ Eϕ are equal. Even if βloc and β are equal
with very good accuracy, but not exactly the same, occupation probabilities
may diﬀer by several orders of magnitude, provided the energy range is large
enough.
Since we consider the limit N G → ∞, we approximate the conjugate error
functions of (18.30) by their asymptotic expansions (cf. [1]). This is possible
G
because ya and ∆2a are sums of N
√ terms and the arguments of the error
functions grow proportionally to N G . Inserting the asymptotic expansions
into equation (18.30) shows that (18.31) can only be true if
∆2
Ea + ε a − E0
√
>β√ a
,
N G ∆a
N G ∆a

(18.32)

(for a more detailed consideration see [47]). In this case, (18.30) may be taken
to read



β∆2a
1
exp −β Ea + εa −
,
(18.33)
a|ρ̂|a =
Z
2
where we have used that ya = Ea + εa . To ensure that the criterion (18.31)
is met, εa and ∆2a have to be of the form
−εa +

β 2
∆ ≈ c1 Ea + c2 ,
2 a

(18.34)

as follows by inserting (18.33) into (18.31). In (18.34), c1 and c2 are arbitrary,
real constants. Note that εa and ∆2a need not be functions of Ea and therefore
in general cannot be expanded in a Taylor series. In addition, the temperature
becomes intensive, if the constant c1 vanishes, in
βloc = β(1 − c1 ) ,

(18.35)

which follows by introducing the approximated diagonal matrix element
(18.33) into condition (18.30) and using (18.34). If c1 does not vanish, temperature would not be intensive, although it might exist locally.
Conditions (18.32) and (18.34) determine when temperature can exist
locally. These conditions depend on the global inverse temperature β. In both
equations the inverse temperature β appears together with the squared width
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∆2a , which is always larger than zero as long as the commutator [Ĥ, Ĥ0 ] does
not vanish. The temperature dependence of the criteria for the existence of
local temperatures is thus a pure quantum eﬀect, which appears in almost all
models of interest since these show [Ĥ, Ĥ0 ] = 0. As can already be deduced
from (18.32) and (18.34), the temperature dependence is most relevant at low
temperatures, where minimal length scales for the existence of temperature
may even become macroscopic, as we will see below (cf. [6, 60, 91, 130]).
It is suﬃcient to satisfy the conditions (18.32) and (18.34) for an adequate
energy range Emin ≤ Ea ≤ Emax only. For large systems with a modular
structure, the density of states is a rapidly growing function of energy, as
explained in Chap. 11.2. If the total system is in a thermal state, occupation
probabilities decay exponentially with energy. The product of these two functions is thus sharply peaked at the expectation value of the energy E of the
total system E + E0 = Tr{Ĥ ρ̂}, with E0 being the ground state energy. The
energy range thus needs to be centered at this peak and to be large enough.
On the other hand it must not be larger than the range of values Ea can take
on. Therefore, a pertinent and “safe” choice for Emin and Emax is


Emin = max [Ea ]min , α−1 E + E0 ,


Emax = min [Ea ]max , α E + E0 ,

(18.36)
(18.37)

where α  1 and E will in general depend on the global temperature. [x]min
and [x]max denote the minimal and maximal values that x can take on.
The expectation value of the total energy, E, in general depends on the
global temperature. This temperature dependence, which is characteristic of
the model (i.e., of the material) at hand, also enters into the criteria (18.32)
and (18.34) via the deﬁnition of the relevant energy range in (18.36) and
(18.37).
Figure 18.18 compares the logarithm of (18.30) for a model, where εa = 0
and ∆2a = Ea2 /N 2 with N = 1000 and the logarithm of a canonical distribution with the same β. The actual density matrix is more mixed than
the canonical one. In the interval between the two vertical lines, both criteria
(18.32) and (18.34) are satisﬁed. For E < Elow (18.32) is violated and (18.34)
for E > Ehigh . To allow for a description by means of a canonical density
matrix, the group size N needs to be chosen such that Elow < Emin and
Ehigh > Emax .
For the existence of a local temperature the two conditions (18.32) and
(18.34), which constitute the general result of our approach, must both be
satisﬁed. Or, to put it diﬀerently: the two criteria determine, for a concrete
situation, the minimal number of group members N (a minimal length scale)
on which temperature can be deﬁned. These fundamental criteria will now
be applied to a concrete example.
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Fig. 18.18. ln (a|ρ̂|a) for a canonical density matrix ρ (dashed line) and for ρ̂ as
in (18.30) (solid line) with εa = 0 and ∆2a = Ea2 /N 2 (N = 1000) [47].

18.5.4 Spin Chain in a Transverse Field
As a concrete application, we consider a spin chain in a transverse ﬁeld. For
this model the Hamiltonian reads
(µ)

(µ)

Ĥloc = −∆E σ̂3
λ  (µ)
(µ,µ+1)
(µ+1)
(µ)
(µ+1)
σ̂ ⊗ σ̂1
.
=−
+ σ̂2 ⊗ σ̂2
Ĥint
2 1

(18.38)

Here, 2∆E is the Zeeman splitting (we will always assume ∆E > 0) and λ
the strength of the spin-spin coupling, called Förster coupling.
If one partitions the chain into N G groups of N subsystems each, the
groups may be diagonalized via a Jordan-Wigner and a Fourier transformation [46]. With this procedure, the quantities Ea , εa and ∆a can be expressed
in terms of fermionic occupation numbers of the group eigenstates, which in
turn allows us to calculate the minimal number of spins Nmin in each group
(the minimal length scale) from conditions (18.32) and (18.34).
The technical details of this calculation, which involves a few further approximations, are not relevant for the understanding of the relevant physics.
We thus refer the interested reader to App. E for a detailed discussion.
Figure 18.19 shows Nmin as a function of temperature T in units of half
the Zeeman splitting for weak coupling, λ = 0.1∆E. Here, condition (18.32)
is approximated by (E.7) and condition (18.34) by (E.10) (see App. E).
The strong coupling case (λ = 10∆E) is shown in Fig. 18.20, where
condition (18.32) is approximated by (E.9) and condition (18.34) by (E.10)
(see App. E).
Apparently, criterion (18.34) and (E.10), respectively, become relevant
only at high temperatures T and strong coupling λ > ∆E. In addition,
temperature is always an intensive quantity for the spin chain considered
here, irrespective of the coupling strength (see App. E for details).
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Fig. 18.19. Weak coupling (λ = 0.1∆E). Log-log-plot of Nmin over T : the criteria
(E.7) (solid line) and (E.10) (dashed line) deﬁne lower limits above which a local
temperature is deﬁned [47].
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Fig. 18.20. Strong coupling (λ = 10∆E). Log-log-plot of Nmin over T : the criteria
(E.9) (solid line) and from (E.10) (dashed line) deﬁne a limit above which a local
temperature is deﬁned [47].

The model shows that for spin chains at high temperatures local temperatures may exist even for single spins, while the minimal group size becomes
increasingly large at low temperatures. These characteristics are quite plausible if the transformation behavior of matrices under a change of basis is
taken into account. At very high global temperatures, the total density matrix is almost completely mixed, i.e., proportional to the identity matrix, and
thus does not change under basis transformations. There are therefore global
temperatures that are high enough, so that local temperatures exist even for
single spins.
On the other hand, if the global temperature is very low, the system
is essentially in its ground state. This state is typically a superposition of
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product states and therefore strongly correlated [60, 130]. It becomes thus
impossible to assign local temperatures to the ground state for any partition.

18.6 Quantum Thermometer
18.6.1 The Classical Picture
Temperature is usually associated with the “random” thermal motion, the
paradigmatic model being the ideal classical gas. It thus appears meaningless
to talk about the temperature of an individual particle. Temperature as a
non-mechanical property is interpreted to result from some averaging over
a suﬃciently large sample of particles. With decreasing sample size (e.g.,
decreasing volume V for constant particle density) the statistics worsen and
one naturally expects the temperature to be deﬁned, if at all, with increasing
uncertainty. This expectation seems to be in accord with the result for the
mean variance of the temperature [69, 95]
(∆T )2 = kB

T2
,
CV

(18.39)

where CV is the speciﬁc heat of the total system at constant volume V .
It is not clear, though, under what conditions this formula actually applies
[86]. A system in contact with a thermostat should have a ﬁxed temperature
(as a boundary condition), irrespective of the size of the system. Furthermore,
it is apparently possible to associate a temperature with the occupation of
internal states of a single molecule or even a single spin.
18.6.2 The Szilard Picture
In his attempts to clarify confusing aspects of so-called Maxwell’s demon,
Szilard [123] introduced a simpliﬁed model of a heat engine, the central part
of which was a single molecule in a box interacting with a heat bath. At
the time, this model must have met with suspicion, as a particle in a box
would seem to be an entirely mechanical problem rather than being subject
to thermodynamic analysis.
In fact, this particle in a box has a simple quantum interpretation: it
constitutes a system with a discrete but inﬁnite spectrum. Its spatial extension is mesoscopic or even macroscopic and given by the box itself. However,
besides this possible macroscopic size, the particle in a box is, in principle,
not diﬀerent from the internal (bound) spectrum of a molecule (essentially
localized on a nanometer scale).
The Szilard picture ﬁts perfectly into the approach of this book: thermodynamic properties result from the interaction of the quantum subsytem
considered with its quantum environment. For weak coupling and some further requirements for the spectral density of the environment, a canonical
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equilibrium state of the subsystem results, even though the system as a whole
had no thermodynamic properties whatsoever.
18.6.3 Temperature Fluctuations
Nevertheless, one might argue, temperature ﬂuctuations do occur, and somehow they seem to be associated with small systems. These temperature ﬂuctuations happen in time and for a single system, i.e., they cannot be related to
the properties of an identically prepared ensemble, for which the respective
temperature was taken to diﬀer from one member to the other (statistical
uncertainty). However, a closed system prepared in a canonical state cannot
show temporal ﬂuctuations, irrespective of size, as the state ρ̂ is stationary,
[Ĥ, ρ̂] = 0. Consequently, there are neither temperature nor entropy ﬂuctuations.
Temporal ﬂuctuations for an individual system in contact with an environment: this is exactly what comes out in our approach – when the relevant part
of the environment (the source of thermodynamic behavior of the considered
system) gets smaller and smaller. In this case we may still have a canonical
state on time-average, but the occupation numbers ﬂuctuate around their
equilibrium values. These ﬂuctuations can hardly be mapped onto a ﬂuctuation of temperature only. A conceptually simple description was in terms
of the spectral temperature (as introduced in Sect. 12.1), as this temperature can be deﬁned for any state and any instant of time. Anyway, the
ﬂuctuations of occupation numbers will lead to ﬂuctuations of moments of
the system energy. From these moments one usually infers the temperature
experimentally [86].
It is important to realize that for a molecular system (spin chain, particles
in a box, etc.) partitions of the system itself (i.e., without having an external
environment like a container) will already suﬃce to induce thermodynamic
properties locally (cf. Chap. 18.4). After relaxation any local spin or particle
should thus be expected to be in a thermal state (this holds for weak internal
coupling only; for stronger coupling the length-scale, on which a local temperature can be deﬁned, increases [46]). The thermal state will be subject
to increased ﬂuctuations as the total system size (pertinent state space) decreases, in qualitative agreement with (18.39). A thermostat is, by deﬁnition,
a very large system making temperature ﬂuctuations virtually absent.
18.6.4 Measurement
The concept of a thermometer is based on a tri-partite quantum system: the
system proper, the large enough environment, and the (small) thermometer
subsystem (cf. Fig. 18.21). They should all be weakly coupled (coupling constants λ, λ , respectively). In this case temperature becomes a local concept,
i.e., the canonical state of system and thermometer generated by the envi-
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Fig. 18.21. Basic scenario for a temperature measurement, λ, λ are the respective
coupling constants.

ronment implies an occupation of energy states of system and thermometer,
respectively, controlled by the same temperature (T = T  ).
This model even takes care of the intuitive notion that we should be able to
decouple the thermometer from the rest of the system before “looking at it”.
After having established the equilibrium state (i.e., the appropriate entanglement), interactions are no longer required to substain this state. Of course,
without coupling to the environment, stability is lost; any new interaction
will perturb the state of the thermometer permanently. Such an interaction,
though, is needed for measurement, i.e., to implement the “looking-at” process.
We may model the thermometer by a set of non-interacting spins (twolevel systems) with ﬁnite Zeemann splitting. We can thus perform an ensemble measurement of the average magnetization (mean energy). Knowing
that the state is canonical, there is a unique relation between the mean energy
and the temperature. This allows us to (indirectly) measure the temperature.
(This ﬁnal measurement step is not included in Fig. 18.21).
We note that the temperature measurement is not a quantum measurement: T is not associated with an operator. We are thus not confronted with
the notorious quantum measurement problem (collapse of the wave function).
The temperature measurement, when carried out on a “quantum thermometer”, is rather equivalent to an ensemble measurement, which is free from
those interpretation problems.
We also note that any measurement, whether “classical” or quantum, has
to be based on the same aspects of non-equilibrium: a measurement is a
process, and processes cease to exist in equilibrium.
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18.6.5 Thermodynamic “Uncertainty Relation”
In the classical interpretation of thermodynamics, there is often some confusion about the meaning of thermodynamic control parameters. It appears
that it is only for practical reasons that one prefers T over the mean energy E.
It has already been conjectured by Bohr that there should be an uncertainty
relation between energy and temperature [114]. Any measurement of temperature requires an energy exchange between the system and the thermometer;
therefore it should make energy uncertain to some extent.
This conclusion is based on the assumption that the micro states have
well-deﬁned energy (and diﬀerent temperatures) to begin with. This, in turn,
is based on the classical ignorance interpretation of non-pure states. Quantum
mechanically, there is no problem to accept that for any system in contact
with a large environment, the energy is uncertain. Being in a stable thermal
state is not a property of the considered system as such, but a consequence
of its embedding in a (large) quantum environment. The assumption that
temperature is unsharp if energy is sharp and vice versa (∆E ·∆ T1 ≥ kB ) [114]
contradicts our quantum approach. This uncertainty relation has, to the best
of our knowledge, never been tested experimentally. Neither E nor T is an
operator, anyway. While there is, in general, an “unexpected eﬀectiveness” of
the classical approach to thermodynamics, here is a point where the classical
and the quantum approaches diﬀer.

18.7 Quantum Manometer
18.7.1 Eigenspectrum of System and Manometer
In thermodynamics, pressure is an intensive work variable deﬁned as (cf.
Chap. 13)


∂U
p=−
,
(18.40)
∂V S
where U is the internal energy of the system under consideration (not of the
total system) and the volume V is the extensive work variable conjugate to
p. In the one-dimensional case, p has the dimension of force:


∂U
F =−
.
(18.41)
∂L S
In any case, the mechanical eﬀect will consist of a deformation (compression)
of an external (non-thermodynamic) system, working as a manometer. Here
we intend to show that the conjugation between the extensive work variable
and the pressure can indeed be conﬁrmed down to the nano limit. For this
purpose we ﬁrst study an isolated bipartite system, i.e., without coupling
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Fig. 18.22. One-dimensional model for a conﬁned “gas particle”, mg , interacting
with a harmonic oscillator

to an additional environment. The total model is thus supposed to remain
“mechanical”.
In our present one-dimensional model introduced by Borowski et al. [19]
one subsystem is a single particle (g) in a box (cf. Sect. 18.6.2), where, however, one wall (w) is now replaced by a movable piston connected to a spring,
the manometer (see Fig. 18.22). The respective two-particle Hamiltonian is
given by
Ĥ(q g , q w ) = −

∂2
∂2
2
2
f
−
+ (q w )2 + V̂ (q g , q w ) , (18.42)
g
g
2
w
2m ∂(q )
2m ∂(q w )2 2

with the potential


∞
g w
V̂ (q , q ) = ∞


0

for

qg < 0
.
qg < L + qw
0 ≤ qg ≤ L + qw

(18.43)

The total potential term, which is obviously not accessible from a perturbative approach
V̂  (q g , q w ) = V̂ (q g , q w ) +

f w 2
(q )
2

(18.44)

can be shown to separate under the coordinate transformation
yg =

qg
L,
qw + L

yw = qw ,

(18.45)

in the limit of yw
L. Of course, in order to make use of this convenient
feature, one also has to transform the kinetic parts to the new coordinates.
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The unperturbed part (particle of mass mg in a box with inﬁnite walls at
y g = 0 and y g = L and a particle of mass mw in a harmonic potential) is
then given by
Ĥ0 = −

∂2
∂2
2
2
−
+ V̂  (y g , y w ) .
g
g
2
w
2m ∂(y )
2m ∂(y w )2

(18.46)

While the transformation of the kinetic energies produces an additional coupling term, a more careful analysis shows that this coupling term can now
be dealt with by means of standard perturbation theory. The corresponding
energy spectrum of Ĥ0 is
.

2
f
πj g
1
√
Ej g j w = Ej g + E j w =
+
(j w + ) ,
(18.47)
mw
2
2mg L
where j g as well as j w are quantum numbers. Due to the particle-particle
interaction one ﬁnds for the perturbed energy eigenstate with j w = 0 approximately

q j g =
w

πj g
√ g
L m Lf

2
.

(18.48)

For such an elongation the corresponding force is
Fj g = f q w j g ,

(18.49)

which is identical with F = −∂Ej g /∂L as postulated. The interaction between manometer and particle in a box can be shown to lead to negligible
entanglement, i.e., the local entropy remains zero.
18.7.2 The Total Scenario
The total model we envision is a tri-partite system consisting of the system
and manometer part and a large environment (see Fig. 18.23). As discussed
a number of times, the interaction with the environment will typically render the system and manometer thermodynamical. Here we assume that the
harmonic oscillator (the manometer degree of freedom) actually remains in
its ground state. Only the states j g of the system become occupied according
to a canonical distribution. This leads to an additional thermal averaging
of q w .
As the environment (its relevant part of Hilbert space) becomes smaller
and smaller, the occupation probabilities for the states j g start to show temporal ﬂuctuations. These will lead to temporal ﬂuctuations of q w  as well
and thus of the pressure, just like in the case of temperature (see Sect. 18.6).
In so far as for a modular system (e.g., a gas) the other (weakly interacting) particles can play the role of an eﬀective environment for any picked
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Fig. 18.23. Basic scenario for a pressure measurement, λ is the coupling between
system and environment, λ describes the mechanical coupling between system and
manometer.

single particle, ﬂuctuations should increase for decreasing volume (at ﬁxed
density). This is in qualitative agreement with the standard result of classical
thermodynamics [69, 95]


∂p
kB T
(∆p)2 = −T
=
,
(18.50)
∂V S
χS V
where χS is the adiabatic compressibility.
For an actual measurement of q w  we should be aware of the fact that
q w  may also suﬀer from quantum uncertainty. In the present case of a
quantum manometer its variance can easily be of the same order as its mean
value! Measurement projections will thus lead to ﬂuctuations, in addition to
the “thermal ﬂuctuations” due to the environment.
For a macroscopic manometer the quantum uncertainty can be neglected,
however, this limit also restricts the detection of ﬂuctuations.
18.7.3 Classical Picture
The quantum mechanical “particle in a box states” are all delocalized. When
weakly coupled to a quantum environment, the system will settle in a canonical state, which should not be far away from a Gaussian state [34]. This
“localization” of particles in real space supports the classical view of pressure resulting from impinging classical balls on a wall. Quantum eﬀects due
to particle indistinguishability are not included, though. In this picture the
measurement of pressure ﬂuctuations can be related to the well known model
of Brownian motion. The random collisions of air molecules with a suspended
mirror directly allows us to visualize thermal oscillations and even to measure the Boltzmann constant [95]. The theoretical analysis is usually based
on the Langevin equation. This phenomenological equation includes damping
as well as a stochastic force.
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18.8 Adiabatic Following and Adiabatic Process
In Chap. 13 the adiabatic process has been discussed in the context of pressure. Its relationship with the adiabatic following, well known in quantum
mechanics, has been clariﬁed. Namely it has been pointed out that, within
the theory presented here, “adiabaticity” in the thermodynamical sense is
guaranteed only under adiabatic following in the quantum mechanical sense,
regardless of the fact that without any coupling to an environment entropy
never changes under any kind of process.
The respective adiabatic approximation is a very good technique for slow
processes (quasi static), but it gets worse, if the Hamiltonian changes too
fast. In the case of an additional microcanonical coupling to an environment,
we have found in Chap. 13 that the adiabatic approximation should be valid
even for a faster change of the Hamiltonian. Thus, this situation is characterized by a sort of antagonism. A rapidly changing Hamiltonian tends to
make the adiabatic approximation fail, while contact with a microcanonical
environment stabilizes it.
To investigate these properties, we analyze a model system: a spin in a
constant rotating magnetic ﬁeld. We start with the magnetic ﬁeld as well as
the spin in z-direction (see Fig. 18.24(a)). Then we rotate the magnetic ﬁeld
around the x axis (see Fig. 18.24(b)), whereby the Hamiltonian of the system
reads
Ĥ = cos(ωt) σ̂3 + sin(ωt) σ̂2 .

(18.51)

z

z
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y

x
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(b)

Fig. 18.24. Model system for the investigation of the adiabatic following. The
magnetic ﬁeld of constant modulus is rotated around the x-direction. The spin as
well as the magnetic ﬁeld initially point in z-direction [64].
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As the ﬁeld starts to rotate, the spin will follow the magnetic ﬁeld for suﬃciently small rotational frequencies ω. For larger ones, the spin is not able to
follow the ﬁeld any longer, the adiabatic approximation tends to break down.
Firstly we observe the probability Wz to ﬁnd the spin in z-direction. For
the strict following of the spin this probability will decrease until it is zero in
case the magnetic ﬁeld points in −z-direction and the spin should be parallel
to the ﬁeld in this case. This behavior can be conﬁrmed in Fig. 18.25(a),
where we rotate the ﬁeld with a frequency of ω = 0.2. The small oscillations
are due to the Lamor frequency of the system (here ωL = 1). In Fig. 18.25(b)
one can ﬁnd the result in the case of a faster rotation ω = 2 and, as expected,
the probability after half of a period of rotation of the ﬁeld is no longer zero.
As discussed in Sect. 13.1, we are now going to additionally couple an
environment to the spin system, observing the system again in the regime of
the fast rotational frequency ω = 2. This special microcanonical environment
should only suppress the oﬀ-diagonal elements of the spin system in the
momentary eigenbasis of the spin Hamiltonian, as in (13.15). We have to make
sure that the environment remains microcanonical – i.e., only aﬀects the oﬀdiagonal part of the density operator of the system – for the whole evolution.
For appropriate coupling strength of the spin system to the environment,
deﬁned by the parameters of (13.15), the spin again follows the ﬁeld, as can
be seen in Fig. 18.26.
So far we have used the Lindblad formalism to model the inﬂuence of
an environmental system (see Sect. 13.1 and especially (13.15)). Now, we
introduce a model for the environment, as done in Sect. 18.1. Here, we use
a system with only one energy level but a degeneracy N c , and couple our
spin system randomly to this environment. We have to make sure that the
environment always couples to the momentary eigenbasis of the Hamiltonian
and suppresses oﬀ-diagonal elements only in this basis. After a half period of
rotation we will observe the state of the spin ρ̂(π/ω), and measure the distance
of this state from the expected state according to perfect adiabatic following
ρ̂, using the ﬁdelity Fρ̂(π/ω),ρ̂ introduced in Sect. 2.2.3 in (2.21). The result is
to be seen in Fig. 18.27, where we show the ﬁdelity over the rotation frequency
of the ﬁeld. The dashed line shows the case without an environment, whereas
the solid line is the case with pure dephasing. Obviously, in the latter case
one can rotate the ﬁeld much faster than without an environment and this is
exactly what theory predicts. The results depend on the concrete model and
on the respective parameters like coupling strength and number of energy
levels.
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Fig. 18.25. Magnetic ﬁeld rotation without an environment. Probability Wz to
ﬁnd the spin in z-direction. (a) For a small rotation frequency, ω = 0.2, the spin
follows the magnetic ﬁeld, (b) for ω = 2 this is no longer the case. The dashed line
shows the perfect adiabatic following [64].

18.8 Adiabatic Following and Adiabatic Process

219

1

0.8

Wz

0.6

0.4

0.2

0
1

2

π
t[ ω
]
Fig. 18.26. Fast rotation of the magnetic ﬁeld ω = 2, but now with an additional
coupling to an environment, according to (13.15). As can be seen, the spin tends
to follow the ﬁeld, like in the slow rotation regime [64].
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Fig. 18.27. Fidelity Fρ̂(π/ω),ρ̂ of the spin state after a half rotation between the
state ρ̂(π/ω) and the expected perfect following case ρ̂, as a function of ω. Solid
line: with dephasing. Dashed line: without dephasing [64].

17 The Route to Equilibrium
We call dynamical laws reversible if any process
following this dynamics is changed into a possible
process by a time reversal. In thermodynamics we know
processes which do not possess this property. They are
irreversible.
— F. Schlögl in [114]

The method we are going to present here also relies, like the approach based
on Fermi’s Golden Rule, on a step-wise solution of the Schrödinger equation, but now taking superpositions of energy eigenstates as initial states
into account. Naturally, this approach, like all other approaches, relies on
approximations. The crucial approximation here is the replacement of some
speciﬁc quantities by their Hilbert space averages. For almost all states the
Hilbert space average will be a good approximation, if and only if the Hilbert
space landscape is almost ﬂat. Therefore, the approximation is supported by
showing that it is indeed possible to assume such a ﬂat Hilbert space. Finally, it will be possible to derive a rate equation, which describes the decay
qualitatively.

17.1 System and a Large Environment
The energy scheme of the situation we are going to analyze is depicted in
Fig. 17.1. A two level system, g, is in contact with a “many level” environment
or “container”, c. Only the relevant parts of the spectrum of the environment
enter the model. These are, in this case, two “bands” of width δ , containing
N1c (N0c ) equidistant eigenstates in the upper (lower) band. Therefore the
“gas” g

“container” c
|1

δ

N1c

δ

N0c



∆E
|0

V̂

Fig. 17.1. Discrete two-level system coupled canonically to a quasi-continuous
container system. This set-up should, for a suﬃciently high state density in the
container system, and an adequately tuned coupling, exhibit an exponential decay
of an excitation in the gas system.
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
169–182 (2004)
c Springer-Verlag Berlin Heidelberg 2004
http://www.springerlink.com/
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level spacing within the upper (lower) energy “band” is
∆E1c :=

δ
N1c

and ∆E0c :=

δ
.
N0c

(17.1)

In the following, quantities of the “upper band” of the environment get the
subscript 1, where as quantities of the “lower band” get the subscript 0. We
consider an evolution from an initial state, with the system in the excited
state |1 and the environment in the “lower band”, 0. Due to overall energy
conservation the only other set of states that the full system can evolve
into, is the set with the considered system in the ground state |0 and the
environment in its “upper band”, 1. The Hamiltonian within the relevant
subspace of the entire Hilbert space may thus be organized as follows,


..

0
 .
 


 


 


c
∆E + i∆E1
V̂
|ψ gr 



 


 


 
..
Ĥ = 
(17.2)

.
 0


 
..


.

0  


|ψ ex 


j∆E0c
V̂

 
..
.
0
where i (j) count the levels in the upper (lower) “band” of the environment.
The Hamiltonian is displayed in the eigenbasis of the uncoupled system, for
simplicity we assume for the moment that the coupling V̂ only adds terms
to the Hamiltonian in the oﬀ-diagonal blocks. This corresponds to an energy
transfer coupling between system and environment, say canonical conditions.
We now introduce two projectors, which project out the upper (lower)
part of the state of the system
P̂ ex := |11| ⊗ 1̂(c) ,

P̂ gr := |00| ⊗ 1̂(c) ,

(17.3)

where 1̂(c) is the 1̂-operator in the environmental system. In the following we
call that part of the wave vector that corresponds to the considered system
in the excited state |ψ ex  and the part that corresponds to the system in the
ground state |ψ gr , i.e.,
|ψ ex  := P̂ ex |ψ ,

|ψ gr  := P̂ gr |ψ

⇒

|ψ = |ψ ex  + |ψ gr  .

(17.4)

Note that neither |ψ ex  nor |ψ gr  are normalized individually.
To analyze this model we ﬁrst transform to the Dirac or interaction picture
(cf. Sect. 2.5.1)
i

Û (t, 0) := Û0 := e−  Ĥ0 t ,

|ψI  := Û0† |ψ ,

V̂I := Û0† V̂ Û0 ,

(17.5)

17.2 Time Evolution
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where Ĥ0 is the Hamiltonian of the uncoupled system. The Schrödinger equation in this representation reads
i

∂
|ψI  = V̂I |ψI  ,
∂t

(17.6)

where both states and operators are now time-dependent, i.e., also V̂I is a time
dependent operator, but preserves the oﬀ-diagonal block form as before.
The crucial quantities in the context of a decay to equilibrium are the
probabilities of ﬁnding the system in its exited (ground) state, W ex (W gr ).
Due to the diagonality of Ĥ0 those quantities have the same representation
in the interaction as well as in the Schrödinger picture,
W gr = ψIgr |ψIgr  = ψ gr |ψ gr  . (17.7)

W ex = ψIex |ψIex  = ψ ex |ψ ex  ,

For simplicity we omit in the following the interaction picture subscript “I”,
but all the following considerations refer to this picture.

17.2 Time Evolution
To approximate the evolution of the system for a short time step, we can
truncate the corresponding Dyson series (cf. Sect. 2.5.2)

|ψ(τ ) ≈

1̂ −


i
1
Û1 (τ ) − 2 Û2 (τ ) |ψ(0) .



(17.8)

This is a truncation of second order, in which the Û ’s are the time ordered
integrals that occur in the Dyson series [113]

Û1 (τ ) =
0

τ

dτ  V̂ (τ  ) ,


Û2 (τ ) =
0

τ

dτ  V̂ (τ  )



τ

dτ  V̂ (τ  ) .

(17.9)

0

According to the Hermiticity of V̂ (τ ), Û1 (τ ) should be Hermitian too, which is
not the case for Û2 (τ ). Û1 (τ ) has the same oﬀ-diagonal form as V̂ (τ ) whereas
Û2 (τ ) has here a block diagonal form according to the interaction matrix.
(To further simplify notation we do not write the τ dependence of the Û ’s
explicitly. Furthermore, we omit the time dependence of the wave function,
if it refers to the initial state, i.e., |ψ(0) := |ψ.)
As mentioned above we are interested in the time evolution of the probability of ﬁnding the system in its excited state W ex (τ ), or ground state
W gr (τ ), respectively. Initially we consider W ex (τ ). Neglecting all terms of
higher than second order (products of Û1 and Û2 as well as terms proportional to Û22 ) we get from (17.8)
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W ex (τ ) = ψ ex (τ )|ψ ex (τ ) = ψ(τ )|P̂ ex P̂ ex |ψ(τ )

i
i
= ψ| 1̂P̂ ex P̂ ex 1̂ − 1̂P̂ ex P̂ ex Û1 + Û1 P̂ ex P̂ ex 1̂



1
1
1
− 2 1̂P̂ ex P̂ ex Û2 + 2 Û1 P̂ ex P̂ ex Û1 − 2 Û2† P̂ ex P̂ ex 1̂ |ψ .



(17.10)
According to the special oﬀ-diagonal block form of the interaction, we ﬁnd
for the operator products
Û1 P̂ ex = P̂ gr Û1

and Û2 P̂ ex = P̂ ex Û2 ,

Û2† P̂ ex = P̂ ex Û2† ,

(17.11)

and thus

i
i
1
W ex (τ ) = ψ| P̂ ex P̂ ex − P̂ ex Û1 P̂ gr + P̂ gr Û1 P̂ ex + 2 P̂ gr Û1 Û1 P̂ gr



1 ex
1 ex † ex 
ex
(17.12)
− 2 P̂ Û2 P̂ − 2 P̂ Û2 P̂ |ψ .


The probability W gr (τ ) is obtained in an analogous way. Using (17.4) we
obtain for the time evolution of the probabilities W ex (τ ) and W gr (τ )
i gr
i
ψ |Û1 |ψ ex  − ψ ex |Û1 |ψ gr 


1
1
gr
2 gr
+ 2 ψ |Û1 |ψ  − 2 ψ ex |(Û2 + Û2† )|ψ ex  (17.13)


i ex
i gr
gr
gr gr
gr
W (τ ) = ψ |ψ  + ψ |Û1 |ψ  − ψ |Û1 |ψ ex 


1
1
ex
2 ex
+ 2 ψ |Û1 |ψ  − 2 ψ gr |(Û2 + Û2† )|ψ gr  .


(17.14)

W ex (τ ) = ψ ex |ψ ex  +

The strict overall probability conservation requires
W ex (τ ) + W gr (τ ) = ψ ex (τ )|ψ ex (τ ) + ψ gr (τ )|ψ gr (τ )
= ψ ex |ψ ex  + ψ gr |ψ gr  = 1 .

(17.15)

Since the normalization is already fulﬁlled in the zero order, all higher orders
must vanish. Obviously the ﬁrst order vanishes automatically. Thus, exploiting (17.15), for the second order of the sum of (17.13) and (17.14) we ﬁnd
ψ ex |(Û2 + Û2† )|ψ ex  = ψ ex |Û12 |ψ ex  ,
ψ |(Û2 +
gr

Û2† )|ψ gr 

= ψ

gr

|Û12 |ψ gr 

.

Inserting this into (17.13) and (17.14) yields

(17.16)
(17.17)

17.3 Hilbert Space Average
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i gr
i
ψ |Û1 |ψ ex  + ψ ex |Û1 |ψ gr 


1
1
+ 2 ψ gr |Û12 |ψ gr  − 2 ψ ex |Û12 |ψ ex 


(17.18)
i
i
W gr (τ ) = ψ gr (τ )|ψ gr (τ ) =ψ gr |ψ gr  − ψ ex |Û1 |ψ gr  + ψ gr |Û1 |ψ ex 


1
1
+ 2 ψ ex |Û12 |ψ ex  − 2 ψ gr |Û12 |ψ gr  .


(17.19)

W ex (τ ) = ψ ex (τ )|ψ ex (τ ) =ψ ex |ψ ex  −

For an exact evaluation of the right hand side one would need to know the
|ψ ex , |ψ gr  in detail. It could, however, be the case that the right hand sides
of (17.18) and (17.19) do not depend signiﬁcantly on |ψ ex , |ψ gr , i.e., they
may take on almost the same value for almost all possible |ψ ex , |ψ gr . This
would be the case if the landscape deﬁned by the right hand side, over the
region in Hilbert space consistent with given W ex (0), W gr (0), were essentially
ﬂat. Whether or not this is indeed the case can only be decided by calculating the Hilbert space variances ∆H (ψ ex (τ )|ψ ex (τ )), ∆H (ψ gr (τ )|ψ gr (τ )). If
these are small, the right hand side of (17.18) and (17.19) could be replaced
by its Hilbert space average ψ ex (τ )|ψ ex (τ ), ψ gr (τ )|ψ gr (τ ) as a valid
approximation. At the moment we will proceed to do so and come back to
the Hilbert space variances later to justify this replacement.

17.3 Hilbert Space Average
We introduce the abbreviations,
ψ gr |Û1 |ψ ex  := α ,

ψ ex |Û1 |ψ gr  := α∗ ,

ψ

ψ

gr

|Û12 |ψ gr 

:= κ

gr

,

ex

|Û12 |ψ ex 

:= κ

ex

(17.20)
(17.21)

and evaluate the Hilbert space average of these quantities: κgr , κex  and
α. The detailed calculation of these quantities is discussed in App. C. The
general investigation of integrals in high dimensional spaces constricted to
hyperspheres can be found in App. A. Here we just give the results and point
out their plausibility.
From (C.23) we ﬁnd
α = ψ gr |Û1 |ψ ex  = 0

and α∗  = ψ ex |Û1 |ψ gr  = 0 .

(17.22)

Since |ψ ex  and |ψ gr  lie on diﬀerent, i.e., entirely independent hyperspheres,
such Hilbert space averages vanish. This is due to the special structure of the
respective integrals over the Hilbert space.
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For the other two Hilbert space averages we ﬁnd from (C.24) and (C.25)
ψ ex |ψ ex 
Trex {Û12 } ,
N0c
ψ gr |ψ gr 
κgr  = ψ gr |Û12 |ψ gr  =
Trgr {Û12 } .
N1c

κex  = ψ ex |Û12 |ψ ex  =

(17.23)
(17.24)

Here Trex(gr) {. . . } is supposed to denote the trace over the upper (lower)
subspace of the operator. This can be understood by thinking of the average
as being calculated in the diagonal representation of the operator. Then the
average is basically an integration of a sum of the squares of all coordinates
weighted by the corresponding eigenvalues of the operator, over a full hypersphere. For symmetry reasons the average of the square of a coordinate has
to equal the square of the radius divided by the dimension (see App. C).
Plugging these results into (17.18) and (17.19), we get
W gr (0)
W ex (0)
2
Tr
{
Û
}
−
Trex {Û12 } ,
gr
1
2 N1c
2 N0c
W ex (0)
W gr (0)
W gr (τ ) = W gr (0) + 2 c Trex {Û12 } − 2 c Trgr {Û12 } .
 N0
 N1

W ex (τ ) = W ex (0) +

(17.25)
(17.26)

Now we have to analyze those traces in more detail. We will do this explicitly
for the upper subspace but by simply exchanging the indices; the result will
be valid for the lower subspace as well
c

Trex {Û12 }

=

N0

j=1

c

j|Û12 |j

N0 
2



=
Û1 |j .

(17.27)

j=1

Here j runs over the eigenstates of Ĥ0 in the upper subspace (note this
corresponds to the lower “band” of the environment). The object that is
summed over here is evaluated in the literature in the context of Fermi’s
Golden Rule (see Sect. 2.5),
c

N1 

2 4 sin2 ( 1 ω τ )
2 




2 i,j
Û
|j
=
 1 
i|V̂ |j
2
ω
i,j
i=1

(17.28)

with
 1
1
Ej − Ei = (j∆E0c − i∆E1c ) ,


see Fig. 17.3(a).
ωi,j =

(17.29)

17.4 Short Time Step Equation
Our arguments, including the conditions we have to impose on the model,
now follow closely the ones brought forth in the context of Fermi’s Golden
Rule.

17.4 Short Time Step Equation
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f (ω)

A = πτ /2

τ2
4

δω

ω

Fig. 17.2. The function f (ω) deﬁned in (17.31).

The summation in (17.28) consists of two diﬀerent terms: the transition
probability or elements of the interaction matrix and a weight f (ω). The
displacement of diﬀerent ωi,j is given by
∆ω = ωi,j − ωi+1,j =

δ
∆E1c
= c ,

N1 

(17.30)

where we have used (17.1). The function
f (ω) =

sin2 ( 12 ωτ )
ω2

(17.31)

is basically a peak at ω = 0, with the width δω = 4π/τ and a height of
f (0) = τ 2 /4. The area under the function f (ω) is A = πτ /2 (see Fig. 17.2).
This means the peak gets higher and narrower as τ increases (see Fig. 17.3).
The height of the peak grows with the square of the time τ , the area
under f only linearly with τ . One could thus expect two diﬀerent behaviors:
the square and the linear regimes. At the very beginning, the peak is very
broad and therefore much broader than the “band” width δ divided by .
In this case, we expect that the sum grows with the square of τ , because all
terms are near the maximum of the peak (see Fig. 17.3(b)). We choose some
τ1 such that the width δω(τ1 ) of f (ω) has approximately the same value as
the “band” width δ divided by 
δω(τ1 ) =

4π
δ
≈
τ1


⇒

τ1 =

4π
.
δ

(17.32)
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δ N1c = 7

2
i=1

f (ω)

ωi,1

δω  δω(τ1 )

δ N0c = 4

2
j=1

τ  τ1
(a)

ω

(b)
f (ω)

f (ω)

1

3

2

τ = τ2

ω

ω

i

4

δω(τ1 )

∆ω

(d)

(c)

Fig. 17.3. Summation of transitions in (17.28). (a) Matrix elements to be summed
up. (b) τ  τ1 : almost all terms are around the maximum of the peak (square
regime). (c) τ ≈ τ1 : the terms are distributed over the whole peak (linear regime).
(d) τ ≈ τ2 : only a few terms are within the peak (break-down of the approximation).

The terms are distributed over the whole width of the peak and we expect
that the sum grows proportional to the area under the peak, thus linearly in
τ (see Fig. 17.3(c)) . In this case and if, furthermore, the function f does not
change much over many summation steps ∆ω, i.e., if

∆ω =

δ
N1c 

δω(τ1 ) =

δ


⇒

N1c  1 ,

(17.33)

the summation averages out the diﬀerent elements of the V̂ -matrix in (17.28).
Therefore the sum may be approximated by the average of the interaction
matrix element λ20 times the integral over f (ω) according to ω. The average
of the interaction matrix element is

17.4 Short Time Step Equation
c

λ20
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c

N1 N0 
2

1 
1

= c c
Tr{V̂ 2 } .
i|V̂ |j =
N1 N0 i=1 j=1
2N1c N0c

(17.34)

For (17.28) we then get


2
λ2 4A
2πλ20 N1c τ
dω


2
4f (ω) = 0
=
,
Û1 |j ≈ λ0
∆ω
∆ω
δ

(17.35)

where we have used that the area under f (ω) is A = πτ /2, as mentioned
before.
The approximation done so far breaks down later at some time τ2 , when
the peak gets too narrow (see Fig. 17.3(d)), i.e., the width is smaller than
the summation displacement ∆ω
δω(τ2 ) =

4π
δ
= ∆ω = c
τ2
N1 

⇒

τ2 =

4πN1c
.
δ

(17.36)

Thus (17.35) is a valid approximation only for τ1 < τ < τ2 .
Hence, plugging (17.35) into (17.27) yields
c

N0 
2
  
2πλ20 N1c N0c τ


.
Trex Û12 =
Û1 |j ≈
δ
j=1

(17.37)

Since this expression is symmetric under exchange of the upper and lower
subspaces, the corresponding expression for the lower subspace reads
c

N1 
2
  
2πλ20 N1c N0c τ


Trgr Û12 =
.
Û1 |i ≈
δ
i=1

(17.38)

Inserting (17.37) and (17.38) into (17.25) and (17.26) yields
W ex (τ ) = W ex (0) + Cτ N0c W gr (0) − Cτ N1c W ex (0) ,
gr

gr

W (τ ) = W (0) +

Cτ N1c W ex (0)

−

Cτ N0c W gr (0)

,

(17.39)
(17.40)

where we have abbreviated
2πλ20
:= C .
δ 

(17.41)

Equations (17.39) and (17.40) describe, within the discussed limits, a short
time step starting from any initial state, not necessarily an eigenstate of Ĥ.
Since they directly connect the probabilities W ex (0), W gr (0) of the initial
state with those of the state reached after time τ , we can now iterate these
equations under some speciﬁc conditions.
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17.5 Derivation of a Rate Equation
Before iterating the above equations (17.39) and (17.40), one should again
check the pre-conditions for the short time step equation derived so far. We
have only considered terms up to second order, and we can only iterate after a
time step of length τ1 . Thus we have to make sure that the considered second
order terms are still small compared to 1 after τ1 , to justify the dropping of
higher order terms. Therefore we must check that, e.g.,
Cτ N0c |τ =τ1 = 8π 2

λ20
1
(∆E0c )2 N0c

1,

(17.42)

where we have used (17.1). In complete analogy we get for the other term of
second order
Cτ N1c |τ =τ1 = 8π 2

λ20
1
c
2
(∆E1 ) N1c

1.

(17.43)

If these two conditions are fulﬁlled the “linear regime” is reached while the
truncation to second order is still a valid description, and we can iterate
(17.39) and (17.40) after some time τ > τ1 . Obviously the linear regime is
reached faster the more levels the environment contains.
However, if we want to use the above scheme (17.39) and (17.40) we should
make sure that we iterate before the linear regime is left again, i.e., before τ2 .
Therefore we must consider the second order terms at τ2 (17.36) compared
to one. Note that τ2 diﬀers for the two terms of second order, in (17.36) we
only argued for one of the two energy “bands” in the environment. Thus, the
case for which iterating (17.39) and (17.40) is the best description we can
possibly get is
λ20
≥1,
(∆E0c )2
λ20
= 8π 2
≥1.
(∆E1c )2

Cτ N0c |τ =τ2 = 8π 2

(17.44)

Cτ N1c |τ =τ2

(17.45)

In this case we get iterating (17.39) and (17.40)
W ex ((i + 1)τ ) − W ex (iτ )
= CN0c W gr (iτ ) − CN1c W ex (iτ ) ,
τ
W gr ((i + 1)τ ) − W gr (iτ )
= CN1c W ex (iτ ) − CN0c W gr (iτ ) .
τ

(17.46)
(17.47)

Or, in the limit of τ being extremely small
dW ex
= CN0c W gr − CN1c W ex ,
dt
dW gr
= CN1c W ex − CN0c W gr .
dt

(17.48)
(17.49)

17.6 Solution of the Rate Equation
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This evolution equation for the probabilities obviously conserves the overall
probability. We have obtained a rate equation for the probabilities of ﬁnding
the system in the upper and lower levels, respectively.

17.6 Solution of the Rate Equation
The solutions of the equations (17.48) and (17.49) describe simple exponential
decays, with exactly the same decay rates one would have gotten from Fermi’s
Golden Rule. A solution for the considered system being initially entirely in
the excited state reads (see Fig. 17.4)
c
c
N0c
Nc
+ c 1 c e−C(N0 +N1 )t ,
c
+ N0
N0 + N1

c
c
Nc
W gr (t) = c 1 c 1 − e−C(N0 +N1 )t .
N0 + N1

W ex (t) =

(17.50)

N1c

(17.51)

The equilibrium values reached after very long times are
W ex (∞) =

N1c

N0c
,
+ N0c

W gr (∞) =

N0c

N1c
,
+ N1c

(17.52)

which are obviously exactly the same as the ones derived in Sect. 9.2.4 (9.42)
for the equilibrium state of a system with an energy exchange coupling to
the environment.

1

W gr (∞)

W ex (∞)

0

t

Fig. 17.4. Exponential decay into the equilibrium state, according to (17.50) and
(17.51).
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17.7 Hilbert Space Variances
Before we compare these results with some numerical data, we want to come
back to the Hilbert space variances mentioned above. We have substituted
the actual states by their Hilbert space average, an approximation which is
only possible, if the landscape is suﬃciently ﬂat. This means that the Hilbert
space variances must be very small. There are basically three variances to
consider. The ﬁrst one refers to the linear part of (17.18) and (17.19)
∆2H (−i(α − α∗ )) = −(α − α∗ )2  − (α − α∗ )2
= −α2 − (α∗ )2 + 2αα∗  − (α − α∗ )2 .

(17.53)

The averages of α2 , (α∗ )2 vanish (see (C.29)), so do, as already mentioned,
the averages of α, α∗ (see (C.23)). Thus it remains
∆2H (i(α − α∗ )) = 2 αα∗ 
= 2 ψ gr |Û1 |ψ ex ψ ex |Û1 |ψ gr 
=2

ψ ex |ψ ex ψ gr |ψ gr 
Trgr {Û12 }
N0c N1c

=2

W ex W gr
Trgr {Û12 } .
N0c N1c

(17.54)

The complete evaluation can be found in App. C.3, especially (C.33). Plugging in (17.38) we ﬁnd in the linear regime
∆2H (i(α − α∗ )) =

4πλ20 W ex W gr τ
.
δ

(17.55)

If we iterate at τ1 , which is a reasonable iteration scheme, since it keeps the
error caused by the truncation as small as possible, we have to evaluate the
Hilbert space variance at τ = τ1 ,

λ2 2 W ex W gr
.
∆2H (i(α − α∗ ))τ =τ1 = 0
δ 2

(17.56)

Since δ = N1c ∆E1c = ∆E0c N0c , this Hilbert space average is small in the same
limit for which the truncation scheme applies at all, (17.42) and (17.43), and
gets even smaller with a growing number of levels in the environment.
The other variances that require consideration are
∆2H (κgr ) = (κgr )2  − κgr 2

and ∆2H (κex ) = (κex )2  − κex 2 . (17.57)

These are the Hilbert space averages of expectation values of Hermitian operators. For any such object, we evaluate the Hilbert space variance in App. C.1,
where it is found especially in (C.34) and (C.35)

17.8 Numerical Results for the Relaxation Period

∆2H (κgr ) =
∆2H (κex )
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This is obviously the square of the spectral variance divided by the respective
dimension of the Hilbert space compartment. Since the spectral variance of
Û12 constitutes a rather lengthy and not really instructive formula, only a
rough estimate of the spectral variance shall be given in the following.
The diagonal elements of Û12 are given by (17.28) and are all the same
in the considered limit. This follows from the “regularity” of the interaction
matrix elements, and holds at times for which δω(τ )
δ /, except for
those within a region of δω(τ ) at the edges of the spectrum. From a detailed
analysis one ﬁnds that the matrix elements of Û12 involve sums of the form
j i|V̂ |jj|V̂ |k. Since for oﬀ-diagonal elements (i = k) the addends of
those sums typically do not have any phase correlations, those sums and
thus the oﬀ-diagonal elements tend to vanish. So, in a rough approximation,
Û12 has no oﬀ-diagonal elements and the diagonal elements are all the same
except for a few at the edges of the spectrum. Thus Û12 will have a small
spectral variance which is independent of N0c , N1c . Therefore, the square of
the Hilbert space variance vanishes according to (17.58) with the dimension
of the corresponding space 1/N0c , 1/N1c . This estimate is in accord with the
results for the ﬂuctuations in equilibrium, which are given in Sect. 9.4. It is
obvious that the ﬂuctuations during the relaxation period must eventually
approach the equilibrium ﬂuctuations.
We thus ﬁnally conclude that one can ﬁnd an exponential decay into
the equilibrium deﬁned in Chap. 9, within the above mentioned boundaries.
This exponential decay appears in quantum mechanics directly based on
Schrödinger dynamics. Therefore, a crucial step towards non-equilibrium phenomena is done. In the next section we show that this exponential decay can,
indeed, be observed.

17.8 Numerical Results for the Relaxation Period
To check the validity of the theory developed in the previous sections, a model
of the type depicted in Fig. 17.1, with a Hamiltonian as described in (17.2)
has been analyzed numerically by directly solving the Schrödinger equation.
The interaction matrix V̂ has been ﬁlled with random Gaussian distributed
entries such that
λ20
≈ 1,
(17.60)
(∆E1c )2
to ensure that (17.42)-(17.45) are fulﬁlled. Diﬀerent container sizes have been
analyzed, corresponding to N1c = 50, 100, 200, 400, 800 and N0c = 12 N1c . For
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Fig. 17.5. Numerical simulation for the relaxation period. The predictions from
the rate equation get better with increasing container system, N1c .

all sizes the level spacings ∆E1c , ∆E0c have been kept ﬁxed such that for
increasing container size the band widths increase.
With those parameter settings the theoretical prediction for W gr (t) from
(17.51) is the same for all container sizes. The numerical results are displayed
in Fig. 17.5. The solid line is the prediction from theory.
Obviously the theoretical predictions are not accurate for “few-level” container environments. This is due to the fact that the replacement of actual
quantities by their Hilbert space average is a valid approximation for high
dimensional Hilbert spaces only. Furthermore, for the few-level cases the iteration step times that have to be longer than τ1 are rather long, because
already τ1 is long. This means that the recursion cannot really be replaced by
the diﬀerential equation in Sect. 17.5. This essentially shifts the corresponding curves to later times, compared to the theoretical prediction. All those
eﬀects vanish if the container system becomes suﬃciently big. The simulation
for N1c = 800 is obviously in good agreement with the theoretical prediction.

16 Theories of Relaxation Behavior
Professor Prigogine’s search for “irreversibility at
the microscopic level” can be seen as an attempt
to extend thermodynamics all the way down to the
level of quantum mechanics . . . He was hoping for a
fundamental, almost deterministic partial diﬀerential
equation which could describe thermodynamics at the
quantum level
— K. Gustafson [44]

Almost everything stated so far has referred to situations of fully developed
equilibrium. We have described means to predict the value that some variable,
e.g., the probability of a system to be found at some energy level, will take on
after some relaxation time. However, nothing has been said about how long
such a relaxation time will be, or what behavior can be expected during that
relaxation. This is an important aspect of non-equilibrium thermodynamics.
The most common scenario for the route to equilibrium is an exponential
decay scheme. One typically thinks of merely statistical processes, simply
controlled by transition rates rather than of some coherent evolutions. Nevertheless such a behavior should, starting from ﬁrst principles, eventually
follow from the Schrödinger equation.

16.1 Fermi’s Golden Rule
In the literature “Fermi’s Golden Rule” is mentioned frequently to account
for exponential decay scenarios, often in the context of spontaneous emission
[126]. In order for exited states to decay the considered system must be
coupled to a large environment. Together with this environment, the full
system is assumed to feature a smooth and rather high state density. Fermi’s
Golden Rule (cf. Sect. 2.5.2) yields a transition rate, i.e., the system is found
to disappear from its exited state with a probability P ex proportional to the
time passed and the probability to have been in the excited state (2.93). If
such a behavior can be established at any inﬁnitesimal time step during the
evolution, an exponential decay results
P ex (t + dt) = −RP ex (t) dt

⇒

P ex (t) = P ex (0) e−Rt .

(16.1)

However, if Fermi’s Golden Rule is established on the basis of a time-dependent perturbation theory, there are speciﬁc conditions, limiting the time
of its applicability. On the one hand the time passed (dt) has to be long
enough to give rise to a linear growth of P ex (t + dt) with dt (cf. Sect. 17.4),
on the other it has to be short enough to justify a truncation of the Dyson
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series at ﬁrst order (2.86). Thus, the true coherent evolution during the full
relaxation process can deﬁnitely not be reduced to an exponential decay
behavior, controlled only by transition rates, without further considerations.
Implicitly it is often assumed that the application of Fermi’s Golden Rule
could somehow be iterated. The idea is to describe the respective evolution
during the limited time of its applicability and then take the resulting ﬁnal
state for the new initial state. This, however, is not a feasible concept either,
as will be explained in the following.
By means of a Dyson series, a short time evolution of the system can be
described, (see (2.82))
|ψ(t + dt) = ÛI (t, dt)|ψ(t) .

(16.2)

Thus, the probability for the system to be found in the energy eigenstate |i
at t + dt is given by,
|i|ψ(t + dt)| = ψ(t)|ÛI† (t, dt)|ii|ÛI (t, dt)|ψ(t)

=
ψ(t)|jj|ÛI† (t, dt)|ii|ÛI (t, dt)|kk|ψ(t) .
2

(16.3)

j,k

However, only in the case of j = k this reduces to

2
2
|i|ÛI (t, dt)|j|2 |j|ψ(t)| ,
|i|ψ(t + dt)| =

(16.4)

j

which essentially is Fermi’s Golden Rule describing the transition probability
from state |j to state |i, just as (2.87) does with
Wij (dt) = |i|ÛI (t, dt)|j|2 .

(16.5)

Note that only for the special case of j = k is it true that the new probability
distribution |i|ψ(t + dt)|2 depends only on the old probability distribution
|j|ψ(t)|2 and that the transition rate |i|ÛI (t, dt)|j|2 does not depend on t.
In general neither is true, but these properties are needed for an autonomous
iteration. Thus, if in the beginning the initial state of the system is a simple
energy eigenstate, j = k holds, (16.3) may be replaced by (16.4), and Fermi’s
Golden Rule applies. However, if the state of the system is a superposition of
energy eigenstates, as will be the case after the ﬁrst time step, the evolution
has to be described by (16.3). In this case, the ﬁnal probability distribution
depends on all details of the initial state as well as on time, and Fermi’s
Golden Rule does not apply. Therefore, in general, an iteration of this rule
cannot be justiﬁed.

16.2 Weisskopf–Wigner Theory
An approach that is based on a (approximate) continuous solution of the
Schrödinger equation for all times, rather than on an iteration scheme, is the
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Weisskopf–Wigner theory. A detailed discussion of this theory is deﬁnitely
beyond the scope of this text, thus we want to refer the unfamiliar reader to
[118], or other standard textbooks. At this point we just want to add a few
remarks.
The situation analyzed in this theory is, to some extent, the same as the
one in the section above. Whether or not an approximate solution can be
found depends strongly on a non-degenerate ground state of the environment
and on, in the considered limit, inﬁnitely high state density, combined with
an inﬁnitesimally weak coupling. These conditions are met, for example, by
an atom coupled to the electromagnetic ﬁeld in open space, but make the
method diﬃcult to apply to many other situations.

16.3 Open Quantum Systems
The pertinent ideas, although basically invented to describe the relaxation
process rather than the fully developed equilibrium, have already been explained in Sect. 4.8. Here, we do not want to repeat these explanations but
mention again, that those theories basically explain how a system will be
driven towards equilibrium due to an environment already being in equilibrium. Furthermore, the environment (as already being in equilibrium) is
assumed to be non-changing. Neither is necessarily the case for the situations
analyzed in the following chapter.

20 Quantum Thermodynamic Machines

If an idea is really important, then it can be used to
build better machines.
— R. Buckminster Fuller quoted in [109]

A machine may be deﬁned as a physical system, which can support processes
without suﬀering from permanent (structural) changes. In a thermodynamic
machine at least part of these processes involve changes of entropy or temperature. In order to have these concepts available, it is understood that the
process speed is low enough to keep the system considered close to equilibrium at all times.
Though idealized, this close-to-equilibrium condition is essential for the
notorious stability and universality of thermodynamic machines; these concepts constitute the framework within which to understand even real machines.
The actual equilibrium state depends on the embedding and the control
parameters entering the system Hamiltonian (see below). Reversibility implies that this state remains unchanged once those control conditions remain
constant; at any instant of time the process can thus be run forward and
backward.

20.1 Tri-Partite System: Sudden Changes of Embedding
Let us extend our previous considerations to a system g coupled to two mutually uncoupled environmental subsystems c1 , c2 (cf. Fig. 20.1). The respective
coupling parameters with g are λ1 , λ2 (λi are the scaling factors in front of
the respective coupling matrix). We assume that the eﬀects of the two environments are in conﬂict in the sense that if either of them were individually
coupled to g, the resulting equilibrium state for g would be diﬀerent. This
situation could give rise to various physical scenarios including transport.
Here we restrict ourselves to a time-dependent coupling, which guarantees
that only one part of the environment is coupled to g at any time. The total
system is closed and subject to Schrödinger dynamics.
This change of coupling may be envisioned to happen in a periodic fashion
(cf. Fig. 20.2). If ∆ti , i = 1, 2, is large compared to any relaxation times, and
if the total model is such that either ﬁnal state was indepenent of the initial
state, the system g could switch between two canonical states. These states
would then be kept also after the coupling has been switched oﬀ (period ∆t0 ).
J. Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics, Lect. Notes Phys. 657,
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Fig. 20.1. Tri-partite system consisting of control system g and two environments
c1 , c2 ; λ1 , λ2 are the respective coupling constants.
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Fig. 20.2. Control pattern for a system according to Fig. 20.1.

However, the sudden changes of the coupling λ1 , λ2 will induce relaxation processes during which the local entropy of subsystem g cannot stay
constant. A reversible thermodynamic machine is based on the idea that during the periods ∆t0 the Hamiltonian of g should be changed such that the
subsequent coupling to the alternate environment would not lead to any irreversible relaxation. In the ideal classical heat engines this adaption is carried
out via so-called work variables. The name derives from the fact that from
these variables one can calculate the work exchanged between system g and
environment.
In our present approach, to be sure, thermodynamic behavior must be
imposed by embedding the system under consideration into a quantum environment; changes induced via a time-dependent Hamiltonian without that
embedding will not necessarily keep the system in a thermal state proper.
This principal limitation of adiabatic processes also poses a principle limitation to reversible heat engines in the quantum domain [125]. When, after
such an adiabatic step, the system is again brought into contact with an environment reestablishing a temperature, this adjustment will, in general, be
irreversible.

20.3 Carnot Cycle
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20.2 Work Variables
Thermodynamic machines combine mechanical with thermal control. Mechanical control is associated with the change of (classical) parameters specifying the Hamiltonian. This change, while necessarily due to interactions with
external physical subsystems and thus – in a complete quantum description
– subject to entanglement, is usually treated in the classical limit. The classical limit here means that the eﬀect of the interaction can exclusively be
described in terms of “eﬀective potentials”.
Static eﬀective potentials are a basic ingredient for deﬁning, e.g., the
constraining volume of a gas. As stressed in this book, the container does
not only specify these boundary conditions, but also constitutes a source of
thermodynamic behavior of the gas. As one wall of the container is replaced
by a piston, the position of which is controlled from the outside, the volume
V turns into an extensive work variable. Depending on the time-dependent
volume, also the Hamiltonian of g becomes explicitly time-dependent (i.e.,
non-autonomous).
Presently it is not well understood, which (if not all) of the Hamilton
parameters of a quantum system may, indeed, be made to operate as such
a work variable. In classical thermodynamics we know that the list of those
variables is very restricted, including, in addition to volume, extensive parameters Xi like magnetization, electrical polarization, and particle number. For
these or their intensive conjugate counterparts ξi , practical means of control
exist.
Also in the microscopic domain the type of actual control counts, not so
much its mere eﬀect; as discussed in Sect. 18.7 the spectrum of a particle in
a box (delocalized eigenstates) can be changed by changing the size (volume)
of the box. This control type is extensive. Alternatively, the spectrum due to
bound states (e.g., of a localized atom) could be changed by a magnetic ﬁeld,
which would be a local (intensive) control mode. However, also new possibilities might emerge. By means of an external light ﬁeld one may envision to
change even the particle-particle interactions in a Bose-Einstein condensate.
While the eﬀect could not be localized in this case, the control mode was
clearly intensive.

20.3 Carnot Cycle
The ideal Carnot cycle consists of alternating isothermal and adiabatic process sections, controlled by a time-dependent Hamilton parameter a(t) and
sudden changes of environment couplings λ1 , λ2 . The isothermal process sections allow us to change the occupation of the energy states in a robust way
by slowly changing the spectrum of system g while being in contact with one
of the environment parts. The low speed guarantees that the system is always
in a canonical state at constant temperature (see Fig. 20.3, steps 1-2, 3-4).
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Fig. 20.3. Control pattern for system according to Fig. 20.1. a(t) is the pertinent
work variable.
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Fig. 20.4. Carnot cycle in entropy S / temperature T -space, resulting from the
control pattern of Fig. 20.3.

The adiabatic process sections (Fig. 20.3, steps 2-3, 4-1) can be realized
by slowly changing the spectrum of system g under isolation (no coupling
to the quantum environment) or, more realistically, under microcanonical
conditions (cf. Chap. 13). This will allow us to keep all occupation numbers
of g constant (i.e., the entropy remains constant).
Note that the control sequence for this “four-stroke” machine lacks timeinversion symmetry. There is a physical diﬀerence in running the machine forward and backward (which translates into diﬀerent applications). The whole
process cycle can be reformulated in the space of thermodynamic variables as
given in Fig. 20.4. This ﬁgure also shows the smoothness condition according
to which the four process lines have to meet pairwise at the four points 1, 2,
3, 4, respectively. As a consequence of the energy and entropy balance, the
ideal Carnot eﬃciency (for extracting work) is given by

20.4 Generalized Control Cycles

η =1−

Tcold
,
Thot

Tcold < Thot .
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(20.1)

20.4 Generalized Control Cycles
Classical heat engines rarely comply with the ideal Carnot process; irreversibility in the form of non-equilibrium, friction, heat leakage, etc., always
tends to decrease the ideal eﬃciency. This should not be diﬀerent in the
quantum case, where the notion of adiabatic processes connecting diﬀerent
temperatures meets with principle limitations [74]. However, the functioning
of a “real machine” would still, at least in principle, be understood by referring to the ideal version. There are many diﬀerent ways to perform cycles in
the space of thermodynamic variables.
In the Otto cycle the two isotherms are replaced by isochores (constant
extensive work variable). In a reversible fashion this could be done by connecting the working gas at constant volume with one “heat reservoir” after
the other such that the temperature would gradually increase. In the practical case of a classical Otto engine, heat is supplied rather abruptly after
ignition of the fuel-gas mixture (thus increasing the pressure) and removed
again, when the gas is ﬁnally expanded by opening up the valve. Obviously,
these two steps can physically not be run backward.
A quantum version of the Otto cycle has been studied in [35]. As the
working gas, an ensemble of two-level systems has been considered, controlled
by an external time-dependent magnetic ﬁeld. The isochoric parts resemble
the heat contacts as discussed in Chap. 20.1; this requires us to introduce here
a generalized (“dynamical”) temperature to account for non-equilibrium.
On the other hand, special non-equilibrium eﬀects have even been proposed to improve eﬃciency. Such a case has been advocated by Scully and
coworkers [119]. The pertinent machine would use a photon gas as the working
substance. Work is supposed to be extracted via radiation pressure on a piston, just like for a convential gas. The photon gas can be brought into contact
with two heat baths at temperature Tcold , Thot , respectively (Tcold < Thot ),
which both consist of three-level atoms. Being close to equilibrium at any
time, this machine would work, as usual, as a Carnot machine.
Now, by means of an additional microwave generator the two lower levels
(1,2) of the bath atoms are, before use, prepared in a coherent superposition
such that the emission and the absorption of photons between levels 3 and
(1,2) can be modiﬁed, due to interference (thus breaking detailed balance).
The hot atoms (Thot ) continue to emit photons, but the cold atoms (Tcold )
absorb less than they ordinarily would. Based on the non-equilibrium created
by the microwave source, this machine would even work for Tcold = Thot .
In fact, as the pertinent distribution function is now no longer parametrized by the temperature T alone, but by temperature and some additional
parameters like the non-equilibrium polarization, it would be naive to ex-
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pect that the eﬀective machine eﬃciency would still depend exclusively on
temperature!
While this eﬀect clearly exploits quantum mechanics, the increased efﬁciency is present only as long as the cycle involves those non-equilibrium
states of the respective baths (“phaseonium”). In the strict sense, the machine
is not a “realistic” Carnot machine, which happens to deviate somewhat from
the ideal one, but – with respect to the eﬀect – no thermodynamic machine
at all: The phaseonium is not in a thermodynamically stable state, which
would maximize entropy under some speciﬁc conjugate control parameter.
Compared to the “simple” bipartite systems supporting thermal equilibrium, quantum thermodynamic machines already require more design eﬀorts.
Still being based on “incomplete control”, they, nevertheless, show robust behaviour. This class of systems can be scaled down to the quantum and nano
scale, giving rise to many kinds of deviations from the classical limit. So far,
such deviations have been discussed on a rudimentary level only. However, it
is rather misleading to call these deviations “breaking” of the laws of thermodynamics [25, 120]. It is fairly clear that as the embedding and the working
subsystems are made smaller and smaller, thermodynamics should eventually
disappear: The question is, how.
Non-thermodynamic behavior is of prime interest for quantum computing
[90]. The embedding of these machines is not only an unavoidable nuisance,
but even an essential part of the control. While small toy systems have been
demonstrated to work, it is unclear yet whether an implementation can ever
be found, which may suﬃciently be scalable to meet the needs of a practically
useful machine (e.g., for factoring large numbers).

21 Summary and Conclusion
Physics in the twentieth century will probably be
remembered for quantum mechanics, relativity and the
standard model of particle physics. Yet the conceptual
framework within which most physicists operate is not
necessarily deﬁned by the ﬁrst of these and makes only
reference rarely to the second two.
— P. Ball [8]

This book essentially had two intentions: to deﬁne what precisely thermodynamic behavior should be and to show that a certain class of bipartite quantum mechanical systems show this thermodynamic behavior, even if treated
entirely quantum mechanically, i.e., if its behavior is exclusively described
by the Schrödinger equation. Since it seems plausible that this class of systems may contain almost all systems typically considered thermodynamical
(and even some more), this book may be viewed as a quantum approach to
thermodynamics.
Contrary to widespread expectation, the total system is reversible, its
parts, typically, show thermodynamic behavior (and irreversibility)! Thermodynamics might thus be called “non-local” (like its source, the entanglement)
in the sense that it is not just a property of the system considered but of the
system including its embedding. Without this embedding the stability of the
thermal state is lost.
In Chap. 4, a brief overview has been given on the historical attempts
to “derive” thermodynamics from an underlying theory, for the most part
from classical mechanics, with an emphasis on their shortcomings. (It may
be noted here that the present authors, despite their critical attitude in that
chapter, do not think that those attempts are all futile, in fact they feel that
some belong to the most brilliant work that has ever been done in theoretical
physics). There is, in fact, a kind of “unreasonable eﬀectiveness of classical
methods in thermodynamics” (cf. Wigner’s statement about mathematics
[132]). The main problem in this ﬁeld seems to be the precise deﬁnition
of entropy as an observable (function of the micro state), and the demonstration that this entropy exhibits the respective behavior without requiring
additional assumptions like ergodicity.
In Chap. 5, some sort of axiomatic structure, a set of properties of thermodynamic quantities (entropy, pressure, etc.) and their respective dynamics
has been given, which was meant to specify thermodynamic behavior. This
set essentially corresponds to the diﬀerent statements that are contained in
the ﬁrst and second law of thermodynamics. It is not necessarily unique,
irreducible or entirely new, but organized in such a way that every rule or
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property can be shown to result from an underlying theory – Schrödingertype quantum mechanics – in the context of the approach presented here.
The main part of this book (Part II) consists of the deﬁnitions of thermodynamic quantities on the basis of the momentary, local, quantum mechanical micro state (density operator) of the considered system, and the
demonstration that these quantities, indeed, exhibit, under certain conditions, the claimed behavior (those conditions then deﬁne the thermodynamic
limit). The general set-up always consists of the considered system weakly
coupled to another system. This weak coupling may or may not allow for
energy exchange. The micro state of the full system, i.e., of the considered
system and the environment, is assumed to be initially given by a pure state,
i.e., a wave function, and, due to the Schrödinger equation, continues to be so.
Any micro state of the considered system is obtained by tracing out the environment of the micro state of the full system thus getting a density matrix.
Entropy, e.g., is now deﬁned as the von Neumann entropy of this reduced
density matrix. In this or similar ways all thermodynamic quantities have
been deﬁned as functions of the micro state of the full system, which can
be represented by a point in Hilbert space. The whole Hilbert space may
be viewed as being divided into precisely deﬁned cells such that all points
of a given cell yield the same thermodynamic quantity like entropy, energy,
etc. Those cells that correspond to conserved quantities, like energy under
microcanonical conditions, represent restrictions to the possible evolutions of
the full system in Hilbert space. It now turns out that the biggest part of all
diﬀerent micro states within some “accessible cell” yield the same equilibrium
values of the thermodynamic quantities, like maximum entropy or identical
temperatures for subsystems, etc. This means the biggest part of the accessible Hilbert space is ﬁlled with states that correspond to thermodynamic
equilibrium. The assumption now is that a system that starts in a region in
Hilbert space that does not correspond to equilibrium, will typically end up
wandering through a region that corresponds to equilibrium, simply because
this region is so much bigger. It should be noted here that this assumption,
although it is an assumption, is much weaker than the assumption of ergodicity or quasi-ergodicity. (The concrete systems we have analyzed are deﬁnitely
not ergodic, nevertheless they show thermodynamic behavior, as may be seen
from the numerical simulations.)
In the present scenario, entropy is a measure for the entanglement between
the considered system and its environment. Thus saying that almost all states
of the full system are maximum local entropy states, amounts to saying that
almost all full system states are highly entangled states. In this picture, the
increase of entropy is due to the build-up of entanglement of the considered
system with its environment induced by the interaction, regardless of whether
this interaction allows for any exchange of extensive quantities.
It turns out, though, that some features of thermodynamics, e.g., the full
independence of the equilibrium state of some system from its initial state,
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require a certain structure of the spectrum of their environment. Since any
larger macroscopic system can possibly play the role of an envinroment, this
structure should be somehow generic. It has been shown in Chap. 11, that this
feature results, whenever very many weakly interacting identical units form
the entire system, i.e., whenever the system shows some modularity. This
modularity is also linked to the extensitivity of entropy, namely that the
logarithm of the state density is a homogeneous function of the ﬁrst order.
(This consideration is not necessarily restricted to quantum mechanics.)
Chapters 12 and 13 have dealt with the intensive quantities and their
property as derivatives of energy with respect to a corresponding extensive
quantity. It has been shown that there are processes (heating, cooling, adiabatic volume changes, etc.) that fundamentally have to be described by the
Schrödinger equation, possibly with time dependent Hamiltonians in which
the quantum mechanically deﬁned intensive quantities happen to result as
those derivatives. In the case of pressure that amounts, ﬁrst of all, to showing that there are processes in which volume changes, but entropy does not.
This has essentially been done by enlarging the concept of adiabatic following
known from quantum optics.
Since entropy as a thermodynamic potential entirely determines the concrete thermodynamic behavior of a system, and since the state density as a
function of energy and, say, volume, determines entropy, two contradicting
types of behavior might result for the same system, depending on whether
the state density is computed based on a classical or a quantum mechanical
model. (In the classical case the “state density” is just the volume of some
energy shell in phase space.) Thus the connection between classical and quantum mechanical state density had to be investigated (see Chap. 14), with the
result that whenever the energy spread of some minimum position-momentum
uncertainty wave package is small compared to its mean energy, the classical
state density divided by  may be taken as a good approximation to the quantum mechanical state density. The above condition is typically fulﬁlled either
by systems consisting of heavy objects or systems made of many identical
weakly interacting subsystems, which is again the condition of “modularity”.
Trying to summarize the diﬀerent claims and assumptions that have been
exploited to establish thermodynamic behavior (Chap. 15), one can say that
quantum mechanical systems that are weakly coupled to other quantum mechanical systems with higher state densities, should already exhibit a lot of
the features of thermodynamic behavior. Full thermodynamic behavior, however, will emerge only if all systems in quest have spectra that are typical for
modular systems.
In Chap. 17 the route to equilibrium has been examined. Usually it is
stated that a system in some exited state has a certain statistical transition
probability to its ground state, and thus an exponential decay results. If
the system is entirely controlled by the Schrödinger equation, this statistical
character needs explanation, and there are several attempts to do so based on
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additional inﬂuences that are not described by the Schrödinger equation. Here
we have investigated if and under what conditions such an exponential decay
may result, if the respective system is, again, weakly coupled to some other
system, and the whole system is described by the Schrödinger equation only.
It has been found that this is possible and the conditions for it to happen
are pretty much the same as the ones that guarantee the applicability of
“Fermi’s Golden Rule”. Some numerical simulations are presented to support
and illustrate the results from this theory.
Part III deals with some more speciﬁc problems that require the use of
concrete models. Chapter 18 has been devoted to numerical results pertaining to ﬁnite-size bipartite systems. These data conﬁrm our theory, but also
demonstrate “ﬁnite-size eﬀects” in the form of time-dependent ﬂuctuations.
Equilibrium properties of spin systems and aspects of the measurement of
intensive thermodynamic variables have been discussed. The existence of local temperature has been examined in some detail with special emphasis on
quantum features. Chapter 19 has addressed the problem of heat conduction,
notoriously a confusing ﬁeld of research, especially from a classical point of
view. Quantum thermodynamic machines (Chap. 20) might be seen as a direction for future research, a potential alternative to the quantum control by
means of fast alternations between unitary and dissipative error correcting
steps as proposed for quantum computation.
A concise conclusion from this book is hard to draw. Certainly it cannot
be that all approaches to a foundation of thermodynamics so far are entirely
wrong, nor that this work establishes the only access that is beyond any
doubt. Nevertheless, the idea of thermodynamics being an emergent behavior
pattern of a broad class of compound quantum systems might contribute as
a valuable alternative point of view to an old discussion. It carries the potential to see the limits of the applicability of thermodynamics somewhat more
clearly. And those are not necessarily bound to some minimum number of
particles of the system in quest. In the context of the present theory, thermodynamic behavior of microscopic single objects seems possible. Furthermore,
violations of the second law do not appear to be entirely impossible, but just
unlikely. Nevertheless, the theory might provide hints on how systems that
allow to see such a violation could possibly be made. It is our hope that
future experiments might help to clarify the applicability and signiﬁcance of
this theory, rather than oﬀer mere theoretical reasoning.

A Hyperspheres

In the following we consider an ntot -dimensional Cartesian space with the
coordinates {x1 , . . . , xntot }. Within this space a d dimensional hypersphere
with radius R is introduced by
d


sph(d) :

x2i = R2 ,

(A.1)

i=1

where we have sorted the coordinates according to the coordinates of the
hypersphere.

A.1 Surface of a Hypersphere
We restrict ourselves to a hypersphere with radius R = 1. To evaluate its
surface O(R = 1, d), we consider the special integral

I(d) =

R

e
d

−

d
i=1

x2i

d

i=1

dxi =

d 

i=1

∞

−∞

2

e−xi dxi = π 2 .
d

(A.2)

Generalized spherical coordinates in the d dimensional subspace are deﬁned
by the transformation {x1 , . . . , xd } → {r, φ1 , . . . , φd−1 }



r cos φ1

r sin(φ1 ) cos(φ2 )

 


 

.

 
.



 
.


  !j−1
 xj  =  r i=1 sin(φi ) cos(φj ) 
 ,

 

 .  
..

 ..  
.


  !d−2

xd−1  r
sin(φ
)
cos(φ
)
i
d−1 
!i=1
d−2
xd
r i=1 sin(φi ) sin(φd−1 )


x1
x2
..
.



(A.3)

and the Jacobian matrix (functional matrix)
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 ∂x1

∂x1
∂r ∂φ1
 ∂x2 ∂x2
 ∂r ∂φ1

F=
 ..
 .

∂xd ∂xd
∂r ∂φ1

...
...
..
.
...



∂x1
∂φd−1
∂x2 
∂φd−1 

 .



..
.

(A.4)

∂xd
∂φd−1

The determinant of this matrix can be evaluated and reads
det F = rd−1 sind−2 (φ1 ) sind−3 (φ2 ) · · · sin(φd−2 ) .

(A.5)

The volume element transforms according to
d


dxi = |det F| dr

i=1

d−1


dφi

i=1
d−2

= rd−1 dr sin
=r

d−1

(φ1 )dφ1 · · · sin(φd−2 ) dφd−2 dφd−1

dr dΩ .

(A.6)

Now we evaluate the integral in spherical coordinates, too,
 ∞

−r 2 d−1
I(d) =
e r
dr dΩ .

(A.7)

0

The last integration is just the surface O(1, d) of the hypersphere, and we
ﬁnd by evaluating the ﬁrst one
I(d) =

Γ ( d2 )
O(1, d) .
2

(A.8)

The surface of the hypersphere with radius R = 1 is
d

2I(d)
2π 2
O(1, d) =
=
.
d
Γ(2)
Γ ( d2 )

(A.9)

If we evaluate the surface of a hypersphere with radius R, we have to renormalize the exponent in (A.2) by R12 , ﬁnding I(d) = π d/2 Rd . Additionally,
replacing the radius variable of the generalized spherical coordinate r → Rr
and integrating (A.7), we ﬁnd I(d) = 12 RΓ ( d2 )O(R, d), and thus
d

O(R, d) =

2π 2 d−1
.
R
Γ ( d2 )

(A.10)

A.2 Integration of a Function on a Hypersphere
To integrate a polynomial function over the hypersphere surface one can use
the same approach as in the last section. Consider the function

A.2 Integration of a Function on a Hypersphere

f (xi , xj ) = (xi )l (xj )k

with l, k ≥ 0 ,
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(A.11)

and the integration

d
1  2 
f (xi , xj ) exp − 2
xi
dxj 
I(d) =
R 
Rd
i =1
j



d
1  2 
l
k
=
(xi ) (xj ) exp − 2
xi
dxj 
R 
Rd
i =1
j




 ∞
 ∞
x2j
d−2
x2i
d−2
l
k
2
=π
R
(xi ) exp − 2 dxi
(xj ) exp − 2 dxj
R
R
−∞
−∞




=π

d−2
2

1
l+1
k + 1 d+l+k
(1 + (−1)l )Γ (
)(1 + (−1)k )Γ (
)R
.
4
2
2

(A.12)

We switch to generalized spherical coordinates, as in the previous section,
which transforms the function (A.11) into
r
f (xi , xj ) →f ({ , φ1 , . . . , φd−1 })
R
l  j−1
k
 i−1
r 
r 
sin φi cos φi
sin φi cos φj
=
R 
R 
i =1
i =1
r lr k
=
(zi ({φi }))l (zj ({φi }))k ,
R
R
and the integral into
 ∞
r
r2
I(d) =
e− R 2
R
0

(A.13)



d+l+k−1

dr

(zi ({φi }))l (zj ({φi }))k dΩ .

(A.14)

Here we are interested in the last integral, Z(R, d, l, k). From
I(d) =

)
RΓ ( d+l+k
2
Z(1, d, l, k)
2

(A.15)

we ﬁnd
Z(R, d, l, k) =
=

2I(d)
RΓ ( d+l+k
)
2
π

d−2
2

2

(1 + (−1)l )(1 + (−1)k )

k+1
Γ ( l+1
2 )Γ ( 2 )

Γ ( d+l+k
)
2

Rd+l+k−1 .
(A.16)

Note that Z(R, d, 0, 0) = O(R, d) and that all integrals are zero, if either l or
k is odd. Here we need some special and normalized integrals only
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Z(R, d, l, k)
,
Z(R, d, 0, 0)
O(R, d, 0, 1) = O(R, d, 1, 1) = 0 ,
O(R, d, l, k) :=

(A.17)
(A.18)

2

R
,
d
R4
,
O(R, d, 2, 2) = 2
d + 2d
3R4
O(R, d, 0, 4) = 2
.
d + 2d

O(R, d, 0, 2) =

(A.19)
(A.20)
(A.21)

A.3 Sizes of Zones on a Hypersphere
We now evaluate the area on a hypersphere with radius 1, wherein a special
subsidiary condition as a function of parameter W is fulﬁlled. We thus consider a hyperspace sph(ntot ) in the space of dimension ntot = d1 +d2 with the
Cartesian coordinates {x1 , . . . , xd1 , y1 , . . . , yd2 } and the overall normalization
sph(ntot ) :

d1


x2i +

i=1

d2


yi2 = 1 .

(A.22)

i=1

The above mentioned subsidiary condition for the coordinates reads
sph(d1 ) :

d1


x2i = W ,

(A.23)

i=1

√
obviously also a hypersphere, now with radius W (W = [0, 1]). From the
normalization and from (A.23) we ﬁnd for the y coordinates
sph(d2 ) :

d2


yi2 = 1 − W ,

(A.24)

i=1

√
again a hypersphere sph(d2 ) with radius 1 − W .
To evaluate the area on sph(ntot ), in which the additional subsidiary
condition (A.23) is fulﬁlled, we integrate over the whole space, accounting
for the constraints by two δ-functions

O(sph(d1 )) =

δ

d
1

i=1

 d

d2
1




x2i − W δ
x2i +
yi2 − 1
dxi
dyj .
i=1

i=1

i

j

(A.25)
Because of the special structure of the problem (two hyperspheres sph(d1 )
and sph(d2 ), respectively) we switch to generalized spherical coordinates in
the x subspace as well as in the y subspace

A.3 Sizes of Zones on a Hypersphere

{x1 , . . . , xd1 } →{r1 , φ1 , . . . , φd1 −1 } ,
{y1 , . . . , yd2 } →{r2 , ϑ1 , . . . , ϑd2 −1 } .
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(A.26)

The two subspaces are entirely independent and therefore the whole volume
element separates into a product of two single generalized spherical volume
elements of the subspaces (cf. (A.6)),

dxi = r1d1 −1 dr1 dφ ,
i



dyj = r2d2 −1 dr2 dϑ .

(A.27)

j

Now, the integral transforms into

O(sph(d1 )) =


 

δ r12 − W δ r12 + r22 − 1 r1d1 −1 r2d2 −1 dr1 dr2




dφ

dϑ .

(A.28)
According to Sect. A.1 the two integrals over dφ and dϑ are just the surface area of the respective hyperspheres with radii 1, O(1, d1 ) and O(1, d2 ),
respectively. For a further integration, we perform another coordinate transformation
√
√
(A.29)
{r1 , r2 } → {W  , r} : r1 = W  , r2 = r − W  ,
with the functional matrix and determinant


√1
0
1
1

2
W
√
, det F = √
,
F=
1
√ 1

− 2√r−W
4 W r − W
 2 r−W 

(A.30)

so that we ﬁnd for the integral (A.28)

√
√
1
δ(W  − W ) δ(r − 1)( W  )d1 −2 ( r − W  )d2 −2 drdW 
O(sph(d1 )) =
4
· O(1, d1 ) O(1, d2 ) .
(A.31)
Final integration over r and W  leads to
O(sph(d1 )) =

1 √ d1 −2 √
( 1 − W )d2 −2 O(1, d1 ) O(1, d2 ) .
( W)
4

(A.32)

This function describes the size of the zone in which the subsidiary condition
(A.23) is fulﬁlled, as a function of the parameter W . The relative size of this
zone compared to the whole area of the hypersphere sph(ntot ) is given by


2
√
√
Γ d1 +d
O(sph(d1 ))
2
=  d1   d2  ( W )d1 −2 ( 1 − W )d2 −2 . (A.33)
V(W ) =
O(1, ntot )
Γ 2 Γ 2
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This function represents the distribution of relative sizes on such a hypersphere or the relative frequency of states featuring the subsidiary condition
(A.23). Obviously, the function is zero at W = 0 and W = 1 and peaked at
Wmax =

d1 − 2
.
d1 + d2 − 4

Its mean value is
 1
W :=
W V(W ) dW =
0

(A.34)

d1
.
d1 + d2

(A.35)

Thus, the maximum converges against the mean value for large d1 , d2 . The
standard deviation of the function V(W ) is
 1
2d1 d2
2
2
, (A.36)
∆W :=
W V(W ) dW − W =
2 (d + d + 2)
(d
+
d
)
1
2
1
2
0
which means that the peak will be the sharper, the bigger d1 , d2 . Especially,
if d1 , d2 , both scale with the factor α, the variance will scale as:
.
1
∆W ∝
.
(A.37)
α

B Hilbert Space Average
under Microcanonical Conditions

AB AB
We consider a space with the Cartesian coordinates {ηab
, ξab }, wherein we
have to evaluate the integral
!
AB AB
AB
AB
P g ({ηab
, ξ }) abAB dηab
dξab
! ab
.
(B.1)
P g  = AR
AB
AB
abAB dηab dξab
AR

Since this integral refers only to the accessible region (AR), the coordinates
have to fulﬁll some subsidiary conditions deﬁned in subspaces with deﬁnite
A, B


AB 2
AB 2
sph(2NAB ) :
(ηab
) + (ξab
) = WAB .
(B.2)
ab

Obviously, these
√ subsidiary conditions are hyperspheres in each subspace AB
with radius WAB . In the subspace AB there are dAB = 2NAB coordinates
AB AB
AB
{ηab
, ξab } (NAB is the number of amplitudes ψab
in the respective subspace), numbered by a and b. Therefore we ﬁnd

1 = NAB = NA NB .
(B.3)
ab

Additionally, we have to ensure that the normalization is conserved

 
AB 2
AB 2
) + (ξab
) =
WAB = 1 .
(ηab
AB ab

(B.4)

AB

Adapting to these special subsidiary conditions we switch again to generalized
AB
spherical coordinates severally in each subspace AB: {rAB , φAB
1 , . . . , φdAB −1 }
(cf. App. A). Because of the independence of subspaces the functional matrix
F then has block diagonal form, and reads

 1
0
F̃

 F̃2
 



..
=
.
F=
FAB ,
(B.5)




AB
AB
F̃


..
.
0
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where FAB has the block F̃AB at the position AB and else the 1̂-operator. Because the determinant of a product is the product of the single determinants,
we ﬁnd for the functional determinant




AB
det F = det
=
F
det FAB .
(B.6)
AB

AB

Note that we do not integrate over the whole Hilbert space but over AR
only. Thus the integral over the whole space must be restricted to AR via the
√
product of δ-functions δ(rAB − WAB ), one for each subspace AB. Because of
these δ-functions we are immediately able to evaluate the integral over rAB
P g 
=

=

!dAB −1 AB
!
AB
AB √
− WAB ) det F
drAB n=1
dφn
P g ({rAB , φAB
n })
AB δ(r
!
!dAB −1 AB
AB √
AB
AB
dφn
δ(r − WAB ) det F dr
n=1
AB
√
!
AB
P g ({ WAB , φAB
n })
AB dΩ
!
,
dΩ AB
AB

(B.7)

where we have used the considerations on generalized spherical coordinates
according to App. A.2, especially (A.5) and (A.6). First of all we consider
the remaining integral in the denominator, ﬁnding the surface area of each
subspace hypersphere sph(2NAB )


dΩ AB =
Z( WAB , dAB , 0, 0) .
(B.8)
AB

AB

The remaining integral over P g reads with the deﬁnition of P g in Cartesian
coordinates according to (7.10),
√
!
P g ({ WAB , φAB
}) AB dΩ AB
√ n
!
AB Z( WAB , dAB , 0, 0)
=





A B  CD abcd

!
A B 
CB  ∗ CD
A D ∗
AB
(ψcb
) ψcd (ψad
)
ψab
AB dΩ
√
!
.
AB Z( WAB , dAB , 0, 0)




(B.9)




AB
AB
Mind you that ψab
is a linear function of the coordinates ψab
=
A B 
A B 
g
ηab +i ξab and therefore P is a polynomial function of fourth order in the
coordinates. According to App. A.2 we are able to evaluate all integrals over
polynomial functions on hypersphere surfaces. However, all integrals over an
odd power of a single coordinate vanish, as mentioned in App. A.2. Therefore
we have to discriminate three diﬀerent index combinations, for which the integrals are non zero: 1. C = A , D = B  and c = a, d = b 2. C = A and
c = a 3. D = B  and d = b, thus at least two of the amplitudes from P g are
equal. In all other cases we have terms with odd powers of coordinates and
the integral vanishes. Let us start to consider these terms separately:

B Hilbert Space Average under Microcanonical Conditions

1. C = A , D = B  and c = a, d = b:
   4 !
 AB 
AB
ψab 

AB dΩ
(I)
√
!
.
T
=
AB Z( WAB , dAB , 0, 0)
A B  ab
This is a product of integrals over all subspaces AB
   4
!
 
 AB 
AB
dΩ
ψab  dΩ A B
  AB=AB


AB
√
!
,
=
AB Z( WAB , dAB , 0, 0)
A B  ab
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(B.10)

(B.11)

√
where the ﬁrst integrals in the nominator are just Z( WAB , dAB , 0, 0)
and cancel the integrals in the denominator except one, so that
   4
 
 AB 
ψab  dΩ A B

√
=
Z( WA B  , dA B  , 0, 0)
A B  ab

 A B  4
 
A B  4
A B  2 A B  2

) + 2(ηab
) (ξab ) dΩ A B
(ηab ) + (ξab
√
.
=
Z( WA B  , dA B  , 0, 0)
A B  ab
(B.12)
Now we transform to generalized spherical
coordinates using (A.13)
√
(where we have to account for R = r = WAB ), thus

 
 
 
 
B

B

}))4 dΩ A B
({φA
}))4 dΩ A B
(zab
(zab ({φA
n
n
√
√
+
=
Z( WA B  , dA B  , 0, 0)
Z( WA B  , dA B  , 0, 0)
A B  ab

 
 
 
B

B
}))2 (zab
({φA
}))2 dΩ A B
(zab ({φA
n
n
√
+2
.
(B.13)
Z( WA B  , dA B  , 0, 0)
Using the results of App. A.2 (the ﬁrst two integrals are equal) and
inserting dA B  = 2NA B 


  2Z(√WA B  , dA B  , 4, 0) 2Z(√WA B  , dA B  , 2, 2)
√
√
+
=
Z( WA B  , dA B  , 0, 0)
Z( WA B  , dA B  , 0, 0)
A B  ab

 
3(WA B  )2
(WA B  )2
=
+
NA B  (2NA B  + 2) NA B  (2NA B  + 2)
 
AB

=

ab



A B  ab

2(WA B  )2
.
NA B  (NA B  + 1)

(B.14)

Since there is no dependence on a and b any longer, the sum leads just
to a factor NA B  (cf. (B.3))
T (I) =

 2(WA B  )2
.
(NA B  + 1)
 

AB

(B.15)
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2. C = A and c = a:
   2   2 !
 A B   A D
AB
 ψad 
  ψab
AB dΩ
√
!
AB Z( WAB , dAB , 0, 0)
A B  D abd

(B.16)

Here we have to discriminate two further cases:
a) D = B  :
   2    2
 
 AB   AB 
 ψad  dΩ A B
  ψab
√
T (II) =
,
Z(
WA B  , dA B  , 0, 0)


A B abd

(B.17)

where we have removed immediately all factors 1. Furthermore we
have to exclude the case d = b (formulated by a δ-function), which
would lead back to the integral of the ﬁrst case (cf. (B.10)):
   2    2
 
 AB   AB 
ψab  ψad  dΩ A B

√
=
.
(B.18)
(1 − δdb )
Z( WA B  , dA B  , 0, 0)
A B  abd
Considering the integrand we ﬁnd four terms with squares of two
diﬀerent coordinates, which lead to the same value,
√

4Z( WA B  , dA B  , 2, 2)
√
=
(1 − δdb )
Z( WA B  , dA B  , 0, 0)
A B  abd
=



A B  abd


(WA B  )2
(WA B  )2
−
.
NA B  (NA B  + 1)
NA B  (NA B  + 1)
 
AB

ab

(B.19)
According to (B.3) the summation over a and b leads just to the
number of coordinates in the subspace A B  , namely NA and NB  .
The summation over d leads to the number of coordinates in the
container part D = B  , NB  , so that
  (WA B  )2
 (WA B  )2
−
(NA B  + 1)
(NA B  + 1)
 
 

T (II) =

AB



=

AB

d

(NB 

A B 

(WA B  )2
− 1)
.
(NA B  + 1)

(B.20)

b) D = B  :
T (III) =

  
A B 

D
abd
D=B 

   2   2 !
 A B   A D
AB
ψab  ψad 
AB dΩ
√
!
.
AB Z( WAB , dAB , 0, 0)

(B.21)
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Since D = B  , the integral factorizes into two single integrals

=

  
A B 

D
abd
D=B 

   2
  2
 

 AB 
 A D
ψab  dΩ A B
ψad  dΩ A D
√
√
.
Z( WA B  , dA B  , 0, 0) Z( WA D , dA D , 0, 0)
(B.22)

Like in the previous case, one transforms to generalized spherical
coordinates (remember that the absolute value has two terms with
squares of coordinates) and integrates,
   2Z(√WA B  , dA B  , 2, 0) 2Z(√WA D , dA D , 2, 0)
√
√
=
Z( WA B  , dA B  , 0, 0) Z( WA D , dA D , 0, 0)
A B  D
abd
D=B 

=

   W A B  W A D
.
N A B  N A D
 

AB

(B.23)

D
abd
D=B 

From (B.3) we can replace the sums over a, b and d by the number
of coordinates in the respective subspace, provided the addend does
not depend on these indices
=

 
A B 

D
D=B 



=

N A N B  N D

(1 − δDB  )

A B  D

=

W A B  W A D
N A N B  N A N D

W A B  W A D
N A

 W A B  W A D
 (WA B  )2
−
.
N A
N A
 
 

AB D

(B.24)

AB

3. D = B  and d = b: here the considerations are the same as in the case 2.,
with the indices of bath and container being exchanged. After integration
one ﬁnds again two terms of the form
T (IV ) =





A B 

T (V ) =

(NA

(WA B  )2
− 1)
(NA B  + 1)



 WA B  WCB 
 (WA B  )2
−
.
NB 
NB 
 
 

AB C

(B.25)
(B.26)

AB

Since all other integrals are zero, we ﬁnally get for the Hilbert space
average of P g (replacing A → A and B  → B)
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P g  = T (I) + T (II) + T (III) + T (IV ) + T (V )
 2(WAB )2
=
(NAB + 1)
AB


 WAB WAD  (WAB )2

(WAB )2
+
(NB − 1)
−
+
(NAB + 1)
NA
NA
AB
ABD
AB


 WAB WCB  (WAB )2

(WAB )2
+
(NA − 1)
+
−
(NAB + 1)
NB
NB
AB

ABC

AB

 (WAB )2
(NA + NB )
=
NAB + 1
AB




 WAB 
 WAB 
+
WAD − WAB +
WCB − WAB .
NA
NB
AB

D

AB

C

(B.27)
In the case of an initial product state, WAB = WA WB , we can further simplify
P g  =



WA2 WB2

AB

+

 W2 
A

A

+

NA + NB
NA NB + 1

NA

B

 W2 
B

B

NB



WB

WD −

D

WA

A





WB2

B

WC −

C



WA2 .

(B.28)

A

Because WA , WC , WB and WD are probabilities, the complete sum over such
probabilities has to be 1, so that
P g  =



WA2 WB2

AB

+

 W2 
A

A

NA

NA + NB
NA NB + 1

1−


B

WB2 +

 W2 
B

B

NB

1−


A

WA2 .

(B.29)

C Hilbert Space Averages and Variances

In this chapter we calculate the concrete Hilbert space average of the special
quantities introduced in Chap. 17, i.e. κgr , κex and α. We will need similar
techniques as introduced in App. B for calculating Hilbert space averages
and especially the integration of polynomial functions over a hypersphere
in a high dimensional space (see App. A.2). Additionally, we calculate the
variances of these quantities, as required in Sect. 17.7.
Let us start with a general type of Hilbert space average and Hilbert space
variance, which will simplify the later considerations.

C.1 General Considerations
For later use we calculate the Hilbert space average and the Hilbert space
variance of some Hermitian operator Â in general. Therefore we consider a
ntot dimensional Hilbert space and the general state |ψ within this space.
Remember that the overall normalization condition for the state deﬁnes a
hypersphere in the 2ntot dimensional parameter space {ηi , ξi }
sph(2ntot ) :




ηi2 + ξi2 = ψ|ψ = 1 .

(C.1)

i

In order to calculate the Hilbert space average of the expectation value
ψ|Â|ψ, it is useful to consider this quantity in explicit tensor notation


ψ|Â|ψ = 

ψi∗ Aij ψj  =

ij



Aij ψi∗ ψj  .

(C.2)

ij

The last expression is just an integral of a polynomial function in parameter
space over the hypersphere with radius 1. Such integrals over coordinates
are certainly zero, if we integrate over a single linear coordinate (cf. A.2).
Therefore this sum has non-zero addends for i = j only, implying for the
Hilbert space average
2

ψi∗ ψi 

=

AR

|ψi |
!

AR

!

n dηi dξi
.
dη
i dξi
n

(C.3)
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The integral in the denominator is just the surface area of the respective
hypersphere Z( ψ|ψ, 2ntot , 0, 0)
=

AR

(ηi2 + ξi2 )

!
n

dηi dξi

.

Z( ψ|ψ, 2ntot , 0, 0)

(C.4)

With App. A.2 and especially (A.19) we ﬁnd eventually
=

2Z( ψ|ψ, 2ntot , 2, 0)
Z( ψ|ψ, 2ntot , 0, 0)

=

ψ|ψ
.
ntot

(C.5)

The Hilbert space average of the expectation value now reads
ψ|Â|ψ =



Aij

ij

ψ|ψ
ψ|ψ 
ψ|ψ
δij =
Aii =
Tr{Â} ,
ntot
ntot i
ntot

(C.6)

and, because of ψ|ψ = 1, especially
ψ|Â|ψ =

Tr{Â}
.
ntot

(C.7)

Turning to the Hilbert space variance of the expectation value of a Hermitian operator Â,

(C.8)
∆H (ψ|Â|ψ) = (ψ|Â|ψ)2  − ψ|Â|ψ2 ,
we consider in tensor notation
(ψ|Â|ψ)2  = ψ|Â|ψψ|Â|ψ =



Aij Akl ψi∗ ψj ψk∗ ψl  .

(C.9)

ijkl

In the case of i = j = k = l all addends of the sum are zero, and also, if
three of the four indices are equal (see A.2). Only if all indices are equal or
if there are always pairs of two equal indices, may the addend be non-zero.
Collecting all possible non-zero terms we get

2
2
(ψ|Â|ψ)2  = |ψi | |ψj | (Aii Ajj + Aij Aji )
ij
i=j

+


ij
i=j

(ψi∗ )2 (ψj )2 Aij Aij +



4

A2ii |ψi |  .

(C.10)

i

In the following we calculate the three remaining Hilbert space averages. The
ﬁrst one reads (i = j)
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2
2!
2
2!
|ψi | |ψj |
|ψi | |ψj |
2
2
n dηi dξi
n dηi dξi
AR
AR
!
|ψi | |ψj |  =
=
Z( ψ|ψ, 2ntot , 0, 0)
n dηi dξi
AR

=

4Z( ψ|ψ, 2ntot , 2, 2)
Z( ψ|ψ, 2ntot , 0, 0)

=

1
ntot (ntot + 1)

.

(C.11)

The second one is a little bit more complicated, we have to look for the
expression in the coordinates (i = j)
!
(ψi∗ )2 (ψj )2 n dηi dξi
∗ 2
2
AR
(ψi ) (ψj )  =
Z( ψ|ψ, 2ntot , 0, 0)
!
η 2 η 2 − ηi2 ξj2 − ξi2 ηj2 + ξi2 ξj2 n dηi dξi
AR i j
=
Z( ψ|ψ, 2ntot , 0, 0)
!
2iηi ξi (ξj2 − ηj2 ) + 2iηj ξj (ηi2 − ξi2 ) n dηi dξi
AR
+
. (C.12)
Z( ψ|ψ, 2ntot , 0, 0)
The last two integrals are zero because of the linear coordinates. Since the ﬁrst
integrals all have the same value but diﬀerent signs, these integrals together
are also zero,
(ψi∗ )2 (ψj )2  = 0 .

(C.13)

The remaining Hilbert space average reads
!
4!
|ψi |
η 4 + ξi4 + 2ηi2 ξi2 n dηi dξi
4
n dηi dξi
|ψi |  = AR
= AR i
Z( ψ|ψ, 2ntot , 0, 0)
Z( ψ|ψ, 2ntot , 0, 0)
=

2Z( ψ|ψ, 2ntot , 4, 0)

Z( ψ|ψ, 2ntot , 0, 0)
2
.
=
ntot (ntot + 1)

+

2Z( ψ|ψ, 2ntot , 2, 2)
Z( ψ|ψ, 2ntot , 0, 0)
(C.14)

All together we ﬁnd now
(ψ|Â|ψ)2  =

1
ntot (ntot + 1)



(Aii Ajj + Aij Aji ) + 2

ij
i=j



4

A2ii |ψi |  .

i

(C.15)
The missing terms in the ﬁrst two sums can be found in the last sum
(ψ|Â|ψ)2  =
=

1



ntot (ntot + 1)

ij

(Aii Ajj + Aij Aji )



1
Tr{Â}2 + Tr{Â2 } .
ntot (ntot + 1)

(C.16)

262

C Hilbert Space Averages and Variances

With this result and the Hilbert space average of the expectation value we
can now calculate the Hilbert space variance of the expectation value


Tr{Â2 }  Tr{Â} 2
1
2
∆H (ψ|Â|ψ) =
(C.17)
−
ntot + 1
ntot
ntot
thus, the Hilbert space variance squared is simply the spectral variance
squared, divided by the dimension plus 1.

C.2 Special Hilbert Space Averages
As explained in Sect. 17.1, the total wavevector is given by |ψ = |ψ gr +|ψ ex 
with
ψ|ψ = ψ gr |ψ gr  + ψ ex |ψ ex  = 1 .

(C.18)

According to this normalization condition, it is again possible to formulate
a hypersphere subsidiary condition in each subspace, subspace gr (system in
the ground state) with dimension N1c as well as subspace ex (system in the
excited state) with the dimension N0c ,
 gr
sph(2N1c ) :
(ηi )2 + (ξigr )2 = ψ gr |ψ gr  = 1 − ψ ex |ψ ex  ,
(C.19)
i

sph(2N0c )

:



(ηjex )2 + (ξjex )2 = ψ ex |ψ ex  .

(C.20)

j

These are two hyperspheres with the radii ψ gr |ψ gr  and ψ ex |ψ ex , respectively. The index i is restricted to the subspace gr with 2N1c coordinates
({ηigr , ξigr }), whereas j belongs to the other subspace ex with 2N0c coordinates
({ηjex , ξjex }).
Let us start now to calculate α by writing it out in detailed tensor
notation


α = ψ gr |Û1 |ψ ex  =  (ψigr )∗ Uij ψjex  =
Uij (ψigr )∗ ψjex  . (C.21)
ij

ij

Since |ψ gr , |ψ ex  refer to entirely diﬀerent subspaces, the ψigr and ψjex always
consist of diﬀerent coordinates, and we get for the Hilbert space average, as
argued in App. A.2
!
!
ex
ex
(ψigr )∗ n dηngr dξngr AR ψjex m dηm
dξm
gr ∗ ex
AR
!
= 0 . (C.22)
(ψi ) ψj  =
gr
gr !
ex
ex
n dηn dξn
m dηm dξm
AR
(Integrals of a single coordinate over a hypersphere are always zero.) Thus
we get for the complete Hilbert space average
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α = 0 .

263

(C.23)

Of course, the Hilbert space average of the adjoint of α is zero as well.
For κgr  we can use the general result (C.5) from Sect. C.1, because
this is just the Hilbert space average of an expectation value of a Hermitian
operator. Note that |ψ gr  is not normalized and refers to the subspace gr. It
follows that the trace does not run over the whole space but over the subspace
gr only, ﬁnding now
κgr  = ψ gr |Û12 |ψ gr  =

ψ gr |ψ gr 
Trgr {Û12 } .
N1c

(C.24)

Trgr {. . . } denotes the partial trace in the subspace gr. In the same way we
can calculate the Hilbert space average of κex
κex  = ψ ex |Û12 |ψ ex  =

ψ ex |ψ ex 
Trex {Û12 } ,
N0c

(C.25)

thus getting a totally symmetrical expression under exchange of the subspaces.

C.3 Special Hilbert Space Variances
For Sect. 17.7 we need the variance of the quantity
∆2H (−i(α − α∗ )) = −(α − α∗ )2  − (α − α∗ )2
= −α2  − (α∗ )2  + 2αα∗  − (α − α∗ )2 ,

(C.26)

where we have used the deﬁnition of the Hilbert space variance from (8.26).
The last two terms are zero according to Sect. C.2. We consider now the ﬁrst
term in tensor notation,

α2  = (ψ gr |Û1 |ψ ex )2  =  (ψigr )∗ Uij ψjex (ψkgr )∗ Ukl ψlex 
=



ijkl

Uij Ukl (ψigr )∗ ψjex (ψkgr )∗ ψlex 

.

(C.27)

ijkl

This sum may have non-zero addends for k = i and l = j only, else we
again integrate over a quantity linear in the coordinates, leading to zero. We
consider such a term
(ψigr )∗ (ψigr )∗ ψjex ψjex 
!
!
ex
ex
(ψigr )∗ (ψigr )∗ n dηngr dξngr AR ψjex ψjex m dηm
dξm
AR
=
,
Z( ψ gr |ψ gr , 2N1c , 0, 0)Z( ψ ex |ψ ex , 2N0c , 0, 0)

(C.28)
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and the integrals over the subspace gr in the nominator




gr ∗
gr ∗
gr
gr
(ψi ) (ψi )
dηn dξn =
(ηigr )2 − 2iηigr ξigr − (ξigr )2
dηngr dξngr
AR

AR

n



(ηigr )2

=

−

(ξigr )2

AR



n

dηngr dξngr

=0.

n

(C.29)
Also the second integral in the nominator is zero, and therefore all addends
in (C.27) are zero. With the same result also for the second term of (C.26),
we turn to the remaining Hilbert space average


αα∗  = 
Uij (ψigr )∗ ψjex
Ukl (ψkex )∗ ψlgr 
ij

=



kl

Uij Ukl (ψigr )∗ ψjex (ψkex )∗ ψlgr 

.

(C.30)

ijkl

Again, the addends of the sum are non-zero in the case of l = i and k = j
only, and we ﬁnd
 ex 2 !
2!
gr
gr
ex
ex




|ψigr |
n dηn dξn AR ψj
m dηm dξm
gr 2  ex 2
AR
|ψi | ψj  =
Z( ψ gr |ψ gr , 2N1c , 0, 0)Z( ψ ex |ψ ex , 2N0c , 0, 0)
=4

Z( ψ gr |ψ gr , 2N1c , 2, 0)Z( ψ ex |ψ ex , 2N0c , 2, 0)

Z( ψ gr |ψ gr , 2N1c , 0, 0)Z( ψ ex |ψ ex , 2N0c , 0, 0)
ψ gr |ψ gr ψ ex |ψ ex 
=
.
(C.31)
N1c N0c
Thus we get
αα∗  =

ψ gr |ψ gr ψ ex |ψ ex  
ψ gr |ψ gr ψ ex |ψ ex 
Uij Uji =
Trgr {Û12 } .
c
c
cN c
N1 N0
N
1 0
ij
(C.32)

Finally, we ﬁnd for the Hilbert space variance of the special quantity
∆2H (−i(α − α∗ )) = 2

ψ gr |ψ gr ψ ex |ψ ex 
Trgr {Û12 } .
N1c N0c

(C.33)

To calculate ∆2H (κgr ) and ∆2H (κex ) we can use the Hilbert space variance
of an expectation value of a Hermitian operator from (C.17), with Â = Û12 ,
and the respective dimensions of subspaces,


Tr{Û14 }  Tr{Û12 } 2
1
2
gr
∆H (κ ) = c
,
(C.34)
−
N1 + 1
N1c
N1c


Tr{Û14 }  Tr{Û12 } 2
1
2
ex
∆H (κ ) = c
.
(C.35)
−
N0 + 1
N0c
N0c

D Power of a Function

Here we show that the k-th power of any function with a global maximum
will essentially be a Gaussian. For this purpose we consider a function f(x)
with a global maximum at x = 0. Because of the positivity of f(x) > 0 we
can rewrite the function
f(x) = eg(x)

with g(x) = ln f(x) .

(D.1)

Since the logarithm is a monotonous function, we consider instead of f(x)
the expansion of the function g(x) around the global maximum x = 0,

Ci xi = C0 − C2 x2 + C3 x3 + · · ·
(D.2)
g(x) =
i

with C2 > 0 and thus
2

3

f(x) = eC0 e−C2 x eC3 x · · ·

(D.3)

with some constants Ci . Since multiplying the function with itself will amplify
the maximum in the center, we can truncate the decomposition in this way.
Multiplying the function k times with itself we get

k
2
3
f(x)
= ekC0 e−kC2 x ekC3 x · · · .
(D.4)
The value of x, for which the quadratic part will have reduced the function
to half maximum, i.e., for which

 1
exp −kC2 x2h =
2
is

.
xh = ±

ln 2
.
kC2

Evaluating the third order part of (f(x))k at xh then yields
 

3/2
ln 2
C
3


C2


√
exp kC3 x3h = exp
 ,
k

(D.5)

(D.6)

(D.7)
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which tends to 1 if k approaches inﬁnity. For the relevant region, in which
the function is peaked, we can thus approximate


k

f(x)

2

≈ ekC0 e−kC2 x ,

which is essentially a Gaussian.

(D.8)

E Local Temperature Conditions
for a Spin Chain∗

In this chapter we present the technical details of the application of the local
temperature conditions (18.32) and (18.34) to a spin chain (18.38).
The entire chain with periodic boundary conditions may be diagonalized
via successive Jordan–Wigner, Fourier and Bogoliubov transformations [49].
The relevant energy scale is introduced via the thermal expectation value
(without the ground state energy)

NNG π
ωk
E=
dk
,
(E.1)
2π
exp(β
ωk ) + 1
−π
where
ωk = 2∆E

(1 − K cos k)2 ,

(E.2)

with K = λ/∆E. The ground state energy E0 is given by

NNG π
ωk
.
E0 = −
dk
2π
2
−π

(E.3)

Since N G  1, the sums over all modes have been replaced by integrals.
If one partitions the chain into N G groups of N subsystems each, the
groups may also be diagonalized via a Jordan–Wigner and a Fourier transformation [49] and the energy Ea reads


G

Ea = 2∆E

N 


(1 − K cos(k))

nak (ν)

ν=1 k

1
−
2


,

(E.4)

where k = πl/(N + 1) (l = 1, . . . , N ) and nak (ν) is the fermionic occupation
number of mode k of group number ν in the state |a. It can take on the
values 0 and 1.
For the model at hand one has εa = 0 for all states |a, while the squared
variance ∆2a reads
G

∆2a

=

N


∆2ν ,

(E.5)

ν=1
∗

Based on [46, 47, 48, 49] by Hartmann et al.
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with
∆E 2 K 2
−
2




8 ∆E 2 K 2  2
1  2
1
a
a
.
−
sin
(k)
n
(ν)
−
sin
(p)
n
(ν
+
1)
−
k
p
(N + 1)2
2
2
p

∆2ν =

k

(E.6)
We now turn to analyze conditions (18.32) and (18.34). According to equation (E.6), ∆2ν cannot be expressed in terms of Eν−1 and Eν . We therefore
approximate (18.32) and (18.34) by simpler expressions.
Let us ﬁrst analyze condition (18.32). Since it cannot be checked for every
state |a, we make the following approximations.
For the present model with |K| < 1 all occupation numbers nak (ν) are zero
in the ground state and thus ∆2a = 0 as well as Ea −E0 = 0. Therefore (18.32)
cannot hold for this state. However, if one occupation number is changed from
0 to 1, ∆2a changes at most by 4∆E 2 K 2 /(n + 1) and Ea changes at least by
2∆E(1 − |K|). Therefore (18.32) will hold for all states except the ground
state if
N > 2∆Eβ

K2
.
1 − |K|

(E.7)

If |K| > 1, occupation numbers of modes with cos(k) < 1/|K| are zero in
the ground state and occupation numbers of modes
 > 1/|K| are
  with cos(k)
equal to one. ∆2a for the ground state then is ∆2a gs ≈ ∆2a max /2 (in this
entire chapter, [x]min and [x]max denote the minimal and maximal values x
can take on). We therefore approximate (18.32) with the stronger condition
 2
∆a max
Emin − E0
>β
,
(E.8)
G
N
NG
which implies that (18.32) holds for all states |a in the energy range
[Emin , Emax ] (see (18.36) and (18.37)). Equation (E.8) can be rewritten as
a condition on the group size N
 2
δa max
N >β
,
(E.9)
emin − e0
where emin = Emin /(N N G ), e0 = E0 /(N N G ) and δa2 = ∆2a /N G .
We now turn to analyse condition (18.34). Equation (E.6) shows that
the ∆2a do not contain terms that are proportional to Ea . One thus has to
determine when the ∆2a are approximately constant, which is the case if
 2
 
∆a max − ∆2a min
[Ea ]max − [Ea ]min .
(E.10)
β
2
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As a direct consequence, we get |c1 |
1 which means that temperature is
intensive.
Deﬁning the quantity ea = Ea /(N N G ), we can rewrite (E.10) as a condition on N ,
 
 
β δa2 max − δa2 min
N≥
,
(E.11)
2 ε [ea ]max − [ea ]min
where the accuracy parameter ε
1 is equal to the ratio of the left hand
side and the right hand side of (E.10).
Since (E.10) does not take into account the energy range (18.36), its
application needs some further discussion.
If the occupation number of one mode of a group is changed, say
2
from nak (ν) = 0 to nak (ν) = 1, the corresponding
by
 2
 ∆2a diﬀer atG most
2 2
4∆E K /(n + 1). On the other hand, ∆a max − ∆a min = N ∆E 2 K 2 .
The state with the maximal ∆2a and the state with the minimal ∆2a thus differ in nearly all occupation numbers and, therefore, their diﬀerence in energy
is close to [Ea ]max − [Ea ]min . On the other hand, states with similar energies Ea also have a similar ∆2a . Hence the ∆2a only change quasi-continuously
with energy and (E.10) ensures that the ∆2a are approximately constant even
locally, i.e., on any part of the possible energy range.
To compute the required group size Nmin , we need to know the maximal
and minimal values Ea and ∆2a can take on. For Ea they are given by
[Ea ]max
[Ea ]min

=

+
−

N G N ∆E ,

+
−

2
N N ∆E
π

(E.12)

for |K| ≤ 1 and by
[Ea ]max
[Ea ]min

=

G




K2

− 1 + arcsin

1
|K|


,

(E.13)

for |K| > 1, where the sum over all modes k has been approximated by an
integral. The maximal and minimal values of ∆2a are given by
 2
G
2
2
∆a2 max = N K ∆E
.
(E.14)
0
∆a min
Plugging these results into (E.11) as well as (E.1) and (E.3) (taking into
account (18.36) and (18.37)) into (E.9) for |K| > 1 and using (E.7) for
|K| < 1, the minimal number of systems per group can be calculated.
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